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Tip-splitting instability in directional solidification
based on bias field method∗

You Jia-Xue(游家学), Wang Zhi-Jun(王志军), Li Jun-Jie(李俊杰), and Wang Jin-Cheng(王锦程)†

State Key Laboratory of Solidification Processing, Northwestern Polytechnical University, Xi’an 710072, China

(Received 1 January 2015; revised manuscript received 20 March 2015; published online 18 May 2015)

Tip splitting instability of cellular interface morphology in directional solidification is analyzed based on the bias
field method proposed recently by Glicksman. The physical mechanism of tip instability is explained by analyzing the
interface potential, the tangential energy flux, and the normal energy flux. A rigorous criterion for tip-splitting instability
is established analytically, i.e., the ratio of the cellular tip radius to the cellular width α >

√
3/2/π≈ 0.3899, which is in

good agreement with simulation results. This study also reveals that the cellular tip splitting instability is attributable to
weak Gibbs–Thomson energy acting on the interface.

Keywords: directional solidification, morphological stability, tip-splitting, analytical method

PACS: 81.30.Fb, 47.20.Hw, 02.60.Cb DOI: 10.1088/1674-1056/24/7/078107

1. Introduction
Material properties of casting alloys not only depend

on their macroscopic shapes and compositions, but are also
strongly influenced by their microscopic patterns.[1] Cellular
pattern formation during directional solidification, as one of
the important patterns appearing at the solid–liquid interface
during solidification, is of both practical and scientific inter-
est in materials science.[2] The characterization and control
of such patterns and their transitions evolving during solid-
ification are of considerable significance, since the material
properties and the quality of the solidified sample are closely
connected with them. Cellular patterns grow under condi-
tions close to the limit of constitutional undercooling of the
corresponding planar interface.[3] Before the steady state is
achieved, cellular spacings usually adjust through cell elimi-
nation and tip-splitting.[4] On the low velocity side, low am-
plitude cells tend to have flat tips that are prone to tip splitting.

As a kind of interface instability, tip splitting is a quite
widespread growth mode in non-equilibrium systems, espe-
cially in those with small surface tension/kinetic anisotropy,
such as electrochemical deposition, precipitation from a su-
persaturated solution, solidification from undercooled melts,
amorphous annealing, and spherulitic growth.[5] For the phys-
ical mechanism of tip splitting in directional solidification, it
is believed that if side-branches form too close to the tip, the
tip will split.[6] So, quite similar to that of side-branching, the
physical mechanism of tip splitting in directional solidifica-
tion has two main different explanations, i.e. noise-induced
instability[1,7–12] and deterministic dynamics.[13–21] The for-
mer advocates that noise may be strong enough not only to
trigger side-branches but also to destroy the tips growing in

a preferred direction of high interface energy and marked
anisotropy, i.e., strong noise will result in ineffective smooth-
ing of the surface energy plot, which will enable tip splitting
and a transition to seaweed patterns.[12] The ability of a suffi-
ciently strong random noise in the melt to cause tip-splitting
also has received some experimental and simulation supports.
Both experiments and simulations have shown that strong ran-
dom noise can trigger tip-splitting.[8] However, both theoret-
ical and simulation works have also demonstrated that side-
branching and tip-splitting can happen with very weak noise,
and even without noise.[17–19] Moreover, for noise-induced in-
stability, tip-splitting structures in experiments could not be
observed for longer periods of time.[8] The most criticized as-
pect of the proposed noise-induced mechanism is that such a
noise-induced instability mechanism does not really clarify the
origin and essence of the side branching, as pointed out by Xu
et al.[17] Glicksman also pointed out that noise might affect
patterns in nature, but it is neither causal nor essential for their
formation.[18] Karma also admitted that there exist additional
purely deterministic solutions to the steady-state growth equa-
tions, even in the absence of noise. In addition, he suggested
that no theory of noise-induced tip splitting that includes non-
equilibrium effects is under discussion.[6] According to the de-
terministic mechanisms of side-branching of dendritic growth
discussed by Glicksman et al.,[18] and Xu et al.[17], as well as a
phase field simulation by Wang et al.,[19] it is quite reasonable
to propose that tip-splitting in directional solidification should
be deterministic, due to the similarity of tip-splitting and side-
branching. With an asymptotic method, Xu et al.[17] inves-
tigated the global instability mechanisms of arrayed-cellular
growth and found that the instability of cellular morphology is
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connected to a so-called global trapped wave mechanism in-
stead of being noise-related. Using phase field simulations,
Wang et al.[13] suggested that the cellular tip splitting instabil-
ity belongs to the internal mechanism of certainty considering
non-monotonic curvature distribution from the cellular tip to
grooves when the ratio of the cellular tip radius to the cellu-
lar width exceeds a critical value. However, the determinis-
tic mechanism still needs more evidence in theory and exper-
iments, compared with the noise-induced instability mecha-
nism. Very few analytical models have been proposed to study
tip splitting due to its complex intrinsic essence of nonlinear-
ity. Therefore, further research is still required to solve the
problem of tip splitting instability.

