Chin. Phys. B Vol. 24, No. 8 (2015) 080201

Hamiltonian structure, Darboux transformation for a soliton
hierarchy associated with Lie algebra so(4,C)"

Wang Xin-Zeng(F ##)2)* and Dong Huan-He(#& i )°)

a)State Key Laboratory of Mining Disaster Prevention and Control Co-founded by Shandong Province and the Ministry of Science and Technology, Shandong
University of Science and Technology (SDUST), Qingdao 266590, China

b) College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao 266510, China

(Received 23 December 2014; revised manuscript received 24 March 2015; published online 20 June 2015)

In this paper, we first introduce a Lie algebra of the special orthogonal group, g = so(4,C), whose elements are 4 x 4
trace-free, skew-symmetric complex matrices. As its application, we obtain a new soliton hierarchy which is reduced to
AKNS hierarchy and present its bi-Hamiltonian structure and Liouville integrability. Furthermore, for one of the equations
in the resulting hierarchy, we construct a Darboux matrix T depending on the spectral parameter A.
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1. Introduction

With the development of soliton theory, Lie algebra
shows great promise. As it is well known, professor Tu pre-
sented a method which used Lie algebra as a tool to construct
systematically the Lax equation. Especially, Tul!l obtained
trace identity-based loop algebra A;. Later, many kinds of Lie
algebras and their subalgebras were constructed, and some hi-

(2-111 Recently, pro-

erarchies with physics meanings are given.
fessor Mal'?! generated a hierarchy of soliton equations asso-
ciated with the real Lie algebra so(3,R) and shows that each
equation has a bi-Hamiltonian structure and integrable in the
Liouville sense. The real Lie algebra of the so(3,R) is not iso-
morphic to the real Lie algebra s/(2,R) over the real field R,
and the soliton hierarchy!'?! is not gauge-equivalent to the fa-
mous AKNS soliton hierarchy over the real field R. In fact, the
two Lie algebras are isomorphic to each other over the com-
plex field C, thus hierarchy!'?! is equivalent to the AKNS hi-
erarchy over the complex field C.

It is known that Darboux transformation provides us with
a purely algebraic and powerful method to find a new solution
of a nonlinear equation from a known solution in Refs. [13]-
[16]. The classical Darboux transformation!!”! mainly deals
with a Sturm-Liouville problem, which presented solutions
to the Korteweg-de Vries hierarchy of (1 + 1)-dimensional
integrable systems with new potentials and new wave func-
tions. Based on the work, proper transformation that applies
to (2 + 1)-dimensional integrable systems was found. The
method of the Darboux transformation has also been applied
to the discrete integrable systems successfully. The present pa-
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per aims to review application of the Darboux transformation
technique for superintegrable systems. In general, we assume
every element of T is polynomial with respect to A.

In this paper, we first introduce a Lie algebra of the spe-
cial orthogonal group, g = so(4,C), which is a 4 x 4 trace-
free, skew-symmetric complex matrix set. As its application,
we obtain a soliton hierarchy which is reduced to AKNS hier-
archy and presented its Hamiltonian structures and Liouville
integrability. Furthermore, for one of the equations in the re-
sulting hierarchy, we present the Darboux matrix 7', which the
element is related to the spectral parameter A according to the

different position and number of spectral parameter A.

2. Matrix loop algebra and soliton equations

2.1. Matrix loop algebra so(4,C) and new soliton hierar-
chy

Firstly, let us consider the simple Lie algebra of the spe-
cial orthogonal group, G = so(4,C), the Lie algebra of 4 x 4

trace-free, skew-symmetric complex matrices. It has a basis
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and the structure equations of so(4,C) are
le1,e2] = [es,e5] = €3, [e2,e3] = —[es5,e6] = e,
[63731]:—[36734]:@27
le1,e4] = [e2,e5] = [e3,66] = 0, [e,e4] = —[e1,e5] = e,
[61786] = [63564] = és, [62766] = [63765] = —é4. (2)

