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Phase diagram and collective modes in Rashba spin–orbit coupled
BEC: Effect of in-plane magnetic field∗
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We studied the system of pure Rashba spin–orbit coupled Bose gas with an in-plane magnetic field. Based on the
mean field theory, we obtained the zero temperature phase diagram of the system which exhibits three phases, plane wave
(PW) phase, striped wave (SW) phase, and zero momentum (ZM) phase. It was shown that with a growing in-plane field,
both SW and ZM phases will eventually turn into the PW phase. Furthermore, we adopted the Bogoliubov theory to study
the excitation spectrum as well as the sound speed.
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1. Introduction
The synthetic gauge field, which is induced by the atom–

light interaction in cold atom gases, has been paid great atten-
tion since Spielman’s group realized the spin–orbit coupling
(SOC) experimentally in 2009.[1] Different from the situation
in solid materials where SOC is studied only in the fermonic
system, the synthetic gauge field in dilute cold atom gases can
be applied to a bosonic system and is highly tunable, so a va-
riety of works[2–9] have been carried out relating to this topic,
including the Rashba type SOC,[10,11] the exotic superfluidity
in SOC,[12] the SOC in an optical lattice,[13,14] etc.

The Rashba type SOC is an interesting configuration in
the bosonic system, in which the spin is coupled to two direc-
tions in the momentum space and thus has a higher symmetry
compared with the standard Raman-induced SOC realized in
Ref. [1]. Although it has not been experimentally realized yet,
there are several theoretical proposals for its realization.[15–17]

In Refs. [10] and [11], it is shown that in the Rashba type SOC,
the minima of the single particle energy form a continuous
circle in the momentum space with infinite degeneracy, and
two phases, the plane wave (PW) phase and the striped wave
(SW) phase (also called the standing wave phase), can be iden-
tified due to the competition between the inter-component in-
teraction and the intra-component interaction. Furthermore, a
new fully polarized phase, the ZM phase in which the conden-
sate has zero momentum, is found in the large repulsive inter-
component interaction area with phase separation towards the
SW phase.[18] Moreover, half vortex states and other phases
have been predicted for the SOC condensate inside a harmonic
trap.[11,19] However, in those works, the effect of an additional
in-plane magnetic field has not been studied. In this paper, we
will take the in-plane magnetic field into account and study its

influence on the ground states and the phase diagram. We first
demonstrate that with an in-plane magnetic field, the minima
of the single particle energy turn into one single point on the
continuous circle in the momentum space. Moreover, with an
increasing additional magnetic field, the condensate in the ZM
phase will gradually change the particular momentum that it
occupies away from zero and eventually enters the PW phase.
For the SW case, though the condensate will still have the
structure of superposition of two plane wave states with oppo-
site momenta, the ratio of the plane wave state which occupies
the single particle minimum will increase with the increasing
magnetic field while the one with the opposite momentum will
decrease and eventually disappear, turning the system into the
PW phase as well.

2. Phase diagram
We start with the single particle Hamiltonian describing

the spin-1/2 bose gas with pure Rashba SOC in an additional
magnetic field in the x direction (set h̄ = m = 1 for simplicity)

Hs =
1
2
[(kx−λσx)

2 +(ky−λσy)
2]−hσx, (1)

where σi are the Pauli matrices, λ is the Rashba coupling
strength, and h≥ 0 characterizes the intensity of the additional
magnetic field in the x direction. This single particle Hamil-
tonian is exactly solvable and the eigenvalues in terms of 𝑝

are

ε±(𝑝) =
𝑝2 +2λ 2

2
±
√

(h+λ px)2 +λ 2k2
y , (2)

which includes two helicity branches for spin parallel and an-
tiparallel. Compared with the pure Rashba case, adding a mag-
netic field changes the minima of the spectrum from a ring in
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the momentum space |𝑘|= λ to a single point of kx = λ ,ky = 0
on the ring (see Fig. 1), which means that the condensation
changes from a superposition of states with momenta on the
degenerate ring to a particular single particle state.
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Fig. 1. (color online) The single particle ground state energy (the lower
branch of the spectrum) of the system at (a) h = 0.2λ 2 and (b) h = 0.

For the many-body case of a dilute bose-1/2 gas with N
particles enclosed in volume V , the interactions between atoms
can be described by

Hint =
1
2 ∑

σ=a,b

∫
d3rgσ1σ2ψ̂

†
σ1

ψ̂
†
σ2

ψ̂σ2ψ̂σ1 , (3)

where ψ̂σ is the field operator, and gσ1σ2 are the relative cou-
pling constants in different spin channels. For simplicity, we
consider the spin symmetric case gaa = gbb = g, the above
equation can be rewritten as