Recently, to elucidate melting kinetics phenomena in
microgravity experiments, Glicksman proposed a bias field
method based upon considering the Gibbs–Thomson temper-
ature distribution as an active independent interface energy
field with gradients and fluxes.[14] Using this method, Glicks-
man successfully explained the melting kinetics phenomena
and also proved the deterministic mechanism of dendritic
branching.[15,16] Compared with the previous dendritic growth
theories, the mechanism of dendritic branching based on this
new method is in good agreement with the best quantitative
experiments on model solidification systems.[15] Based on the
great success of this method on the mechanism of dendritic
branching, we believe that this new method could also be suc-
cessful in the analysis of tip-splitting instability. Therefore,
in this study, we adopt this method to accurately explore the
tip-splitting instability with the aim to expose the determinis-
tic dynamic mechanism of tip-splitting instability of cellular
interface morphology in directional solidification.

2. The bias field method
The main idea of the bias field method is outlined below.

Readers can also find more detail in Refs. [15] and [16]. In
this method, Glicksman suggested that the Gibbs–Thomson
equilibrium temperature is much more than a boundary con-
dition on the transport field; it acts as an independent energy
field during crystal growth and produces profound effects not
recognized heretofore. Those responses initiate rotation of the
interface at specific locations determined by the surface energy
and the shape. Interface rotations with proper chirality, or ro-
tation sense, couple to the external transport field and amplify
locally as side-branches. In the dendrite side-branching anal-
ysis, he approximated the dimensionless dendrite shape by a
semi-ellipse function, i.e.,

η =
b
√

1−µ2

a
, (1)

where a is the semimajor axis, b is the semiminor axis, while
η = y/a and µ = x/a define the dimensionless coordinate axes

for the starting shape. Meanwhile, the interface potential sat-
isfies

ϑ(ϕ) =
Tint−Tm

Γ /a
=−aκ (ϕ) =−

′
K (ϕ) , (2)

where Γ /a = ( γsl
∆Sf/Ω

)/a is the capillary constant scaled by the

semimajor axis a, which bears the physical unit K.
′

K (ϕ) =

aκ (ϕ) is the dimensionless curvature, where κ(ϕ) is the cur-
vature function of Eq. (1). The angle ϕ appearing in Eq. (2) is
the local normal angle on the interface. The tangential energy
flux and the normal energy flux are respectively given by

Φσ (µ) =−∇σ [ϑ (µ)] =∇σ

[
′

K (ϕ)

]
, (3)

Φn (µ) =∇2
σ [ϑ (µ)] =∇2

σ

[
′

K (µ)

]
, (4)

where ∇σ is the tangential vector gradient operator, and σ

denotes a dimensionless unit vector that is parallel to the inter-
face and pointing toward the tip.

As mentioned above, Glicksman used a semi-ellipse func-
tion as a prescribed dendritic interface; however, this shape as-
sumption is not suitable for steady cellular growth. To quan-
titatively describe the steady cellular morphology, previous
studies have found that within a certain range, steady cellu-
lar growth is very similar to the growth of a viscous finger,
and the analytical solution of the viscous finger can be used to
accurately describe cellular morphologies from tip to root. So
far, the viscous finger function is the most accurate description
of steady cellular shapes. This is why so many researchers
describe steady cell shapes by using the three-dimensional
Saffmann–Taylor function.[13,22] Here we also adopt the vis-
cous finger function to describe the initial cellular morphol-
ogy, i.e.,

z−z0 =
b2

Rπ2 ln
(

cos
(

πx
b

))
, (5)

where z0 is the tip position, and R and b represent the cellular
tip radius and the cellular width, respectively. The shape that
is non-relevant to z0 is determined by R and b. Thus making
z0 = 0 simplifies the function and transforms it into a dimen-
sionless form

η =
1
π

arccos
[
exp
(
απ

2
µ
)]
, (6)

where η = x/b, µ = z/b, and α = R/b. According to Eq. (6),
the cell shape depends only on the dimensionless number α ,
which is defined as the shape factor.