We point out that the subalgebra G| = span{e;,ez,e3} of
so(4,C) isomorphic to so(3,C). We adopt the following ma-
trix loop algebra

50(4,C) = s0(4,C) @ C[A,A71]. 3)

In the following, we work out a new soliton hierarchy from the
matrix loop algebra so(4, C), and introduce a spectral problem

¢x = U(Pa
U = U(u,A) = Aey + per +ges +res + seg
0 g A r
_ | 2 0 - 0
|l A p 0 s “)
-r 0 —s O
Setting
V = Aej +Bey +Cez + Feq + Des + Geg
0 cC A D
_ -C 0 -B F
o —-A B 0o G |’
-D —-F -G O
then the stationary zero curvature equation
V= [U,V]
gives rise to a solution for V' as follows:
Ay =pC+sD—gB—rG, (5a)
B, = —AC—5sF +4A, (5b)
Cy,=—pA+AB—rF, (5¢)
D, = —sA+qF + AG, (5d)
F.=rC+sB—qgD — pG, (5e)
G, =rA—AD+ pF. (51)
Substituting
v=YVa ", A=Y Ar B=Y BA, -
>0 >0 i>0
into Egs. (5), we obtain
Bpi1 = Cox + pAy +rEy, (6a)

Cuv1 = —Bux +qA, — sF,, (6b)
Dyi1 = —Gu+ 1A, + pFy, (6¢)
Gny1 = Dy +5A, — qFy, (6d)
A, =3 (pCy+sD, — qB, — rG,), (6e)
F, =0 " (rCy+ 5By — gDy — pGy). (6

On taking the initial values
Ag=—1,Bg=Cy=Dy=Fy=Gy=0,

and determining the sequence of {A;, B;, C;, D;, F;, G;,|i >
0}. Therefore, the first few sets can be computed as follows:

By =-p,Ci=—q,D1=-1Gi=-5,A1=F =0, (7a)
BZ = _Q)HCZ = px;DZ = SXaGZ = — Ty,
1
A= (PP +q 41 +5%), P =rp—sq, (7b)
1
By =pun+ 5p(pz—f—qz—&—Srz—i—sz) —rsq,
1
Cs=qu+ Eq(pz + ¢+ +35) —rsp, (7c)
1
D3 =ry+ Er(?)p2 +4* 47 +s2) —spq,
1
Gz =5+ ES(p2 +3¢% + 1 +5%) —rpg, (7d)

A3 = pqy — qpx + sty —rSx, F3 = rgy — qry +5py — psy, (7€)
3
By = Geec + = (PP + ¢ + 1 +57) g+ 3(gs — pr)sy, (71)

2
3

C4:—pxxx*§(p2+q2+r2+52)px*3(pr*q5)rxa 72
3

Dy = —sure— 5 (P* +¢° +17 +5%)5: +3(pr—gs)gx,  (Th)

2
3 .
Gy :rm+E(pz+q2+r2+sz)rx—3(qs—w)px, (7i)

1
Ay = —prx—CICIxx—VVxx—SSxX-F*(pf+q§+rf+s§)

2

3 4 4 4 4 9 2.2 2.2

—g(l? tq +r+s )—Z(P r +q°s7)
3 .
=3 +)(¢ +5%) +3pgrs. (7))

Now, taking
n
v =Y VA" n>0, 8)
m=0

and reading a hierarchy of soliton equations:

—tntl

B
w=Ke=| G| ©)

_Dn+1
from the zero curvature equations, we have

U, —V" +[U,v®] =0, n>0. (10)
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2.2. Hamiltonian structures and Liouville integrability for
Eq. (9)

It is direct to compute that

ou_, 9u__ oU_ oU_ U _
al—ela ap_327 aq_e3a ar_657 Os = €6,

and read

U oU U
Tr (VM) =—-2A, Tr (Vap) =-2B, Tr ( 8q> =-2C,

The case of m =1 tells ¥y = 0, and thus we have

0 An+l _
o

Consequently, we obtain the following Hamiltonian structure

By,
Cn
D, |’
Gn

n>1.

