
Chin. Phys. B Vol. 24, No. 7 (2015) 076101

Helix unwinding in ferroelectric liquid crystals
induced by tilted electric field∗
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Helix unwinding in ferroelectric liquid crystals induced by an electric field is theoretically studied on the basis of the
continuum theory. By applying a weak electric field tilted to the smectic layers, the contribution of the dielectric interaction
energy density to the total free energy density is increased. Approximation methods are used to calculate the free energy
for different tilt angles between the electric field and the smectic layers. The obtained results suggest selecting the optimal
number of pitches in the film that matches to the minimum of the free energy.
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1. Introduction
Liquid crystals with spontaneous electric polarization

were discovered in 1975, and researchers managed to trans-
form them into ferroelectric samples five years later.[1] A con-
siderable interest in the study of smectic liquid crystals has
been expressed by the scientific society in the present time. In
particular, this interest is related with the fact that the so-called
smectic C* (SmC*) exhibits spontaneous polarization.[2,3]

Due to their helical structures and absence of the flexo-
electric effects,[4] ferroelectric liquid crystals (FLC) represent
promising functional materials in systems for visualization of
information and light modulators.[5] In addition, the smectic
films are model objects for the study of frustration effects,[6]

which are responsible for the formation of multilayer struc-
tures, ultra-thin films, and self-organization of particles in two-
dimensional systems.

The applied electric field to a helical SmC* gains en-
ergy of spontaneous polarization, which generates unwinding
of the helix. The corresponding electric field for the com-
plete helix unwinding, Eu, is called the critical field. In or-
der to obtain a suitably tractable model for simulations, many
approaches have been developed for understanding helix un-
winding, which take several simplifications.[7,8] For example,
the contribution of the dielectric interaction energy density is
suggested by Uto[9] to be neglected in the description of the
unwinding process generated by an electric field. However,
the dielectric contribution into the free energy density is pro-
portional to the squared electric field. Therefore, there seems
to be no unified understanding of the interplay between the
dielectric contribution and the spontaneous polarization.

The developments shown in the present article are mo-

tivated by the earlier results given by Uto.[9] Following the
idea, we analyze the equilibrium structure of FLC in the SmC*
phase consisting of n pitches. In this study, we show that the
effect of the dielectric anisotropy on the free energy can be in-
creased by applying a weak electric field tilted to the smectic
layers.

The article is organized as follows. In Section 2, the ge-
ometry of the problem and the associated free energy density
of FLC in a generally inclined electric field are given. In Sec-
tion 3, we show the difference in helix unwinding when the
electric field is perpendicular and tilted to the smectic layers.
The influence of the dielectric interaction energy generated by
the electric field is included in the total free energy density.
The corresponding energy states for several pitches and tilt an-
gles of the electric field are presented in Section 4. The main
results are summarized in Section 5. A more detailed treat-
ment of the computations is given in the appendix.

2. Free energy of ferroelectric liquid crystal
Consider a slab of thickness d filled with ferroelectric liq-

uid crystal in the SmC* phase, as shown in Fig. 1. The average
orientation of the liquid crystal molecules is characterized by
a unit vector field known as the director

𝑛= (sinθ cosϕ,sinθ sinϕ,cosθ) ,

where ϕ is the azimuthal angle around the smectic cone angle
θ .[3,10]

To evaluate the free energy, we adopt a Cartesian coordi-
nate system, where the y axis is along the slab, and the z axis
is normal to the plates and the smectic layers. Adopting the
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elastic part of the free energy density,[11] we have

fel = B(ϕ,z−q0)
2 ,

where

B =
1
2

sin2
θ
(
K2 sin2

θ +K3 cos2
θ
)
,

q0 =
K2qt sinθ +K3qb cosθ

sinθ
(
K2 sin2

θ +K3 cos2 θ
) .

Here the elastic constants K2 and K3 are associated with the
twist and bend types of deformations; qt and qb are the twist
and bend wavenumbers. In the following, we will treat the
problem with one constant approximation, i.e., K2 = K3 = K.
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Fig. 1. (color online) Schematic representation of SmC* helical pitches
in the electric field 𝐸. The director is uniform within each xy cross-
section.

