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Structure-dependent metal insulator transition in
one-dimensional Hubbard superlattice∗
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We investigate the charge and spin gaps, and the spin structure in half-filled one-dimensional Hubbard superlattices
with one repulsive site and L0 free sites per unit cell. For odd L0, it is correlated metal at the particle–hole symmetric
point, and then turns into band insulator beyond this point. For even L0, the system has a Mott insulator phase around the
particle–hole symmetric point and undergoes a metal–insulator transition with on-site repulsion U increasing. For large U ,
there exists a multiperiodic spin structure, which results from the ferromagnetic (antiferromagnetic) correlation between
the nearest neighboring repulsive sites for odd (even) L0.
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1. Introduction

It is widely believed that the strong electronic correlation
is of key importance to high-Tc superconductors and deter-
mines the behavior of transition metal oxides.[1] Up to now,
the phase transition in strongly correlated electron systems is
still the focus of interest in modern condensed matter physics.
The minimal model that describes the essential physics of
such systems is the one-band Hubbard model.[2] This model
on a one-dimensional (1D) lattice has been exactly solved.[3]

When the local interaction U is repulsive, the hall-filled 1D
Hubbard model undergoes a metal–insulator transition (MIT)
at U = 0 and the insulator is a Mott insulator with gapless
spin and gapped charge excitations. This insulating state is
incomprehensible within ordinary electron band theory and it
is the result of strong electronic correlation. The Mott-type
ground state has a characteristic spin-density-wave (SDW)
with power-law decay of spin correlations.

Yet the Hubbard model is a homogeneous one with uni-
form repulsive interaction and on-site orbital energy. In con-
sideration of the fact that real materials usually consist of
several different kinds of atoms, some modified inhomoge-
neous Hubbard models are proposed. The ionic Hubbard
model (IHM) with alternating potentials ±∆ at adjacent sites
is regarded as a description to the neutral–ionic transition in
mixed-stack organic charge-transfer salts[4,5] or the ferroelec-
tric transition in perovskite oxides.[6,7] In 1D IHM, when U
increases, the transition is from a band insulator to a Mott in-
sulator, via a bond-ordered, ferroelectric insulator.[8–15] The
Hubbard chains with special site-dependent potentials, such as
the Fibonacci and Harper modulation, are also discussed.[16]

The alternating Hubbard model (AHM) with different UA and
UB on neighbouring sites has been reported to simulate the
systems whose spatial invariance is broken by two types of
atoms, say “anions” and “cations”.[17,18] In the phase diagram
of AHM, the system is always insulating and two types of re-
gions, dominated by SDW and charge density wave (CDW),
are observed.[18] The generalized inhomogeneous model with
site-dependent U has been also discussed.[19] For consider-
able insight into the nonrandom inhomogeneous systems such
as magnetic multilayer and superlattice,[20–23] a 1D superlat-
tice model with periodic arrangement of repulsive and free
sites, but with constant orbital energy, has been widely stud-
ied for many different unit cell configurations and electron
fillings.[24–30] The Mott–Hubbard insulator sets in at filling
density ρI for these superlattice structures,[25] not at half-
filling as in the Hubbard model. The period of SDW and the
profile of local moment have rich properties.[27] Here, we con-
sider a more realistic superlattice model with the following
Hamiltonian:

H = −t ∑
i,σ

(
c†

iσ ci+1σ +h.c.
)
+∑

i
Ui ni↑ni↓+∑

i
εini, (1)

where i runs through all sites of the one-dimensional super-
lattice; c†

iσ (ciσ ) is the creation (annihilation) operator for
an electron with spin σ (↑ or ↓) at site i; niσ = c†

iσ ciσ and
ni = ni↑+ni↓ are electron number operators. The hopping t is
taken as the energy unit. The on-site Coulomb interaction Ui

and the on-site potential εi are site-dependent. In the follow-
ing discussion, we will treat the superlattices with LU repulsive
(Ui = U > 0, εi = ε) sites and L0 free (Ui = εi = 0) sites per
unit cell.
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The electronic and magnetic properties of model (1) have
been investigated by Lanczos diagonalization,[31] where the
system size is typically less than 10. Some significant method-
ological studies imply that the properties of superlattice (1) are
more sensitive to the modulation of ε than that of U .[32–34] In
the previous work for LU = L0 = 1,[35] the system shows a
correlated-metal phase at the particle–hole symmetrical point
and becomes a band insulator beyond this point. The phase
transition in superlattices with other combinations of LU and
L0 has not been reported.