for the soliton hierarchy (9)

—Lntl
Byt1 5Hn
U U U, = Ky = =J ) (I’ZEO) (1)
Te(VE- ) =—2D, Tr(VEE ) = —26G. Gt Su
ar ds —Dp
Now the corresponding trace identity becomes with the Hamiltonian operator
B
2 fage=ar 2| € 10 0o
G 0O 0 -1 0
Balancmg c.:oefﬁc1ents of each power of A in the above equal- and the Hamiltonian functionals
ity we obtain
A
5, an—/n’ri dx, n>0. (13)
1) C,
Su Apyrdx=(y—n) D, |’ n=0 The recursion operator ¢ can be determined by the recursion
G, relations (6a)—(6f)
|
rd~ls—pa~lq d+rd 'r+pd~lp —rd lg+pdls —rd 'p—pd~'r
60— —0—590"'s—gd'q —s0 'r+qo0 'p 50 1g+qo s s \p—qgor
- —rd~ g+ pd~ls rd \p+po~tr rd ls—pd~lq —9—rd"lr—pd~lp
—s0 lqg—qd s s \p—qd~lr  d+s597's+qd'q —sd 'r+qd'p
Equation (9) has bi-Hamiltonian structure
—Ln+l
B SH, SH,
=K, = | 2" =s =, >1 14
Hin = Bn Gnti Su Su "= (4
—Dpy1
with the Hamiltonian operator
d+sd ls+qd"lq sd7'r—qd'p —s9 lqg—qd s —sd 'p+qd'r
rd ls—pd~lq  O+rd r+pd~'p —rdlqg+pdls —rd 'p—po~lr
M=Jp= -1 1 -1 -1 -1 -1 -1 -1 as)
—sd 'q—qd s s0 ' 'p—qd~'r d+s0 's+qd'q —sd 'r+qd 'p
rd~lg—pds —rd 'p—pd~tr  —rdls+pd-lq I+rdlr+pdlp
\
2.3. The reductions of Eq. (14) — 56Hn — M 51‘5&71 1), an
Casel r=5=0 " "
here
—C A
ui, = Kip = s
B 0 -1
§H,  8H, h==h={1 o )
— 52—y, . (n>1). (16)
ou ou o d+qd~'q —qo'p
Case2 p=¢g=0 ! —pd~lq d+pdlp )’
_ _( Gpp1 _ d+s97's —sd7'r
gy = Kon = <—Dn+1> M, = ( —rd~ s 9+rdlr )’
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and H,,H,_| are the same as in Eq. (13). From the above
derivations, we know that the two cases have bi-Hamiltonian
structure and are gauge-equivalent to the AKNS hierarchy
over the complex field C, respectively.

2.4. A nonlinear example

The first nonlinear integrable system in the hierarchy (9)
reads

_C3
B;
G3

_D3

v N

n
—gxe— 39(P* + @+ 12 +35%) +rsp
P+ 3p(P*+ ¢ +3r7 +5%) —rsq

= . (18)
st 38(PP 43¢+ 17 +5%) —rpg
—r— 513" + ¢+ +5%) +spg
It possesses the following bi-Hamiltonian structure
O0H, O0H,
MQ:JE:ME, (19)

where the Hamiltonian pair {J,M} is defined by Egs. (12) and
(15), and the Hamiltonian functionals, {H|,H,}, are given by

1
H = —=

1
-3 [

(pCIx —gqpDx + Sy — rsx)dx»
H, = T PPxx — qGxx — Fxx — SSxx

1
+o P+ +s)

3
- g( 4+q4+r4+s4) - %(p2r2+q252)
3
— Z(p2 + 1) (¢* 4 5%) 4+ 3pgrs]dx. (20)