The dielectric interaction energy density[10] is given by

fdiel =−
1
2
𝐷 ·𝐸, (1)

where the relation between the electric displacement 𝐷 and
the generally applied electric field has the form

𝐷 = ε⊥𝐸+
(
ε‖− ε⊥

)
(𝑛 ·𝐸) ·𝑛. (2)

In the above relation, ε‖ and ε⊥ are unitless dielectric con-
stants measured along and normal to the smectic axis. In view
of relations (1) and (2), fdiel is given by

fdiel =−
1
2

ε0E2
(

ε⊥+ εa (sinα sinθ sinϕ + cosα cosθ)2
)
,

where εa = ε‖− ε⊥ is the dielectric anisotropy, and ε0 is the
dielectric constant.

The interaction of the electric field with the spontaneous
polarization of FLC is expressed by

fp =−𝑃s ·𝐸,

where 𝑃s is the polarization vector. The physical interpreta-
tion of 𝑃s can be found in Ref. [10].

In many examples, fdiel is considerably smaller than fp.[3]

Therefore, it is common to neglect the dielectric contribu-
tion of the free energy. When high electric fields Eu & E
are applied, both contributions should be considered. In or-
der to increase the contribution of fdiel in the total free en-
ergy density when E � Eu, let the electric field be given by
𝐸 = E (0,sinα,cosα), which makes an angle α with the z
axis as shown in Fig. 1. Then fp takes the form

fp =−PsE sinα cosϕ,

where Ps is the magnitude of the polarization vector, and ϕ

is the angle between vectors 𝑃s and 𝐸. Then the total free
energy f (ϕ) of FLC is given by

f (ϕ) =
∫

V

(
fel + fp + fdiel

)
dV, (3)

where V is the volume of the sample. The above formulation
of the free energy assumes that the surface effects can be ne-
glected.

3. Dielectric contribution to free energy of FLC

If fdiel cannot be neglected in Eq. (3), the free energy den-
sity divided by constant B can be represented as

fB = (ϕ,z−q0)
2− PsE

B
sinα cosϕ− ε0ε⊥E2

2B

− ε0εaE2

2B
(sinα sinθ sinϕ + cosθ cosα)2 . (4)

Euler’s corresponding equation for functional fB can be writ-
ten as

d
dz

∂ fB

∂ϕ,z
− ∂ fB

∂ϕ
= 0. (5)

Since fB does not depend on z explicitly, i.e., fB (ϕ,ϕ,z),
equation (5) can be reduced to the Beltrami identity

fB−ϕ,z
∂ fB

∂ϕ,z
=C1 , (6)

where C1 is an integral constant. The solution of Eq. (6) is
represented by the relation

z+C2 =±
∫

ψ

0

dϕ√
Q2

0−
PsE
q2

0B
sinα cosϕ− ε0ε⊥E2

2q2
0B
− ε0εaE2

2q2
0B

(sinα sinθ sinϕ + cosθ cosα)2

, (7)
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where the± sign is related with the bistability of FLC,[12] and
Q2

0 = q2
0−C1. Note that relation (7) is valid if the denominator

in its right hand side is greater than zero.
In order to determine the relation between Q0 and the

electric field E, we set boundary conditions in such a way that
ϕ is fixed as π or −π on the boundary plates. Then the length
of a helical pitch p can be expressed as

p =
d
n
, n = 1,2,3, . . . ,

where n is the number of pitches between the plates. From the
condition ϕ(0) = 0, it follows that integral constant C2 = 0.
Once q0 is fixed, the behavior of Q0 is governed by constant
C1 and the applied field. We note that the numerical solution
of Eq. (7) does not require an expression for C1.

Our model is simulated for a film of thickness d = 12 µm
with typical parameters for FLC in the SmC* phase: q0 =

2π/(1.4×10−6) rad·m−1, K = 6.8×10−11 N, θ = 22.5◦, and
Ps = 5×10−5 C·m−2.[9,14]

Figure 2 shows the raise of the modified Q0 with the in-
crease of the electric field E. The induced polarization and
dielectric interaction interplay with the applied field, which
rotates the directors to align with the field and eventually gen-
erate helix unwinding. When the tilt angle α decreases, the
spontaneous polarization energy decreases accordingly, and
the helix unwinds less readily. Examination of the results re-
veals that the helix unwinding in FLC can be controlled by
changing the tilt angle of the electric field.