Although equation (6) is not an explicit function of
anisotropic interfacial energy, the shape itself from Eq. (6) im-
plies a certain anisotropy strength of interfacial energy. The
initial shapes depend on both kinetic growth conditions, such
as the pulling velocity, thermal gradient, and cellular spac-
ing, and thermodynamic conditions, such as the anisotropy
strength of interfacial energy, which is a vital intrinsic property
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of materials. When the kinetic growth conditions remain con-
stant, the anisotropy strength of interfacial energy solely deter-
mines the initial shape. Thus, there is a one-to-one correspon-
dence between the initial shape and the anisotropy strength in
this case. Moreover, the solid–liquid interface cannot develop
into cells or dendrites if the anisotropic interfacial energy does
not exist. Therefore, the shape itself from Eq. (6) implies a
certain anisotropy strength of interfacial energy.

Figure 1 shows the interfacial configuration from the flat-
ter region to the tip region of a cell according to Eq. (6). With
a decrease of shape factor α , the cell shapes change from
blunt finger to needle-like and these morphological differences
for initial shapes imply some important information of mor-
phological evolution, which will be discussed later. Here we
choose the dimensionless length µ from−1 (the flatter region)
to 0 (the tip region), considering that the Gibbs–Thomson tem-
perature distribution on a curved interface consists only of an
extremely weak variation from the curved tip region to the flat-
ter region and has almost no effect on the flatter region that is
far away from the tip, i.e., the groove of the cell. Moreover,
the unit of dimensionless length µ is several times the tip ra-
dius. To conveniently describe Fig. 2, we define the tip region
as 0≥ µ ≥−0.1 and the flatter region as −0.1≥ µ ≥−1.
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Fig. 1. (color online) Cellular shapes from flatter region to tip region
with different shape factors α . For the convenience of description of
Fig. 2, we define the tip region as 0 ≥ µ ≥ −0.1 and the flatter region
as −0.1≥ µ ≥−1.

3. Results and discussion
Using Glicksman’s bias field method, together with the

viscous finger morphology approximation, we obtain differ-
ent initial shapes by changing the shape factor α from 0.35 to
0.45, as shown in Fig. 1. In the following, we will first describe
the obtained results, and then discuss the physical mechanism
of tip-splitting. Finally, we will compare our results with other
results.

According to Eqs. (2)–(4) and (6), the interface poten-
tial ϑ , the tangential energy flux Φσ , and the normal energy
flux Φn can be obtained, as shown in Figs. 2(a)–2(c), re-
spectively. From Fig. 2(a), it can be found that within the
interesting range of µ , the interface potential is always neg-
ative, which indicates that the interface remains below its

thermodynamic melting temperature (ϑ =0) everywhere. Fig-
ure 2(a) also shows that, with the increase of α , the variation of
the interface potential with dimensionless length µ decreases
monotonously along the interface from the flatter region to the
tip region until α exceeds a certain value α∗. To determine α∗,
we solve the equation dϑ/dµ= 0(µ →0). The exact value of
α∗ =

√
3/2/π≈ 0.3899 is shown as the red dotted line. The

α∗ corresponds to the special Saffman–Taylor finger that sep-
arates shapes with a positive curvature derivative at their tip,
µ = 0, from those that have a negative curvature derivative
at the tip. This critical α distinguishes finger shapes that
undergo side branching from those that are non-branching fin-
gers with sunken tip fovea that split, which will be discussed
in the following. Figure 2(b) shows the tangential energy flux
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Fig. 2. (color online) (a) Distribution of the Gibbs–Thomson interface
potential versus µ = z/b for viscous finger cellular growth. (b) Tan-
gential energy flux magnitude driven by the tangential gradients of the
interface potential. (c) Normal energy flux magnitude associated with
energy conservation on the interface. Energy accumulation on the inter-
face is the (negative) divergence of the tangential capillary flux vector.
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magnitude driven by the tangential gradient of the interface
potential. As shown in Fig. 2(b), the tangential energy flux
increases to an extreme point in the flatter region. With the
increase of α , two different trends of curves are observed in
the tip region: monotonous (α < α∗) and concave (α > α∗).
Figure 2(c) shows the normal energy flux magnitude associ-
ated with energy conservation on the interface. As Fig. 2(c)
shows, the normal energy flux keeps the same variation ten-
dencies along the surface. However, with the increase of α ,
two different trends of the curves in the tip region are also ob-
served, i.e., the normal energy flux changing from negative to
positive (α > α∗) and keeping negative (α < α∗). We define
the intersection point whose left is positive as rotation point ϕ∗r
and the point whose left is negative as fovea point ϕ∗f , which
will also be discussed later.