3. Darboux transformations of the spectral
problem (18)

We consider the spectral problem (4) by introducing the
temporal part

¢t = N¢a
2
N=Y V,A*"
m=0
0 —Ag+ px o — A1+ sy
—a —Ap—qx 0 —As—rc |’
Ar—sy —rp+sq As+ry 0

where a0 = —A2+ L (P> + 2 + 17 +5%).
The compatibility condition ¢,; = ¢;, yields a zero curva-
ture equation

Ui — Ny +[U,N] = 0. (22)

Now we consider a Darboux transformation

9=T9, (23)
where T is defined by
T.,+TU =UT, (24)
and
T,+TN = NT. 25)

A new spectral problem reads

0, =U9¢, ¢, =N9, (26)

where U and N has the same form as U and N, except replac-
ing p, g, r, and s with p, g, 7, and 5.

Now we consider the basic forms of 7. First of all, we
assume

T = A(aij)axa + (bij)ax4, 27

where a;; and b;; (i, j = 1,2,3,4) are functions of x and 7. By
inserting Eq. (27) into Eq. (24), we read that the coefficients
matrix of A2 are

as) +ais azxpy —ajl+as  as

ans 0 —dajn] 0 (28)
—air+as —ap —aiz—az —du
as3 0 —as 0

In the following, we consider the simplest non-trivial forms of
T

ax»n #0, and a; ;=0 in otherwise. (29)
3.1. Spatial scales of the Darboux transformation of
Eq. (18)

Under the condition equation (29), we insert Eq. (27) into
Eq. (24) again, compare the coefficients of A/ (j =2,1,0), and
know it is obviously trivial for the case of j = 2. We then have

axy =0, biz3=—b31, by =b33,
b1y = b4y = b3g = bs3 =0, b3z = —ang,
b1y = anp, (30

bys = —axng, by =axnp,

for the coefficients matrix of A (j = 1)

—biz3—b31 —b3x—axnq by —bzz —bz
—by3 —angq any byy—anp 0 —0. 31
bi1—bsz  bip—axnp by+b;z by '
—by3 0 b4y 0
The case of j = 0 leads to the following equations

b11x —b21q — bs1¥ —b12q — b1ar =0, (32)
biox — bng —bypF+biig+bisp =0, (33)
b13x — b23q — by37 — b1ap —b1as = 0, (34)
biax — bo4q — baa7 +b117 +b135s =0, (35)
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baix+b11G+b31P — byog — baar =0, (36)
baox+b12G+b32p +b219+byzp =0, (37)
ba3x+b13G+b33p — boap —baus =0, (38)
boax+ 014G+ b3ap +boir+brzs =0, (39)
b31x —b21p — ba1Ss — b3pq — baar =0, (40)
b32x — b2p — bars +b319+b3zp =0, (41)
b33y — ba3p — bazs — b3ap — b3as =0, (42)
b34x — boaP — bayS+b3ir+b3zs =0, (43)
ba1x 4+ b117 4 b315S — barq — baar = 0, (44)
bare +b12F+b3o5+barqg+byzp =0, (45)
byzy +b137 +b335 —bgrp — bass = 0, (46)
baay + b14T -+ 345 + a7+ byzs = 0. 47

On the other hand, the solutions @, ® of Egs. (4) and (26)
are two 4 x 4 matrices, thus det(®) = det(®) = const. from
Tr(M) = Tr(M) = 0, which means that there is a constant
A = A; and a solution ¢ = (1,2, ¢3,¢4)T of Eq. (4) which

satisfy

b1191 +b1202 +b1393 + b1ags =0, (48)
ba191 + (a2d1 +b22)$2 + b33 + b2y =0,  (49)
b3191 +b3202 + b3393 + b3ags =0, (50)
ba191 + bao @ + ba3 93+ baas = 0. (51)