Hint =
∫

d3r
(

G1

n̄
n̂2 +

G2

n̄
Ŝ2

z

)
, (4)

where G1 = n̄(g+gab)/4,G2 = n̄(g−gab)/4, n̂ = n̂a+ n̂b, Ŝz =

n̂a− n̂b (n̂σ = ψ̂
†
σ ψ̂σ ,σ = a,b), and n̄ = N/V is the average

density.
Like the pure Rashba case, following the procedure in

Ref. [18], the ground state and energy can be determined using

a variational procedure by assuming the spinor wave function(
ψa
ψb

)
=
√

n̄
[
C1

(
cosθ

sinθ e iφ

)
e i𝑘·𝑟

+C2

(
sinθ

−cosθ e iφ

)
e−i𝑘·𝑟

]
, (5)

where 𝑘 represents the canonical momentum of the BEC. For
a known value of average density n̄, the variational parame-
ters are θ ,φ ,C1,C2, and k with their values limited by the nor-
malization constraints |C1|2 + |C2|2 = 1 and θ ∈ [0,π/2],φ ∈
[0,π]. Inserting Eq. (5) into Eqs. (1) and (4), we obtain

ε = λ
2 +

k2

2
−λ sin2θ(kx cosφ + ky sinφ)

−hsin2θ(C2
1 −C2

2)+G1

+G2(2C2
1C2

2 sin2 2θ +(C2
1 −C2

2)
2 cos2 2θ). (6)

By minimizing the energy respect to k, we simply have kx =

λ sin2θ cosφ and ky = λ sin2θ sinφ . By assuming |C1|2 =

(1− t)/2 and |C2|2 = (1+ t)/2, where t ∈ [0,1], the energy
per particle ε takes the form

ε = λ
2− λ 2

2
sin2 2θ +G2t2(1− sin2 2θ)+ thsin2θ cosφ

+G1 +
G2(1− t2)

2
sin2 2θ . (7)

The minimum of Eq. (7) is obtained at cosφ = 1 when t < 0
and cosφ =−1 when t > 0, we consider only the cosφ =−1
and t > 0 cases, since these two cases are equivalent.

Actually equation (7) is a quadratic function of t and
sin2θ , so the minimum and the ground state can be analyti-
cally calculated. Depending on the relevant parameters h,G2,
and λ , the minimum occurs at kx < λ with t = 1 and also
kx = λ with t = 1 or t < 1. Therefore the system has three
distinct phases and the phase diagram is shown in Fig. 2.
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Fig. 2. (color online) The ground state phase diagram of the Rashba
SOC Bose gas with additional magnetic field h in the x direction. These
three phases have different spin polarization M.

(i) The ZM phase It is a polarized condensate which oc-
cupies the particular momentum kx = hλ/(−2G2−λ 2),ky =

kz = 0. For the h = 0 case, it is the ZM phase referred in
Ref. [18] and the system enters this phase when G2 < −λ 2
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with phase separation from SW. When h becomes larger, h >

−2G2−λ 2, the system enters the plane wave phase. The spin
polarization of the phase is M =

√
1− k2

x/λ 2 and the density
is uniform. The energy of the ZM phase is

εZM = G1 +G2 +λ
2 +

h2

4G2 +2λ 2 . (8)

The corresponding wave function is

ψZM =
√

n̄
(

cosθh
sinθh

)
e ikxx, (9)

where θh = arcsin(kx/λ )/2 gradually changes from 0 to π/2,
and kx, the single momentum that it occupies, increases from
0 to λ as h increases. The ZM phase is a pure interaction con-
sequence, which shows strong contrast with the single particle
picture at the h = 0 case, even a small in-plane field h changes
the situation and makes the atoms condensate at a non-zero
momentum.

(ii) The SW phase The atoms condensate into a super-
position of two plane wave states with opposite wave vectors
kx = ±λ , the system enters this phase when −λ 2 < G2 < 0
at h = 0 and forms a standing wave pattern. An increas-
ing h would make the system transit into the plane wave
phase, which occurs at h > −G2. The condensate in this
phase has the spin polarization in the form of stripes M =√

1− (h/G2)2 cos2λ r, which is the most striking feature of
this phase. The ground state energy of this phase is

εSW = G1 +
G2

2
+

h2

2G2
+

λ 2

2
, (10)

and the wave function is

ψSW =
√

n̄
[
C1

(
1
1

)
e iλx +C2

(
1
−1

)
e−iλx

]
, (11)

where |C1|2 = (1− h/G2)/2 and |C2|2 = (1+ h/G2)/2. As
h increases, the SW state slowly shifts its −λ part to λ part
and eventually becomes the PW state, while the competition
with the ZM phase remains the same as the h = 0 case, and the
transition occurs at G2 =−λ 2 despite the phase separation.