From Figs. 1 and 2, it can be found that, when α ≥α∗, the
state of the cellular tip is like a blunt finger shape. In this case,
both the interface potential and the tangential energy flux de-
crease toward an extreme point of minimum with the increase
of µ in the tip region. Meanwhile, the normal energy flux
changes from negative to positive and goes across the 0 line

with a unique intersection point (ϕ∗f ) in the tip region, which
is called the fovea point.

As shown in the left panel of Fig. 3, the change of the nor-
mal energy flux in the tip region means that the weak Gibbs–
Thomson energy will cool (negative normal energy flux) or
heat (positive normal energy flux) the interface slightly, sepa-
rated by the fovea point where the surface Laplacians of poten-
tial vanish. Simultaneous opposing tendencies — of accelerat-
ing from cooling and retarding from heating — combine, and
induce a wave-like ripple or fovea of the interface, as shown
in the middle panel of Fig. 3. Once the tip fovea is formed, it
will couple to the strong external transport field in the adjacent
melt and eventually develop into a cellular tip splitting mode,
as illustrated in the right panel of Fig. 3. So, the fovea point
implies cellular tip splitting instability. It follows that cellular
tip splitting, free of any noise, is generated deterministically.
This idea is further validated by Fig. 4, as will be illustrated in
the following. Moreover, comparing the case of α = 0.3899
(red line) with that of α = 0.45 (blue line) in Fig. 2(c), it can
be found that, with the increase of α , the fovea point is further
and further away from the tip, though never too far.
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Fig. 3. Schematics of cellular tip splitting. Influence of a zero in the time rate of change of freezing at location ϕ∗; where the surface
Laplacians of the potential, or curvature, vanish, i.e., Φn= 0.

Nevertheless, how the tip fovea couples to the strong ex-
ternal transport field in the adjacent melt and eventually de-
velops into a cellular tip splitting mode has not been exposed
clearly at all. Here we try to explain it clearly from the view-
point of solute diffusion and tip undercooling. With the in-
crease of α , the cellular shape is more like a blunt finger, and
thus a wider tip appears, which will increase the solute dif-
fusion length at the tip region. Solute aggregates in the tip
region, which causes the increase of solutal undercooling ∆Tc

in the phase diagram. Meanwhile, the increase of α will in-
crease the tip radius R, which results in a decrease of curvature
undercooling ∆TR due to ∆TR= 2Γ /R. This tendency corre-
sponds to ∆T = ∆Tc+∆TR= constant. With the increase of the
solute concentration, solutal undercooling ∆Tc increases con-
tinuously. When ∆Tc>∆T , the value of ∆TR turns negative,
which means that the radius of curvature R changes from pos-
itive to negative and the tip changes from convex to concave,
i.e., the tip fovea is formed. In the meantime, the fovea re-

ceives a smaller flux than other regions close to it from the
liquid because of a longer diffusion length, which starves its
growth, as shown in Fig. 7 of Ref. [6]. So tip-splitting occurs.

When the shape factor α is less than α∗, the cell shape
changes into a needle shape. As is well known, the change of
cell shape from a blunt finger shape into a needle or parabolic
shape brings the possibility of side-branching.[23,24] In this
case, the interface potential changes from a non-monotonic
distribution to a monotonic one, which will cause a similar
variation of the tangential energy flux in the tip region. In the
meantime, the normal energy flux remains negative in the tip
region, which indicates that the fovea point disappears and the
cellular tip keeps stable. In the flatter region, the normal en-
ergy flux changes from positive to negative and goes across
the 0 line with a unique intersection point (ϕ∗r ), i.e., the occur-
rence of side-branching instability. Moreover, comparing the
case of α = 0.3899 (red line) with that of α = 0.35 (black line)
in Fig. 2(c), it can be found that the rotation point is further
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and further away from the tip with the increase of the dimen-
sionless number α . Concerning this, we obtain the criterion of
cellular tip-splitting instability (α ≥α∗=

√
3/2/π≈ 0.3899).
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Fig. 4. (color online) Steady cellular morphologies with different values
of α from phase field simulations.

To further validate the obtained criterion of cellular tip-
splitting instability, the comparison with the simulated result
is also illustrated. Using the quantitative phase field model,
we repeat the work of Wang et al.,[13] one of the authors in
the present paper, and acquire similar results, as shown in
Fig. 4. The phase-field simulation is performed with dilute
alloy SCN-0.05 mol% ACE, in which the chemical diffusion
coefficient in the liquid phase is D= 1.27×10−9 m2/s, the par-
tition coefficient is K = 0.1, the Gibbs–Thomson coefficient is
Γ = 6.48× 10−8 K·m, and the slope of the liquidus line is
m = −222 K/mol. The surface tension anisotropy strength is
set as 0.01. The temperature gradient is chosen as 100 K/cm,
and the pulling velocity is V = 50 µm/s; these values put the
system in the cellular growth regime. The simulation is per-
formed in two dimensions with explicit time stepping. The dif-
fuse interface thickness in the phase field model is W = 0.5 µm
with the grid size dx = 0.4 W, which has been tested for simu-
lation convergence. Figure 4 shows the phase field simulation
results of steady cellular morphologies with different values
of shape factor α . Different cellular spacings are given as
initial conditions before cellular morphologies evolve into a
steady state. The simulation results show that, with the in-
crease of cellular spacings, the shape factor α increases, and
when α reaches a certain critical value, the curvature distri-
bution along the cellular interface becomes non-monotonic so
that the tip curvature is minimized and the bilateral curvature
is maximized. The increasing bilateral maximum curvature in-
dicates more rapid solutal diffusion, which enhances the prop-
agation of the bilateral interface. Therefore, eventually, the
fastest-growing region will be around the bilateral shoulders
and no longer at the cellular tip, and thus cellular tip splitting
will occur. So the curvature distribution along the cellular in-
terface implies that competition between the cellular tip and

the bilateral shoulders is the deterministic mechanism of cel-
lular tip splitting in directional solidification.[13] Our analyti-
cal results also show that the non-monotonic curvature distri-
bution leads to a non-monotonic distribution of the tangential
energy flux at the tip region, which in turn results in the nor-
mal energy flux changing from negative to positive in the tip
region. Therefore, simultaneous opposing tendencies induce a
wave-like ripple or fovea of the interface. Once the tip fovea
is formed, it will couple to the strong external transport field
in the adjacent melt and eventually develop into a cellular tip
splitting mode. So our analytical results are in total agree-
ment with the phase field simulation results. Nevertheless, the
simulated results of Fig. 4 show that observable tip-splitting
will occur when α ≥ 0.6, while our analytical result shows
that, when α ≥ α∗ =

√
3/2/π ≈ 0.3899, the possibility of

tip-splitting is very high. Qualitatively, these two criteria are
consistent with each other; however, some difference still ex-
ists. Now we explain why the small difference exists between
the simulated criterion α ≥ 0.6 for observable tip-splitting and
the present criterion α ≥ α∗ =

√
3/2/π ≈ 0.3899 for tip-

splitting instability. Numerical computation, although quite
precise, needs tremendous computing time to simulate the
true experiments, especially for the phase field method.[25–27]

When 0.3899 < α < 0.6, the evolution of the tip fovea needs
a long time to accumulate energy and achieve an observable
tip-splitting because of the small driving force during cellular
growth. Therefore, it is quite possible that the limited com-
puting time in the simulation of Fig. 4 is not long enough to
reach the steady state, which may yield the result that no tip-
splitting is observed when 0.3899 < α < 0.6. Moreover, the
present criterion is obtained analytically based on a solid phys-
ical foundation, so it is reasonable that the present criterion is
more rigorous than that obtained from simulations. In sum-
mary, our criterion is consistent with the simulated results.

4. Conclusion
Using the bias field method proposed by Glicksman, to-

gether with the viscous finger morphology approximation, we
explore the cellular tip splitting instability in cellular growth
during directional solidification. By solving the interface po-
tential, the tangential energy flux, and the normal energy flux,
the physical intrinsic mechanism of cellular tip splitting is ex-
plained. Based on a trend analysis of the three physical vari-
ables, a rigorous criterion for the instability of tip-splitting
is established analytically, i.e., α > α∗ =

√
3/2/π ≈ 0.3899

for tip-splitting instability. The result also reveals that the
tip-splitting instability can be attributed to the weak Gibbs–
Thomson energy acting on the interface, which has simulta-
neous opposing tendencies of accelerating from cooling and
retarding from heating and will induce a wave-like ripple or
wrinkle of the interface. The comparison with the simulated

078107-5



Chin. Phys. B Vol. 24, No. 7 (2015) 078107

result shows that the present criterion of cellular tip splitting
α >α∗=

√
3/2/π ≈ 0.3899 is reasonable and consistent with

the simulated results. The present paper implies that a de-
terministic dynamic mechanism for tip splitting may exist in
directional solidification and provides evidence for the deter-
ministic mechanism in analytical theory.
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