By substituting Eqgs. (32), (42), (34), (40), (37), and (47) into
Eq. (30), we get

b11x = b33y = b13x = b31x = booy = bygx = 0. (52)
Combining Eq. (30) with Egs. (48)—-(52), we get

big=b4y1 =b3y=by3=0, by3=—q, by =p,
axy = by =bsy = b13 = —b31 = b1 = b33 =1,

L

bu:*é%+%%b9:%Wr¢%
by = —é(Pq)l +A¢+ ¢ —q3), ba = —%~ (53)

The unknown functions p,q can be defined by Egs. (36) and
(38):

p= %(qx+px)+r2;¢;(p¢1 +A192+ 92— 493)
+3(0-a), (54)

7= 30— p) = 5o o0+ M+ 62— g)
+3(p+a), (55)

and unknown functions 7,5 can be defined by Egs. (44) and
(46)

F=S(r+s)—5-(p+q), (56)

_ 1 04
5=5(s r)+2¢2(q p)- (57)
The others of Egs. (32)—(47) can be proved to be satisfied au-

tomatically (under the condition ¢, = U ¢).

3.2. Temporal scales of the Darboux transformation

If one can prove that the transformation equation (27)
maps Eq. (21) into ¢, = N¢@, where N has the same form as
N in Eq. (21) except changing p, ¢, r, and s with p, g, 7, and 5,
then the compatibility condition ¢ , = ¢, holds, i.e.,

U, —N,+[U,N] =0, (58)

so that (p,q,7,5) is a new solution of Eq. (21).

The main idea of the proof is following: here we only
need to prove equation ¢, = N¢.

Let us compare the coefficient of A/ (j = 3,2,1,0). Itis
trivial for the cases of j = 3. For the case of j = 2, the coeffi-
cients matrix is

—biz—bs1 —bx—axng bii—byz —by
—byz —ang 0 by —anp 0 —0
bii—bsys  bip—anp by+biz b
—by3 0 b4y 0
We have the same form as Eq. (31) when as,, = 0.

The case of j = 1 leads to the following equations
b21G+baiT+b12g+brar =0, (59)
b22q + bayt —b11g — bi3p — axnp, =0, (60)
by3q+bazr+b12p+bras =0, (61)
b24q +baar —b11ir —b13s =0, (62)
—b11q — b31Pp+ b22g + bosr —anpx =0, (63)
—b12qg — b3op—b21g —bazp+ax =0, (64)
—b13g — b33p+baop +bras+axng, =0, (65)
—b14G — b3aD —byir —byss+an(rp—sq) =0, (66)
b21P +b415+bzpq+basr =0, (67)
byop +bazs — b31q—b3zp +ang, =0, (68)
b3+ b43s+b3pp+b3gs =0, (69)
b4 P 4 bass — bz 1r — b33s =0, (70)
—b117—b315+banq+baar =0, (71)
—b127 — b3S — ba1qg—bazp+an(tp—5q) =0, (72)
—b137 —b335+ by p + baas =0, (73)
—b 147 — b3gs — bg1r — bgzs = 0. (74)

After substituting Eqgs. (32)—(38), (40)—(44), (46), (47) into
Egs. (5§9)—(65), (67)—(71), (73), (74) respectively, and replac-
ing Egs. (66) and (72) with Eq. (30), then we find equa-
tions (59)—(74) are valid.
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Also the following equations are presented from the case

