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with irreversible heat transfer processes based on
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In this paper, an endoreversible Carnot heat engine with irreversible heat transfer processes is analyzed based on
generalized heat transfer law. The applicability of the entropy generation minimization, exergy analyses method, and
entransy theory to the analyses is discussed. Three numerical cases are presented. It is shown that the results obtained
from the entransy theory are different from those from the entropy generation minimization, which is equivalent to the
exergy analyses method. For the first case in which the application preconditions of the entropy generation minimization
and entransy loss maximization are satisfied, both smaller entropy generation rate and larger entransy loss rate lead to
larger output power. For the second and third cases in which the preconditions are not satisfied, the entropy generation
minimization does not lead to the maximum output power, while larger entransy loss rate still leads to larger output power in
the third case. For the discussed cases, the concept of entransy dissipation is not applicable for the analyses of output power.
The problems in the negative comments on the entransy theory are pointed out and discussed. The related researchers are
advised to focus on some new specific application cases to show if the entransy theory is the same as some other theories.

Keywords: entropy generation, exergy destruction, entransy, endoreversible Carnot heat engine

PACS: 05.70.Ln, 44.90.+c DOI: 10.1088/1674-1056/24/7/070506

1. Introduction

The endoreversible Carnot heat engine with irreversible
processes is very important in engineering and attracts more
and more attention.[1–5] The entropy generation minimization,
exergy analyses method, and some other theories have been
applied to the analyses of this kind of heat engines.[2,3] For
instance, the entropy generation minimization is used to max-
imize the output work of thermodynamic cycles.[3] In recent
years, the entransy theory, which was proposed by the anal-
ogy between heat and electrical conductions[6] and applied to
many heat transfer problems,[6–21] has also been extended to
the analyses of thermodynamic systems[22–33] and applied to
some Carnot heat engines with irreversible processes.[2,3,23]

For instance, Açıkkalp[2] used the concept of entransy to an-
alyze the irreversible Carnot-like heat engine. Cheng and
Liang[23] applied the concept of entransy loss to designing the
operation parameters of the Carnot heat engines in the dis-
cussed one-stream heat exchanger networks.

For the concepts of entropy generation and exergy, the
Gouy–Stodola theorem shows that the exergy destruction
equals the product of the entropy generation and environment
temperature.[34] Therefore, the entropy generation minimiza-
tion and exergy analyses method are equivalent when the en-
vironment temperature is fixed. These two methods are of-
ten used in the analyses of thermodynamic systems[2,3] be-
cause the concept of entropy generation can measure the irre-
versibility of thermodynamic processes and the decrease of ir-

reversibility can improve the thermodynamic performance for
the discussed systems. However, when the concept of entropy
generation is applied to the Carnot heat engines in the one-
stream heat exchanger networks, it is found that the entropy
generation minimization does not always lead to the maximum
output power.[23] Therefore, there are different viewpoints on
the applicability of entropy generation minimization and ex-
ergy analyses method to the analyses of thermodynamic pro-
cesses.

For the entransy theory, there are not many papers on its
application to the Carnot heat engine with irreversible pro-
cesses. Furthermore, as a theory which is under developing,
there are some doubts and negative comments.[35–45] For in-
stance, Bejan[35,36] thought that the entransy theory is a copy
of the constructal theory. Grazzini et al.[38] thought that en-
transy dissipation analysis is a duplicate of entropy gener-
ation analysis. These doubts and negative comments have
all been replied and discussed, and it has been shown that
the entransy theory has its physical basis and advantages in
applications.[46–52] However, the applicability of entransy the-
ory to the Carnot heat engine with irreversible processes still
needs further investigations.