E/105 VSm-1

1

0.7

0.8

0.9

Q
0
/
q
0

1.0

1.1

2 3 4 5 6 7

Fig. 2. (color online) Relation between the electric field E and the ratio
of Q0 to the spontaneous twist q0 when n = 6,7,8,9 (from bottom to
top). For thick blue curves, α = π/2; for thin red curves, α = π/100.

4. Free energy configuration

To simulate the response of the free energy to the elec-
tric field, we must obtain function ψ(z) from Eq. (7). For the
following computations, we assume the common parameters

of SmC*, i.e., εa = 1.9, ε⊥ = 4, and p = 1.4 µm.[3,14] Com-
putational details of ψ(z) and the free energy are given in the
appendix.

Due to the± sign in Eq. (7), for both calculated free ener-
gies, we choose the absolute minimum. Thus, the free energy
changes are computed semi-analytically, and the correspond-
ing curves for various α and n are plotted in Fig. 3. The plots
indicate the preferable number of pitches in the film.
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Fig. 3. (color online) The free energy of SmC* as a function of E for
n = 6 (solid line), 7 (dashed line), 8 (dash-dotted line), and 9 (long
dashed line), with (a) α = π/2 and (b) α = π/100.

The curves in Fig. 3 give the estimation of the free energy
in freely suspended smectic films, and show the control by a
single layer change in the thickness. This finding offers a new
insight that the bulk properties of the ferroelectric SmC* phase
vary in different forms when the field is inclined to the smectic
layers.

5. Conclusion
Smectic films represent special objects for the study of

ordered structures in a limited geometry. The helix unwinding
process induced by a weak electric field, which makes vari-
ous angles with the layer of SmC*, is numerically investigated
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within the continuum theory. Calculations show that the ra-
tio Q0/q0 increases less steeply when the influence of fp is
reduced. The differences in helix unwinding can be distin-
guished by x-ray spectroscopy and optical measurements.

Applying Euler’s equation for the free energy density, we
obtain a relation for the azimuthal angle ψ(z). The substitution
of ψ(z) into the free energy density and further computation
of the free energy for the system with n helical pitches show
its dependence on the electric field (Fig. 3).

Summarizing, we set the relation between a wave num-
ber and the electric field when it is tilted to the smectic layers.
Then the corresponding energy states of FLC are represented.
Applying this model, one can theoretically analyze the contri-
bution of linear and quadratic terms with respect to the oper-
ating field E in the relation for the free energy. Based on this
analysis, one can select the optimal number of pitches in the
film that corresponds to the minimum of the free energy.

Appendix A
In this appendix, we provide details on the computation

of relation (7) and the plotting procedure of Fig. 3.

With the given parameters in Section 4, let α = π/2,
E = 105 V ·m−1, and from the solution of Euler’s equation (5)
for n = 6, we obtain Q0 = 0.702. Then relation (7) takes the
form

z = 4.492−2.714F

(
5.983

√
1+ cosψ

71.429+0.165cosψ
,0.437

)
,

where F denotes the elliptic integral of the first kind. At this
point, we note that the first argument in F can be simplified
if we use the identity 1+ cosψ = 2cos2(ψ/2) and neglect a
small quantity. Then we obtain

z = 4.492−2.714F
(

1.001cos
(

ψ

2

)
,0.437

)
. (A1)

Equation (A1) can be solved with respect to the azimuthal an-
gle

ψ = 6.283−2arccos(0.999sn(−1.655+0.369z,0.437)) .
(A2)

The derivative of Eq. (A2) can be represented as

dψ

dz
=

0.736sn(−1.655+0.368z,0.437)dn(−1.655+0.368z,0.437)√
1−0.998sn(−1.655+0.368z,0.437)2

, (A3)

where dn, cn, and sn are the Jacobi elliptic functions. The
substitution of Eqs. (A2) and (A3) into the total free energy
obtained from functional (4), i.e.,

∫ d/2
−d/2 fB dz, and multiplica-

tion by the number of smectic layers n = 6 yield the energy
value 78.936. The diamond in Fig. 3(a) marks the position of
the corresponding energy value. By applying this algorithm
for other values of the electric field and n, we obtain the en-
ergy states represented by a set of dots, which are interpolated
by splines. The results with different tilted angles α between
the electric field and the z axis are shown in Fig. 3.
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