of j=0

b1t — b21Py — ba1Sx — b1opy — b1asy
1
— b (PP T+ +F)
1
- §b13(p2 +@?+r7+5%) =0,
b1 — b2p, — baSy 4+ b11px — b13qx
1 S, S SR S
— 5532(}72 + G+ +5°) +bia(sqg—rp) =0,
b13t — b23p, — ba3Sx +b12gc + b1ary
1
- 5533@2 + @+ +5)
1
+5b11(p2+q2+r2+s2) =0,
b14s — b2aDy — baaSy +b115x — b13ry
1
- 51934(?2 + G+ +5) +bia(rp—sq) =0,
ba11 +b11p, — b31G, — boopx — baasy
. 1
—MKW—W%EMﬂﬁ+f+ﬂ+§ﬁﬂ,
byt +b12p, — b32q, +b21 px — b23qx
— by (TP —5G) — boa(rp —sq) = 0,
b2z +b13D, — b33q, + baogx + bogsy
1
—bu3(TP—59) + 5b21 (P +¢* + 77 +5%) =0,
boas +b14D, — b3aq, + ba1 5y — bazry
—bas(7p —5G) +bx(rp—sq) =0,
b3t + 021G, +ba17x — b3 py — b34sy
1
+ Ebn P+ +7 +5)
1
— b (P’ +a7 41 +5%) =0,
b3y +b22q, +bar7 + b31 px — b33y
1
+ 5bu(ﬁ2 +@ +7 +5%) —baa(rp—sq) =0,
b33 + b23q, + bas7c + b32qx + b3ary
1
+501(P+7 + 7 +F)
1
+ §b31(p2 +@+r1+5%) =0,
b3as + boaq, + baav + D315, — b33ry
1 S S S S
+ 51714(172 + @+ 7 +5) +ba(rp—sq) =0,
D41y +b115x — D317y — bao px — bagsy
1
+by (FpP—359) — 51)43([72 +q2 +r2 +S2) =0,
b4zt +b125x — b3aFy + ba1 px — baz gy
+ b2 (Fp —5G) — baa(rp —sq) = 0,
b4z + b135x — D337 + ban gy + bagry
1
+b23 (7P = 59) + 5041 (P +7 +1° +57) =0,
baas + D145y — b3aFy + Da1sy — bazry

+b2(7p —5q) + bax(rp —sq) = 0.

(75)

(76)

(77)

(78)

(79)

(80)

1)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

Here, we only give the proof of Eq. (88) for brevity.
From Eq. (53) and ¢, = U ¢, we read

01\ _ b12—b32r+b12+b3zs
0/, 2 2

bio—b b b
Y by 12 3261+ 12+ 32p NG
2 2
Also, from Egs. (56) and (57), we have
_ bip—b bia+b
Py = z(rx_sx)+$2(px+qx)+( 124 2, 124 32
bp—b bia+b
R A ”p)(pw), 92)
_ 1 bip — b: b+b
Sx = z(rx+sx)+2(€;2(‘1x_Px)+( 124 %2}’—|— 124 325
bip—b bio+b
+bap 124 24+ ba 124 321’)(61—19)- 93)
Again, from Eqgs. (53) and ¢, = N¢, we propose that
¢4)
—bury = [ 2
421 (‘Pz t
by —b
= (llr—sx)%‘i‘(—w*'“ﬁ
b3 +b byp—b
—(lls+rx)%+b4z(l1q—px)%
by +b
—baa(Ap+ax) =5 —bia(rp—sq).  (94)

We know that equation (88) is true by substituting Eqs. (53)—
(57), (92)—(94) into Eq. (88).

4. Remark

As the subalgebras of so(4,C), G| = span{ej,ez,e3} and
G, = span{ej,es,e6}, both are isomorphic to so(3,C), and
both are isomorphic to s/(2,C) over the complex field C,
we know that equations (16) and (17), as the reductions of
Eq. (11), are equivalent to AKNS hierarchy over the complex
field C. Therefore, equation (9) was regarded as the integrable
coupling of AKNS and itself, which was also called the bi-
AKNS system.

In the past, general coupling form!'®-23! by making use of
Lie algebra A|, A, and their subalgebras was presented in the
following

v = S(u,v),
and general super-integrable hierarchy form through use of Lie
subalgebra B(0, 1) was proposed by Li,[?*! Ma[®! as follows:

{u, =K(u,v),

v =S(u,v). ©6)

In this paper, we obtained the integrable coupling by mak-
ing use of orthogonal Lie algebra so(4,C), which possessed
the form of Eq. (96), and is not super-integrable coupling. It is
the first time that we have found the results.
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