(iii) The PW phase In the h = 0 case, the system enters
this phase only when G2 > 0. However, in a large additional
field, the system originally in the above two phases also enters
this plane wave phase. As discussed above, the critical value is
h=−G2 for the PW–SW transition and h=−2G2−λ 2 for the
PW–ZM transition,. In this phase, the condensation is in the
single plane wave state with momentum kx = λ ,ky = 0,kz = 0
and the spin polarization M is zero. The average energy reads

εPW = G1−h+
λ 2

2
, (12)

and the wave function is

ψPW =

√
2n̄
2

(
1
1

)
e iλx. (13)

It is noticed that the density of the ZM phase is not homo-
geneous, a phase separation (PS) may appear between the ZM

phase and the other phases as in the h = 0 case.[18] The pre-
cise boundaries for the phase transitions can be determined by
imposing the chemical potential µ = ∂nε/∂n and the pressure
P = n̄(µ − ε) being equal in the two phases. The chemical
potentials in the three phases take the form

µPW = 2G1−h+
λ 2

2
,

µZM = λ
2 +2G1 +2G2 +

k2
x

2
, kx =

hλ

−2G2−λ 2 ,

µSW = 2G1 +G2 +
λ 2

2
. (14)

We find that the phase separation appears only on the ZM–SW
transition like the h = 0 case, and with smaller gab/g or bigger
h, the PS region becomes narrower, see Fig. 3.
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Fig. 3. (color online) Illustration of phase separation on the ZM–SW
transition. The dashed lines show the PS area: black for gab/g = 3, blue
for gab/g = 2, and light blue for gab/g = 1.1.

3. Collective modes
In the following, we calculate the elementary excitations

of the system using the Bogoliubov theory. First we add a
perturbation

VP =−Pe𝑞·𝑟−ωt +H.c

to the single particle Hamiltonian. Then the elementary exci-
tations can be calculated by diagonalizing the following time-
dependent Gross–Pitaevskii (G–P) equation:

i∂tψ =

[
Hs +VP +

2G1

n
(ψ†

ψ)+
2G2

n
(ψ†

σzψ)

]
ψ, (15)

where Hs is the single-particle Hamiltonian in Eq. (1). We also
know that for the PW and the ZM phases, the ground state den-
sity is uniform, so the spinor wave function can be written in
the following form:

ψ =
√

n
[(

cosθ

sinθ

)
e ikxx +

(
u↑(𝑟)
u↓(𝑟)

)
e−iωt

+

(
v∗↑(𝑟)
v∗↓(𝑟)

)
e iωt

]
e iµt . (16)

Using Bogoliubov amplitudes u and v, we find the following
matrix to be diagonalized in the PW phase:
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BPW =



H+ b++ iλqy −g
2

−gab

2

b+− iλqy H+ −gab

2
−g

2

−g
2

−gab

2
H− b−+ iλqy

−gab

2
−g

2
b−− iλqy H−


, (17)

where H± =−λ 2− q2

2 −
g
2 ±ω∓λqx−h and b± = λ 2− gab

2 +h±λqx. In the ZM phase, the matrix is

BZM =


H+

1 c++ iλqy m1 d

c+− iλqy H+
2 d m2

m1 d H−1 c−+ iλqy

d m2 c−− iλqy H−2

 , (18)

where

H±1 = −q2/2+(g−gab)sin2
θh−gcos2

θh±ω∓λqx,

H±2 = −q2

2
+(g−gab)cos2

θh−gsin2
θh±ω∓λqx,

c± = −g
2

sin2θh±λqx, d =−gab

2
sin2θh,

m1 = −gcos2
θh, m2 =−gsin2

θh.

We diagonalize the two matrices to obtain the elementary
excitations as shown in Figs. 4 and 5. In the PW phase, we can
easily find that the excitations have two branches as displayed
in Fig. 4, which are gapless in the x direction and gapped in
the y direction like the h = 0,G2 ≥ 0 case.[12,20] A more close
look at the picture, we find that the lower branch is symmet-
ric in the x direction, which is confirmed in the sound velocity
calculated by limp→0 E−p = cp,

cpw =

√
2G1

(
1− λ 2 cos2 β

−h+λ 2

)
, (19)

where β = arccos(py/p). It shows that h does not affect the
sound velocity along the x direction.
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Fig. 4. (color online) Elementary excitations in the PW area, where
G1 = 3.75λ 2, G2 =−1.2λ 2, and h = 2λ 2.
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Fig. 5. (color online) Elementary excitations in the ZM area, where
G1 = 3.75λ 2, G2 =−1.2λ 2, and h = 1λ 2.

In the ZM phase, the higher branch possesses a gap
which is just the energy cost to overcome the effective Zeeman
field.[18] The h also breaks the rotation symmetry and makes
the lower branch higher when q is along the x direction and
lower when q turns to the opposite direction, which is also
clearly shown in the anisotropic sound velocity

czm = kx cosα +

√
gn̄
(

1− 2λ 2(cos2 α + cos2 β )

n̄(gab−g)

)
, (20)

where α = arccos(px/p) and kx = hλ/(−2G2−λ 2) increases
with h. The sound velocity reaches its maximum when the
phonon propagates in the x direction and minimum in the op-
posite direction.

4. Conclusion
We studied a system of pure Rashba spin–orbit coupled

Bose gas with an in-plane magnetic field based on the mean
field theory. We identified three distinct phases (PW phase,
SW phase, and ZM phase) in zero temperature and found that
with a growing in-plane magnetic field, both SW and ZM
phases will eventually turn into the PW phase. Furthermore,
we adopted the Bogoliubov theory to study the excitation spec-
trum as well as the sound speed.
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