In this paper, the concepts of entropy generation, exergy,
entransy loss and entransy dissipation are applied to an en-
doreversible Carnot heat engine with irreversible heat trans-
fer processes, and the applicability of the concepts is also dis-
cussed.
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2. Analyses of an endoreversible Carnot heat en-
gine with irreversible heat transfer processes

2.1. System description and expressions of the discussed
parameters

The endoreversible Carnot heat engine with irreversible
heat transfer processes can be shown in Fig. 1. In the sys-
tem, the heat flow rate, QH, from the high-temperature heat
source at temperature TH gets into the Carnot heat engine
which works between the temperatures T1 and T2. The out-
put power of the system is W , and the rest heat flow rate, QL,
finally releases to the environment at temperature T0. For the
system, we should consider the heat leak rate, QLeak, between
the high-temperature heat source and environment.

KLeak
QLeak

Carnot heat        

engine

KH QH

T1

KL QL

T2

TH high-temperature heat source

T0 environment

heat leak

W

Fig. 1. (color online) An endoreversible Carnot heat engine with irreversible
heat transfer.

Assuming that the heat transfer processes satisfy the gen-
eralized heat transfer law,[53–55] we have

QH = KH (T n
H−T n

1 )
m , (1)

QL = KL (T n
2 −T n

0 )
m , (2)

QLeak = KLeak (T n
H−T n

0 )
m , (3)

where KH is the product of the heat transfer area and
corresponding heat transfer coefficient between the high-
temperature heat source and working fluid of the Carnot cy-
cle, KL is the product of the heat transfer area and correspond-
ing heat transfer coefficient between the working fluid of the
Carnot cycle and environment, KLeak is the product of the heat
transfer area and corresponding heat transfer coefficient be-
tween the high-temperature heat source and environment, and
m and n are constants. With different heat transfer laws, m
and n have different values. For instance, the heat transfer law
is the Newton heat transfer law if m = n = 1, while it is the
radiative heat transfer law if m = 1 and n = 4.

According to the Carnot theorem, we can obtain

QH/QL = T1/T2. (4)

The energy conservation indicates that the output power is

W=QH−QL = (1−T2/T1)QH. (5)

The entropy generation rate of the system, Sg, is

Sg = (QL +QLeak)/T0− (QH +QLeak)/TH. (6)

According to the Gouy–Stodola theorem, the exergy destruc-
tion rate can be expressed as

Edes = T0Sg = QL−QHT0/TH +QLeak (1−T0/TH) . (7)

Considering that the environment temperature is fixed, equa-
tion (7) shows that the variation tendency of the exergy de-
struction rate is the same as that of the entropy generation rate.

On the other hand, the entransy theory can also been ap-
plied. Considering the definition of entransy loss rate Gloss,[22]

we have

Gloss = (QH +QLeak)TH− (QL +QLeak)T0. (8)

The entransy dissipation rate Gdis is[56]

Gdis = QH (TH−T1)+QL (T2−T0)+QLeak (TH−T0) . (9)

2.2. Numerical examples and discussion

To analyze the relationships of the output power W , en-
tropy generation rate Sg, exergy destruction rate Edes, entransy
loss rate Gloss, and entransy dissipation rate Gdis, we can dis-
cuss three numerical cases below. In the following, we will
not calculate the exergy destruction rate because the variation
of the exergy destruction rate is the same as that of the entropy
generation rate.

In the first case, we assume that TH = 800 K, T0 = 300 K,
QH = 800 W, KLeak = 1 W/K, KH +KL = 30 W/K, and m =

n = 1. The Newton heat transfer law is used here. Based on
Eqs. (1)–(9), the variations of the output power W , entropy
generation rate Sg, entransy loss rate Gloss and entransy dis-
sipation rate Gdis with KH can be obtained. The results are
shown in Fig. 2. It can be found that the output power W
reaches its maximum value when KH = 14.8 W/K. At the same
time, the entropy generation rate Sg arrives at its minimum
value and the entransy loss rate Gloss reaches its maximum
value, respectively. However, the entransy dissipation rate Gdis

neither reaches its maximum value nor its minimum value.
If we use the concept of entransy loss to analyze thermo-

dynamic systems, Cheng and Liang[54] showed that larger en-
transy loss rate leads to larger output power when the equiva-
lent temperatures of the high- and low-temperature heat source
and the heat flow rate from the high-temperature heat source
are given. In the first case, as TH, T0, and KLeak are fixed, equa-
tion (3) shows that QLeak is fixed. Therefore, TH (temperature
of the high-temperature heat source), T0 (temperature of the
low-temperature heat source) and the sum of QH and QLeak

(heat flow rate from the high-temperature heat source) are all
fixed. Then, the preconditions[57] with which the concept of
entransy loss can be used to optimize the output power of the
thermodynamic cycle are all satisfied. This is the reason why
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the maximum entransy loss rate corresponds to the maximum
output power in this case. With Eqs. (5) and (8), we have

Gloss = (QH +QLeak)(TH−T0)+WT0. (10)

It is very clear that larger entransy loss rate leads to larger out-
put power with prescribed TH, T0, and sum of QH and QLeak.

On the other hand, if the concept of entropy generation
is used, it is found that the entropy generation minimization
leads to the maximum output power when the net exergy flow
rate from the high-temperature heat source, Enet, and environ-
ment temperature are given.[32,58] It is shown that[32,58]

Enet =W +T0Sg, (11)

so the entropy generation minimization leads to the maximum
output power when Enet and T0 are given. In the first case, Enet

can be expressed by

Enet = (QH +Qleak)(1−T0/TH) . (12)

It can be seen that Enet is also fixed. Then, the
preconditions[32,51] with which the entropy generation mini-
mization can be used to optimize thermodynamic cycles are
also satisfied. This is the reason why the entropy generation
minimization corresponds to the maximum output power in
this case.
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Fig. 2. Variations of W , Sg, Gloss, and Gdis with KH when QH is fixed and
m = n = 1.

As the exergy destruction rate has the same variation ten-
dency as that of the entropy generation rate, the minimum ex-
ergy destruction rate would also lead to the maximum output
power. For the entransy dissipation rate, its extremum values
do not correspond to the maximum output power, which shows
that this concept is not applicable for the optimization of the
output power in this case. This is because this concept was
not developed for thermodynamic cycles, but for heat transfer
processes.[6,7] Cheng et al.[59] noted this point when they an-
alyzed the endoreversible Carnot cycle. They also found that

the concept of entransy dissipation is not suitable for the anal-
yses of the discussed thermodynamic cycles.

In this case, if we change the values of m and n, some
other heat transfer laws can be calculated. When m = 0.5
and n = 2, the other parameters are assumed to the same as
those in the calculation above. Then, the variations of the out-
put power W , entropy generation rate Sg, entransy loss rate
Gloss, and entransy dissipation rate Gdis with KH can also be
obtained and shown in Fig. 3. When m = 1 and n = 4, we as-
sume that Kleak = 1×10−9 W/K4, KH +KL = 2×10−8 W/K4,
and the other parameters are the same as those in the calcu-
lation above. The results can be shown in Fig. 4. It can be
seen that different heat transfer laws do not affect the varia-
tion tendencies of the calculated parameters. The entransy loss
rate and output power also get their maximum values at the
same time, while the entropy generation rate gets its minimum
value. The extremum values of entransy dissipation rate do
not correspond to the maximum output power, either. There-
fore, the discussion on the applicability of the entropy gener-
ation minimization and entransy theory above is also tenable
for other discussed heat transfer laws.
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Fig. 3. Variations of W , Sg, Gloss, and Gdis with KH when QH is fixed,
m = 0.5, and n = 2.

In the second case, we assume that TH = 800 K, T0 =

300 K, T1 = 760 K, KLeak = 0.5 W/K, and KH+KL = 16 W/K.
With Eqs. (1)–(6), the variations of the output power W , en-
tropy generation rate Sg , entransy loss rate Gloss, and entransy
dissipation rate Gdis with KH can also be obtained. The re-
sults are shown in Fig. 5, in which we can find that the output
power W reaches its maximum value when KH = 15.6 W/K.
At this point, none of the entropy generation rate Sg, entransy
loss rate Gloss, and entransy dissipation rate Gdis reaches an
extremum value. Considering that the variation tendencies of
the exergy destruction rate and entropy generation rate are the
same, we can conclude that none of the entropy generation
minimization, exergy analyses method, and entransy theory
is applicable for the optimization of the output power in this
case. Here, QH is not fixed, so neither the heat flow rate nor
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the net exergy flow rate from the high temperature heat source
is given. The preconditions for the application of the theories
are not satisfied. This is the reason why none of the theories is
applicable.
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Fig. 4. Variations of W , Sg, Gloss, and Gdis with KH when QH is fixed, m= 1,
and n = 4.
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Fig. 5. Variations of W , Sg, Gloss, and Gdis with KH when T1 is fixed and
m = n = 1.

In this case, some other heat transfer laws are also used.
When m = 0.5, n = 2, we assume that the other parame-
ters are the same as those in the calculation above. When
m = 1 and n = 4, we assume that KLeak = 1× 10−8 W/K4,
KH +KL = 1× 10−7 W/K4, and the other parameters are the
same as those in the calculation above. The results are pre-
sented in Figs. 6 and 7, respectively. From the numerical re-
sults, it can also be found that neither the entropy generation
minimization nor the entransy theory is applicable for the op-
timization of output power under these heat transfer laws.
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Fig. 6. Variations of W , Sg, Gloss, and Gdis with KH when T1 is fixed,
m = 0.5, and n = 2.

 KH/10-8 WSK-4

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1.0

 

 

Gdis/Gdis-max

Gloss/Gloss-max

Sg/Sg-max

W/Wmax

W
/
W

m
a
x
, 
S

g
/
S

g
-
m

a
x
, 
G

lo
ss
/
G

lo
ss
-
m

a
x
, 
G

d
is
/
G

d
is
-
m

a
x
 

Fig. 7. Variations of W , Sg, Gloss, and Gdis with KH when T1 is fixed, m = 1,
and n = 4.

In the third case, we assume that TH = 800 K, T0 = 300 K,
T1 = 750 K, T2 = 400 K, and QLeak = 200 W. Considering
Eqs. (1)–(9), we can obtain the variations of the output power
W , entropy generation rate Sg , entransy loss rate Gloss, and en-
transy dissipation rate Gdis with KH. The results are shown in
Fig. 8, in which it can be found that all the output power W , en-
tropy generation rate Sg, entransy loss rate Gloss, and entransy
dissipation rate Gdis increase monotonously with the increase
of KH. Here, different heat transfer laws are also calculated.
We find that different heat transfer laws do not affect the varia-
tion tendencies of the discussed parameters. The curves under
different heat transfer laws are similar to those in Fig. 8, so
they are not presented here.

In this case, QH is not fixed either. However, the numer-
ical results show that larger values of entransy loss rate and
entransy dissipation rate lead to larger output power, while
smaller entropy generation rate does not. As the variation of
the exergy destruction rate is the same as that of the entropy
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generation rate, we can conclude that the entropy generation
minimization and exergy analyses method are not applicable
for the optimization of output power in this case, while the
concept of entransy loss is.
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Fig. 8. Variations of W , Sg, Gloss, and Gdis with KH when T1 and T2 are fixed
and m = n = 1.

3. Discussion on the comments on the entransy
theory
As above, the concepts of entropy generation, exergy, en-

transy loss and entransy dissipation are applied to the analyses
of the Carnot cycle with irreversible heat transfer processes.
Three cases are analyzed numerically. In our cases, it is shown
that the variation tendencies of the entropy generation rate and
exergy destruction rate are the same, while the numerical re-
sults of the entransy theory and entropy generation minimiza-
tion are different. Our conclusion is different from some neg-
ative comments on the entransy theory,[36–38,42,43,60] in which
the authors told us that the entransy theory gives the same anal-
yses results as those of the entropy generation minimization.
These comment papers are discussed below.

In Refs. [36]– [38], [42], and [43], the entransy the-
ory is mainly commented by theoretical analyses in which
Xu’s work[61] is important basis. However, it is found that
Xu’s derivation is not correct,[62] so the conclusions based on
Xu’s work may need further inspection. The questions and
doubts in Refs. [35]–[45] were also replied and explained in
Refs. [46]–[51].

Moreover, the negative comments papers[35–45] show that
the authors mainly cited the viewpoints of their side, neglect-
ing the viewpoints and replies from the other side. For in-
stance, Grazzini and Rocchetti[39] only showed their view-
points on entransy in the Introduction section of their paper,
without any further analysis or discussion. They cited some
negative comment papers on entransy but no reply papers. In
the review paper,[43] Manjunath and Kaushik also discussed
the entransy theory based on the viewpoints of the negative
comment papers, neglecting the viewpoints on the other side.
This is unfair and unscientific.

Especially, Grazzini[38,39] and Awad[41,42] both
commented the entransy theory twice, respectively.
Bejan[35,36,44,45] even commented the entransy theory four
times. However, none of them mentioned the replies[44,47]

of their first comment papers[35,38,41] in their subsequent com-
ment papers.[36,39,42,44,45] They only repeated their viewpoints.
Awad[41] wrote that “Repetition does not mean refutation” at
the end of his first comment paper. However, when comment-
ing the entransy theory for the second time, Awad himself[42]

repeated his questions, such as “Guo et al. replace ‘anal-
ogy’ with ‘simplified expression”’,[41,42] “entransy does not
have the units of energy”,[41,42] etc., which have already been
replied and discussed.[48,49] Therefore, once again, his ques-
tions and doubts were replied.[50]

In our opinion, if the researchers on both sides can focus
on some new specific application cases, it may be helpful to
make the discussion and argument clear. For instance, in the
present paper, our examples show that the entransy theory is
different from the entropy generation minimization. However,
Oliveira and Milanez[60] also gave some application cases that
show us “the results obtained by the entransy concept are iden-
tical to those obtained by the entropy generation minimization
technique”. Here, we should point out that there are mainly
two problems in Ref. [60]. First, at the end of Section 2, the
authors wrote that “Eq. (12) (the expression of entransy dissi-
pation rate) is the main expression of this article, being used to
show that the application of the concept of entransy is equiva-
lent to applying the concept of the minimum entropy gener-
ation rate.” Our numerical results and the work of Cheng
et al.[59] showed that the concept of entransy dissipation is
not applicable to the analyses of the discussed thermodynamic
processes, so maybe Oliveira and Milanez[60] chose the wrong
concept in entransy theory to analyze their cases. Second, the
expression of entransy dissipation rate in Ref. [60] is

Ėn,dis = T 2
0 Ṡgen, (13)

where Ṡgen expresses the entropy generation rate in Ref. [60].
We can take a simple example to show that equation (13) is
not correct. Let us consider a simple one-dimensional heat
transfer process, in which the heat flow rate Q is transferred
from the high temperature heat source at temperature TH to
the environment at temperature T0. Considering the definition
of entransy dissipation rate,[6] we have

Gdis = Q(TH−T0) . (14)

The entropy generation rate of this process is

Sg = Q/T0−Q/TH. (15)

It is very easy to find that

T 2
0 Sg = QT0 (1−T0/TH) 6= Q(TH−T0) = Gdis. (16)

Therefore, the main conclusion of Ref. [60] is not correct. If
the suitable concept and right expression are applied, different
conclusions can be obtained.
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For the other doubts on entransy theory, our advice can
also be considered. For instance, Bejan[35,36] claimed that the
entransy theory is a copy of the constructal theory. For this
problem, if the related researchers on both sides can focus on
some new specific application cases in which both the entransy
theory and constructal theory can be applied, the optimization
results will show us if the two theories are the same.

4. