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Influence of electron correlations on double-capture
process in proton—helium collisions
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The first-order correct-boundary Coulomb—Born distorted-wave approximation is used to study the double-electron
capture by protons from the ground-state helium atoms at intermediate and high impact energies. The differential double
capture cross sections are obtained as a function of the projectile scattering angle and the total cross sections as a function
of the impact energy. In the considered range of impact energy, our calculation shows that although the results are not so
sensitive to the static inter-electronic correlations in the initial channel, the strong final-state correlations have a large effect
on the magnitudes of the double capture cross sections. The calculated differential and integral cross sections are compared
with their available experimental values. The comparison shows a good agreement between the present calculations and
the measurements. The comparison of the integral cross sections shows that the present approach is compatible with other

theories.
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1. Introduction

The singly charged negative hydrogen ion H™ is one of
the simplest two-electron systems. It has a great number of
practical and theoretical applications in many fields of science
and technology.!!! For example, it plays an important role in
the opacity of stellar atmospheres. [?! It also plays a fundamen-
tal role in the absorption and emission of partially ionized hy-
drogen plasmas.[?! The fact that the negative hydrogen ion can
be used as an efficient antioxidant in the human body expands
the scope of its applications to biology; however, injection of
negative hydrogen ions into high energy accelerators is one
of its main applications.'*l Moreover, it can be used for the
production of neutral beams of energetic hydrogen atoms for
fusion devices. 1>/

From the theoretical viewpoint, the exact energy lev-
els and analytical wave functions are not available for two-
electron bound systems. The negative atomic hydrogen ion has
only two bound states, the ground 1s? (!S) state and the doubly
excited 2p? (3P) state. The latter was predicted computation-
ally but has not been observed till date.!'! Consequently, the
accurate approximate solution for the ground-state energy and
wave functions of the negative hydrogen ion may be used to
examine the validity of the theoretical models that are outlined
to describe the dynamics of the two-electron systems and their
extensions to more complicated systems.%! It is also a proper
basic candidate for the study of the inter-electronic correla-
tions existing among the electrons in multi-electron atoms. [”!

One way to produce negative hydrogen ions is through
collisions between protons and helium atoms to exchange both
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of the involved electrons. Such a collision process is a pure
four-body problem, which provides a stringent test of the ap-
proximation methods used in the analysis of the dynamic of
the four-body collision process. A large number of experi-
mental measurements of the double-capture (DC) total cross
sections (TCSs) have been reported in the literature for this
process.[®- 1!l The DC TCSs have also been theoretically cal-
culated using various theoretical models. For example, the in-
tegral cross section for the capture of two electrons by pro-
tons in helium was calculated using the first-Born approxima-
tion by Gerasimenko.[!'?) The TCSs for the formation of H~
by double charge exchange in fast proton-helium collisions
were investigated using the atomic orbital expansion (AOE)
method, 3! the four-body continuum distorted wave (CDW-
4B) approximation,!'¥ and the boundary-corrected four-body
first-Born (CB1-4B) theory.!">! For an extensive review of
these models, the readers are referred to Refs. [7] and [16].
Although a significant progress has been made in study-
ing the specified collision process, ”-1% most of the theoretical
as well as the experimental studies were devoted to the TCSs,
while differential cross sections (DCSs) give more detailed in-
formation of the collision dynamics. Recently, the differential
double capture cross sections for 15-150 keV proton—helium
collisions were measured by Schulz et al.!'”l However, to the
best of our knowledge, no theoretical differential calculation
was reported for this collision process. In consequence, we
are motivated to calculate the DC DCSs for this process.
Recently, we have developed a theoretical three-body ap-
proach based on the Coulomb-Born distorted-wave (CBDW)
approximation!!8-201 to study the single capture (SC) process
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in various energetic ion—atom collisions.?'->* For most of
the cases considered, the calculated results are in satisfactory
agreement with the available experimental data at moderate
and high impact energies for which a first-order perturbation
In a further study, the three-body CBDW
approximation was generalized to its four-body version and

theory is valid.

applied to single and double capture processes.>-2°! In this
paper, in continuation of our previous studies, we employ
the post and prior forms of the four-body correct-boundary
Coulomb-Born distorted-wave (CBDW-4B) approximation to
investigate the DC process in energetic proton—helium colli-
sions. Various approximate initial and final bound-state wave
functions are used to explore the influence of the static elec-
The re-
sults are compared with other theoretical results and the corre-

tronic correlations on the rearrangement process.

sponding experimental values.

The organization of this paper is as follows. In Section 2,
the theoretical formalism is outlined and the reduced two-
dimensional integral forms of the prior and post amplitudes
are derived. The obtained results for differential and integral
cross sections and their related comparisons and discussion are
given in Section 3. Finally, a summary is given in Section 4.
Atomic units will be used throughout unless stated otherwise.

2. Theory

A four-body collision is considered in which a projectile
ion P is incident on a bound subsystem consisting of two ac-
tive electrons e, e, and a target ion 7. The charges of the pro-
jectile and the target ions are denoted by Zp = 1 and Zy = 2,
respectively. Their masses are Mp and M7, respectively. Let
the position vectors of the two electrons with respect to the
target nucleus 7' and the projectile P be denoted by ri7, 721
and 71p, Tp, respectively. Assume both electrons are cap-
tured by the projectile ion during the collision process. Let R;
be the position vector of the projectile with respect to the cen-
ter of mass of the target atom and Ry be that of the target ion
with respect to the center of mass of the newly-formed nega-
tive ion. Finally, we denote the position vector of P relative to
T by R and the position vector of e, relative to e; by r;, then
T2 =721 —TiT =T2Pp —T1P.

The total Hamiltonian of the entire system, H, in the cen-
ter of mass coordinate system corresponding to the initial and
the final channels, respectively, may be written as

1 1 1
H= 727‘uiviii o Eviﬁ o mvizr +v
I o2 ) )

=—— VL - — V2 V2 4V 1
2,‘-Lf Rf 2,LLP TP 2“1’ ’I‘2p+ ? ()

where the potential energy V is given by

———————— +—, ©

and the reduced masses associated with the relative coordi-

nates are
_ Mp(Mr+2m) _ _mMr
I_Mp+MT—|—2m’ uT_m—f—MT,
MT(MP+2m) mMp
M = , Mp= - (3
Mp+ My +2m m+ Mp

It is possible to split the total Hamiltonian H into the prior
form H = H; +Vj for the initial channel and into the post form
H = H+ V; for the final channel. The perturbation potentials
in the entrance and the exit channels can be written as

= R — 4

' R rp  rp’ @
ZpZr  Zr  Zr

Vi = R o ©)
rr o rr

For the specified rearrangement process, the asymptotic forms
of these potentials, V* and V%, are

VA=0, V®=—Z;/R. (©6)

As can be seen, aresidual interaction exists in the final channel
due to the long-range nature of the Coulomb interaction. This
residual interaction distorts the scattered waves even at very
far distances from the scattering center. Therefore, it is nec-
essary to modify the standard T"-matrix formalism by includ-
ing the distortion produced by this residual Coulomb potential.
This distortion is included in the Coulomb-Born distorted-
wave approximation to satisfy the correct Coulomb boundary
conditions. In the four-body boundary-corrected first-order
Coulomb-Born distorted-wave approximation, the prior and
post forms of the transition amplitude for a double-electron
capture process in the specified collision system are respec-
tively given by

" _
= (P ‘Uf"‘pi+>7 )
i = (P [Ui| ), @®
where Uy = Vy — V{ and U; = V; — V; are the modified pertur-
bation potentials that fall off faster than the Coulomb potential
at large separation distances, and cbii and d)fi are respectively

the initial and the final asymptotic solutions of the Schrédinger
equation in the center-of-mass system

(H-E)®F=0, (H-E)® =0. ©)

For the considered reaction, these solutions are

& = @i(rir,ror)e T ER
¢f_ = e_n:vf/zl—‘(l7i\/f)(pf(’r'lp,’I’zp)e-HI{f'Rf
x 1Fi(+ivp; 1; —iKeRy — i K¢ - Ry), (10)

where vy = —eZr /Ky is the final Sommerfeld parameter, K;
and K are the initial and the final wave vectors for the rel-
ative motion in the center of mass frame, @;(rir,r27) and
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@¢(r1p,m2p) are the bound-state wave functions of the initial
target atom and the produced negative ion in the final channel,
and 1F;(a;b;x) and I'(x) are respectively the confluent hyper-
geometric function and Euler’s gamma function.

Inserting explicit forms of the wave functions and the
modified perturbation potentials into Egs. (7) and (8) leads to

zé)ost - ZTefﬂfo/Zl—x(l +in)(2<7R '%17 %ﬂ)
zil?ﬂor — ZP67EVr/21—‘(1 +in)(2% %IP 221)) (11)
where

1 *
Is = /drleTZTdR§¢f (r1p,72p) Qi(T17,T27T)

« el(Ki-Ri—K Ry)

X ]F](—in;1;+inR+in-R). (12)

For computational purposes, we assume that the initial and the
final bound-state wave functions are given by

@17, m2r) = N Nap e SrnTGrnr,

¢e(r1p,m2P) = NpNop e_CIP’lP—CzPrzP, (13)

where M1, N1, Mp, and A5p are the normalization con-
stants, and {17, &7, C1p, and {p are the zeta parameters
whose values are known for the chosen wave functions.

Substituting the given bound-state wave functions in
Eq. (12) and performing some manipulations, we reduce the
partial amplitude /s to

Is = </V/drlTdrzTdRe_i(p'”TJ’p'r”JrJ'R)
> le7§lP"lP*C2P"2P*ClTrlT*CZTVZT
x 1F1(=ivg 1;+iKR+ 1K - R), (14)
in which we have used the relation
Ki-Ri—Ki-Ry = —p-rir—p-ror—J R
=-prip—p-rp+K-R,

where the wave vectors J, K, and p are respectively the mo-
menta transferred to the projectile ion P, the target ion 7', and
each of the electrons e¢; and e;. The momentum conserva-
tion for this process takes the form J 4+ K +2p = 0. When
terms of order 1/Mp are neglected, this relation reduces to
J + K +2v =0, where v is the velocity of the incident parti-
cle.

The nine-dimensional integrals for the partial matrix ele-
ments can be reduced to two-dimensional integrals using ana-
lytical manipulations. To this end, we consider a general inte-
gral

e AR o—Ciprip o —Coprop

I = /dTle’I'ZTdR
rp rnp

efngr]T 674127"'27‘
X ——————¢
T rar

X lFl(fin;1;+inR+in~R). (15)

—i(J-R+p-rir+p-ror)

Using the inverse Fourier transform of the terms involving rip
and ryp according to

lq"f'
1
“ L ‘o (16)

employing the equations r1p = ri7 — R, rp = ro7 — R, and

performing some manipulations, we deduce

<2”2> / a 2+C1P'/ “ ‘|‘§2P

dryr 1 e—Sirnr+i(@i—p)rir
rr

dror ! e~ Grnr+i(g2—p)ror
nr

™ /dee*ARfi(qlJFQZ‘FJ)'R
R
X 1F1(—in;1;+inR+in-R). (17)

The integrations over 717 and 7 can be carried out using the
integral identity

47
dr—e-Srtila—p)r
/ RS

In consequence, we have

I = %/dR%e_AR_iJ'RlFI(fivf;l;+inR+in~R)
e AR
/dql P 2
(g7 +C1p)[( -p) +ClT]
/ d e @t (18)
X q> .
(B3 +83) (@2 —p)* + G5y

[30]

Using the Feynman identity

5o

ax+b l—x)]
we have
= <i>2/01 dx/o1 dy/dR%e*lRfiJ.R
x 1Fi(—ivy;1;4+iKiR+ i K- R)
e—iaIR
/dq q1 —xp)? + A7
. e iR
- / da: (@2 —yp)?+ 47> (19
where

A} = x(1=x)p? + {irx+ Cip(1 - ),

A3 = y(1—y)p*+ v+ (1 —y).

(S8}
Il
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The integrals over q; and g, can be evaluated using the fol-
lowing identity:

/ i —ig'R 71.2 efAR
+A2 A ’

Inserting the results in Eq. (19), we have

1 . 1
a 47:2/ dx/ d
0 0 yAlAz

» / ARL e (A +a)R-i[(rty)p+T) R
R

X ]F[(—in;1;+inR—|—in-R). (20)

The R integral is a special case of the Nordsieck integral3!]
and can be performed analytically. The result is

g 3| 1
7 = 16n3/ dx/ d
o Jo yAlAz

y (Q* —2K;-Q —2iAsK; + AV

(Q2+ AZ)I+iv ’ @D
where
As=A+A+4, Q=(x+y)p+J.
Subsequently, we have
4
Tk = A Jim aClPacfpilTaCZT
4
Tnp = A Jim axaéjzi&éraézr
4
Tpp = A lim azaz;ziaéraczr
4
Ing = N lim axagliaépaézr
4
Ty = A lim axagliaépacn @2

Our results show that the agreement between the differential
and the integral cross sections obtained from the post form
of the transition amplitude with experiment is better than that
obtained from the prior form. Therefore, in the following dis-
cussion, the post results would be preferred. In the labora-
tory frame, from the post form of the transition amplitude, the
double-electron capture differential and integral cross sections
are respectively given by

M
O-Iab(evE):( P) | o2,
+1
GTotal(E)ZZﬂ/ Oian(6,E)dcos 6,
-1

where 0 is the scattering angle in the specified frame.

3. Results and discussion

In this section, the calculated differential and total cross
sections for the formation of negative hydrogen ions in fast
proton—helium collisions are presented and discussed. In order
to analyze the influence of the static electronic correlation on
the dynamic of the considered reaction, we examine different
wave functions for the helium target and the formed negative
ion.

The two different wave functions considered for the
ground-state helium atoms are i) the one-parameter Hylleraas
wave function!3?!

3

o(ry,r) = %e*“”*“), (23)

with { = Zr —5/16 = 27/16, and ii) the highly correlated
multi-parameter Byron—-Joachain!*3! wave function

N

L (Ae— %1 4 ge—Bn

47r( e +Be ")

x (Ae~%2 4 Be P2, (24)

@(ri,m2) =

where the normalization constant N is given by N =
4/[A%/a’ + B*/B* 4+ 16AB/(a.+ B)?]. Here, A = 2.60505,
B=2.08144, o« = 1.41, and B = 2.61, consequently N = 1.

We also use three different wave functions for the ground
state of the H™ ion: i) the one-parameter Hylleraas wave
function3?! given by Eq. (23) with { =Zp—5/16 = 11/16; ii)
the two-parameter bound-state wave function given by Shin-
gal et al. 34

N
(Pi(rlP,'r'zp) = E(e_arl_ﬁrz + e—ai’z—ﬁrl)7

where the introduced constant parameters are o = 1.0312, f =

0.23537, and N = 1/,/1/803B3 +8/(a+ B)° = 0.305993;
[35]

and iii) the four-parameter wave function of Léwdin'>>! given
in Eq. (24) with A = 0.30025, B = 1.0001, o = 0.4228, B =
0.9794, and N = 1.

Figure 1 displays the variation of the double-electron cap-
ture cross sections as a function of the projectile scattering an-
gle at incident projectile energies of 15 keV, 25 keV, 40 keV,
50 keV, 75 keV, 100 keV, 125 keV, and 150 keV. These re-
sults are obtained by using the post form of the CBDW-4B
theory. The cross sections are evaluated by using the uncorre-
lated one-parameter Hylleraas wave function for the ground-
state helium targets, while the above mentioned three different
wave functions are used to describe the produced hydrogen
negative ions in their ground states. All three sets of results
show a quite broad structure which is located at more forward
angles. This structure which occurs in the forward-peak re-
gion is called the kinematic peak. The results are compared
with the experimental values from Schulz er al.['”}

At the lower impact energy of 15 keV, the results deviate
away from the experiments. This is reasonable, because the
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Fig. 1. (color online) Angular distributions of the double-electron capture differential cross sections for the collision of fast protons with helium atoms in
their ground states. Both cross sections and scattering angles are given in the laboratory frame. The initial bound-state wave function for the helium atoms
is the one-parameter Hylleraas wave function, while the final state wave function for the produced negative ion is described by the Shingal ez al.!3* (solid
lines), the Lowdin!3 (dashed lines), and the Hylleraasm] (dash-dotted lines) wave functions. Closed circles are results from experiments.“” The incident
projectile energies are (a) 15 keV, (b) 25 keV, (c) 40 keV, (d) 50 keV, (e) 75 keV, () 100 keV, (g) 125 keV, and (h) 150 keV.

perturbation methods are not so valid for the lower impact en-
ergies. At the impact energy of 25 keV, the results obtained
using the Shingal wave function are in excellent agreement
with the experiments, while the results of the other two wave
functions, which show an unphysical structure in the DCSs,
give poor agreement with the measurements. The mentioned
structure is due to the mutual cancelation occurring between
the repulsive and the attractive matrix elements in the post
CBDW-4B amplitude. As the incident energy increases, this
structure also appears in the results of the Shingal wave func-
tion. However, at higher impact energies, this structure grad-
ually becomes smoother, and even disappears in the results of
the Lowdin wave function.

As shown in Fig. 1, the DCSs for this process are very
sensitive to the choice of the final wave function. In other
words, the strong final-state electron correlation effects play a
very important role in the DC dynamics of the fast proton—
helium collisions. For moderate impact energies between
25 keV and 100 keV, the Shingal wave function provides a

good description of these effects, especially in the forward-

peak region and at the larger scattering angles. As the incident
energy increases, a discrepancy appears between these results
and the measurements at the forward-peak region. This dis-
crepancy is found to increase with increasing incident energy.
However, the proximity of the results to their experimental val-
ues remains satisfactory. Although, the present theory with the
Shingal wave function is successful in fitting the experimen-
tal data in forward-peak and large-angle scattering regions at
moderate incident energies, it does not give the correct behav-
ior of cross sections in the angular region where the unphysical
structure appears.

Despite the fact that the static electron correlations in the
exit channel play a significant role in the specified double cap-
ture process, the initial-state electron correlations play a mi-
nor role in the process at the considered impact energies. In
order to investigate this issue, calculations have been iterated
by using the Byron—-Joachain wave function®3! for the ini-
tial state of helium targets. It is found that the iterated cal-
culations reproduce the previous results shown in Fig. 1 with

some marginal differences. For example, figure 2 compares
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the 25 keV results obtained using the Byron—Joachain wave
function for the helium atoms with those obtained previously
using the Hylleraas wave function. It is assumed that the fi-
nal bound state is described by the Shingal wave function. As
can be seen, the different wave functions of the target atom
lead to the same behavior for the DC differential cross section.
This indicates that even on the differential level, the double
capture is essentially an uncorrelated process in this energy
range. Also as can be seen, the agreement of the theoretical
results with the measurements is excellent.

B T T T T I T T T T I T T T T I T T T T
—~ 10k i
o 10°E E=25 keV 3
T ]
s | i
z
s 10°F ; 3
L 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 1
0 0.5 1.0 1.5 2.0

0.,/ mrad

Fig. 2. (color online) Comparison of the results obtained using differ-
ent wave functions for the helium targets: Byron—Joachain (solid line)
and Hylleraas (dashed line) wave functions. Closed circles are from
measurements.!!”! Tn both cases, the final state is described by using the
wave function given by Shingal et al.3*!

In Fig. 3, the calculated TCSs for the formation of H™
as a function of the incident proton energy are presented.
For comparison, the experimental findings!®~'!! and the pre-

st3-151 are also depicted in this fig-

vious theoretical result
ure. The present results are obtained by using the Hylleraas
wave function for the initial bound state and the wave function
given by Shingal et al. for the final one. As is expected for
lower scattering energies, the perturbation CBDW-4B, CDW-
4B, and CB1-4B theories considerably overestimate the mea-
sured data. However, for these energies, the present calcula-
tions are closer to the experimental findings. For intermedi-
ate energies between 20 keV and 100 keV, the present calcu-
lations are in excellent agreement with the available experi-
mental data. This is due to the fact that the main contribution
to the integral cross sections comes from the forward scatter-
ing of the newly formed hydrogen ion, and the present cal-
culation gives a good description of the differential cross sec-
tions at forward-peak scattering angles. At impact energies
higher than 100 keV, although the cross sections of the CDW-
4B method are in excellent agreement with the available ex-
perimental data, the deviation of the present predictions from
the experimental values gradually becomes considerable with
increasing incident energy. There exist some noticeable differ-
ences between the present results and the CB1-4B ones show-
ing that the present theory is in better agreement with the mea-
sured data. The cross sections of the atomic orbital expansion
method!"?! underestimate the measured data at energies lower

than 50 keV, while the pattern is reversed at energies above
100 keV. In fact, the experimental cross section for the pro-
cess of interest is very small, attaining a maximum value of
around 2 1072 a.u. at the collision energy of about 30—40 keV,
whereas the cross sections for excitation and ionization are
much larger. Therefore, since ionization and charge transfer
to the continuum of H™ are strongly coupled, first-order meth-
ods are unlikely to be reliable for energies above 100 keV.

10°

:‘; 107 present results
>~ — — -AOE theory!"?
B —-— CDW-4B theory!"
E 105~ CB1-4B theory!"!
S Exp. datal®
Exp. datal”
Exp. datal'’]
10°° Exp. datallll
—10 1 1 1 1 1111 I 1 1 1 1 11 I\
10 10 100 1000

E/keV

Fig. 3. (color online) Total cross section as a function of the impact energy.
Lines are from theories and symbols are from experiments.

4. Summary and conclusion

The double-electron capture process by impact of ener-
getic protons on the helium atoms in their ground states has
been studied using the CBDW-4B approximation. The cal-
culations have been performed using various wave functions
for the initial and the final bound states of the helium target
and the formed negative hydrogen ion. Calculations show that
the initial state correlations play a minor role in the process
while the role of the final state correlations is fundamental.
The influence of the strong final state correlations on the pro-
cess causes considerable differences between the DCSs ob-
tained using different final wave functions. In general, the
agreement between the DCSs obtained using the final wave
function given by Shingal ef al. and their experimental val-
ues is better than that obtained using other considered wave
functions. At moderate and higher impact energies, the results
show a kinematical peak at extreme forward angles, which is
followed by an unphysical structure in the angular distribution
of the DCSs. At moderate impact energies, the agreement of
the results and the measurements in the forward-peak region
is reasonable. At scattering angles beyond the angular region
in which the unphysical structure occurs, the agreement is still
good. TCSs obtained from the present theory are in excellent
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agreement with measurements at impact energies between 20

keV and 100 keV. For higher energies, the present results are
compatible with the CDW-4B ones and are better than those
of the CB1-4B approximation.
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