In this paper, we report charge and spin energy gaps
and magnetic properties for superlattice Hamiltonian (1) at
half-filling with the help of the density-matrix renormalization
group (DMRG) procedure.[36–40] The unit cell of the superlat-
tice here has L0 = 1 to 6 free site(s) and LU = 1 repulsive site.
Section 2 presents the charge and spin excitations and the MIT
of the Hubbard superlattice. In Section 3, magnetic properties,
including local moment profile and SDW structure factor, are
discussed. Section 4 gives the phase diagram and a summary.

2. Charge and spin excitation gaps
The charge and spin excitation gaps ∆C and ∆S of the su-

perlattices with N sites at half-filling can be given by

∆C(N) = E0(N +1,N/2+1,N/2)

+ E0(N−1,N/2,N/2−1)

− 2E0(N,N/2,N/2), (2)

∆S(N) = E0(N,N/2+1,N/2−1)−E0(N,N/2,N/2), (3)

respectively. E0(Ne,N↑,N↓) is the ground state energy,
Nσ (σ =↑ or ↓) is the number of electrons with spin σ and
thus the total number of electrons Ne = N↑+N↓ and Ne = N
at half-filling. To get the gaps in the thermodynamic limit
(N→ ∞), the finite-system DMRG algorithm is employed for
chains with different lengths. We use a quadratic polynomial
in 1/N to extrapolate the energy gaps under the thermody-
namic limit[35]

∆x(N) = ∆
∞
x +Ax/N +Bx/N2, (4)

where x can be C (charge) or S (spin).
We start by examining the behaviors of energy gaps at

the particle–hole symmetric point ε = −U/2. The finite-size
behaviors of the spin and charge gaps for a superlattice with
L0 = 2 are shown in Figs. 1(a) and 1(b), respectively. For a
definite chain length N, the spin gap ∆S decreases with on-site
repulsion U increasing. However, the extrapolation in Fig. 1(c)
displays that as N→∞, ∆S tends to be gapless regardless of the
repulsion U (∆S for N→ ∞ is also plotted in Fig. 1(a)). Nev-
ertheless, with U increasing, the charge gap ∆C in Fig. 1(b)
hardly changes for small U . When U is large enough, ∆C

goes up rapidly. In the thermodynamic limit N → ∞ shown
in Figs. 1(b) and 1(d), the charge gap ∆C vanishes for small
U and appears when U exceeds a critical Uc. Therefore, there
is an MIT at U = Uc for the superlattice with L0 = 2 and the
insulator state is the Mott insulator, in which ∆C is finite and
∆S vanishes.
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Fig. 1. The spin gap ∆S and charge gap ∆C as functions of U and system length N for panels (a)–(d) L0 = 2 and panels (e) and (f) L0 = 3. ε =−U/2.
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For superlattices with odd L0, the MIT is not observed.
The charge and spin gaps ∆C and ∆S with L0 = 3 are shown in
Figs. 1(e) and 1(f), respectively. It is found that both energy
gaps decrease with U increasing for a definite N. In the ther-
modynamic limit N→∞, the gaps vanish and the ground state
with L0 = 3 is always metallic at half filling and the particle–
hole symmetric point ε = −U/2. In the previous work for
L0 = 1, the particle–hole symmetrical point is a correlated-
metal point at half-filling.[35] Our calculation shows that for
other odd L0 (e.g., L0 = 3, 5), this conclusion is kept.

The MIT transition points for superlattices with different
even L0 at half-filling are checked and the result is shown in
Fig. 2. It is seen that for larger L0, ∆C increases more slowly
with U increasing and critical Uc increases. The critical Uc for
superlattices with L0 = 2, 4, and 6 are 2.2, 3.4, and 4.5, re-
spectively. One recalls that this phase transition also happens
in the one-dimensional Hubbard model at half-filling where
the transition occurs at U = 0. When the superlattice structure
is present and there are more free sites in a unit cell, a stronger
repulsive interaction is required to give rise to a Mott insulator
phase.

Next, we turn to the properties of superlattices without
particle–hole symmetry. When one observes the effect of or-
bital energy εi, the energy difference between sites is essential.
Without loss of generality, εi at free sites are regarded as zero
and εi = ε at repulsive sites. ε is changed to adjust the distribu-
tion of electrons. As shown in Fig. 3, we choose superlattices

with L0 = 3 and 4 to demonstrate how ε affects the charge
and spin excitations. For odd L0 (e.g., L0 = 3), the charge
and spin gaps ∆C and ∆S always have the same values and
are opened beyond the particle–hole symmetric point. This
feature indicates that the superlattice with odd L0 becomes a
band insulator at half-filling when the particle–hole symmetry
is broken. For even L0 (e.g., L0 = 4), the spin excitation is
always gapless. For small repulsion U , the system is always
metallic while for large U (e.g., U = 8 in Fig. 3(d)), the system
persists as a Mott–insulator just around the particle–hole sym-
metric point ε =−U/2 and the MIT occurs when ε is far away
from −U/2. A phase diagram for superlattices with even L0

is given in Section 4.
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3. Local moment and spin structure factor
The local moment

〈
S2

i
〉
= 3

〈
(sz

i )
2
〉

is usually used to
measure the degree of itinerancy in electron lattice systems,
where sz

i = (ni↑− ni↓)/2 is the net spin or the magnetization.
For the Hubbard model at half-filled filling,

〈
S2

i
〉

varies from
3/8 (the limit of complete itinerancy, i.e., U = 0) to 3/4 (the
limit of complete localization, i.e., U = ∞), and

〈
sz

i

〉
is always

0 because of the lack of spontaneous breaking of symmetry.
For the superlattice with particle–hole symmetry, figure 4

displays the local moment profile within the range of several
periodic cells. Regardless of the superlattice structure and the
value of U ,

〈
S2

i
〉

always reaches the maximum at repulsive
sites and is close to the complete itinerant limit 3/8 at free
sites. When U is strong enough, e.g., U = 16,

〈
S2

i
〉

on re-
pulsive sites is comparable with that of the Hubbard model.
However, it is not true for weak U . For example, for U = 4
in Fig. 4,

〈
S2

i
〉

is about 0.53, which is smaller than 0.6 of the
Hubbard model.

Now, we study the static spin structure factor to describe
the spin correlation, which is defined as

F(q) =
1
N ∑

i, j
e iq(i− j)

(〈
sz

i s
z
j

〉
−〈sz

i 〉
〈

sz
j

〉)
. (5)

We consider
〈

sz
i s

z
j

〉
instead of

〈
𝑆i ·𝑆 j

〉
because of the SU(2)

symmetry of the Hamiltonian (1). Our numerical results in-
dicate that the finite-size scaling effect of F(q) is insensitive

to system size if N is large enough, e.g., N > 100. The fol-
lowing results are for N = 120,180,192,210,216, and 210
corresponding to L0 = 1 to 6, respectively. Figure 5 dis-
plays F(q) for ε = −U/2 and different L0 and U . For small
repulsive interaction U , F(q) has a peak at q = π for all su-
perlattice structures. As U increases, for odd L0, there are
some slight uplifts in F(q) located at q = keπ/(L0 +LU ),
where ke is an even integer. For example, the uplifts of
F(q) occur at q = 2π/6 and 4π/6 for L0 = 5 in Fig. 5(e);
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meanwhile, the uplift still holds at q = π for L0 = 1 and F(q)
has a unique peak at q = π in Fig. 5(a). The uplifts of F(q)
for a superlattice with odd L0 only occur at very large U (e.g.,
U = 18). For even L0 and large U , e.g., U > 10, multiple
peaks appear in F(q), which are located at q= koπ/(L0 +LU ),
where ko is an odd integer. For example, there are 2, 3, and 4
sharp peaks in Figs. 5(b), 5(d), and 5(f) for L0 = 2, 4, and 6, re-
spectively. Furthermore, the multiple peaks are enhanced with
U increasing.

It is worth noting that there is the cusp structure in the
Hubbard model for different electron filling density ρ .[41] For
instance, SDW has a cusp at qmax = 2kF = πρ for ρ 6 1, or
qmax = 2kF = π(2−ρ) for ρ > 1. For the superlattice model in
Ref. [27], a two-peak structure is observed in a specific elec-
tron density region while there is only one peak at q = π at
half-filling (see Fig. 6 therein). In our Hubbard superlattices,
the multiperiodic SDW is found at half-filling and the particle–
hole symmetric point.
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In order to understand the above characteristics of static
spin structure factors, we consider the local spin correlation
S(i, i+ r) =

〈
sz

i s
z
i+r

〉
. Obviously, the peak of F(q) at q = π re-

sults from the antiferromagnetic correlation between the near-
est neighboring sites for all superlattices. In Fig. 6, we present
the spin correlation S(iU , iU + L0 + 1) between the nearest
neighboring repulsive sites, where iU labels the site with on-
site repulsion U . For even L0, S(iU , iU + L0 + 1) is always

antiferromagnetic and enhanced by U . As S(iU , iU + L0 +

1) is strong enough, a new antiferromagnetic period L0 + 1
emerges. Therefore, the multiple peaks in F(q) appear at
q = koπ/(L0 +1) with ko being an odd integer. For odd L0,
S(iU , iU +L0 + 1) is ferromagnetic and also increases with U
increasing. As S(iU , iU + L0 + 1) is strong enough there ap-
pears a local maximum in F(q) at q = keπ/(L0 +1) with ke

being an even integer.

4. Conclusion
We have investigated the charge and spin gaps and spin

structure in 1D half-filled Hubbard superlattices with one re-
pulsive site and L0 free sites per unit cell. For odd L0, the
charge and spin gaps always have the same values. There
is a correlated-metal phase at the particle–hole symmetric
point ε = −U/2. The superlattice is a band insulator beyond
ε = −U/2. As U increases, for odd L0, there are some slight
uplifts in the spin structure factor, which results from the ferro-
magnetic correlation between the repulsive sites. For even L0,
the MIT is observed and the phase diagram is shown in Fig. 7.
The system is a Mott insulator around the particle–hole sym-
metric point ε =−U/2. The spin excitation is always gapless.
The charge gap vanishes for small U and opens for U > Uc.
In the insulator regime, we observe a multiple-peak structure
in the spin structure factor, which results from the antiferro-
magnetic correlation between the nearest neighboring repul-
sive sites.
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Fig. 7. Phase diagram of superlattices with even L0 on the U–ε plane.

Our results show that the electronic and magnetic proper-
ties of the Hubbard superlattice model (1) have an interesting
odd–even L0 disparity. Some results can be qualitatively un-
derstood by energy band theory. For the superlattice, if L0 is
odd, the length of unit cell is even and the number of bands
is also even. At half-filling, half of the bands are filled. The
system is metal or insulator depending on the properties of the
bands around Fermi level. However, when L0 is even, half-
filling makes the middle band cross the Fermi level and this
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band splits under the interaction of U , which causes the su-
perlattice to be an insulator. The interaction of U on the band
also occurs in the one-band Hubbard model. This kind of odd–
even disparity is also found in the linear periodic atomic chains
of carbon-transition-metal TM-Cn.[42,43] The first-principles
calculation shows that for linear carbon-transition-metal com-
pounds, the relative position of energy bands depends on the
number of carbon atoms. Hence, spin-dependent electronic
properties also vary according to odd or even carbon atoms.
In conclusion, although the importance of nanoscale spatial
inhomogeneity has been widely recognized,[32] the effort in
experiment and theory should be made to understand properly
the consequence of nanoscale inhomogeneity.
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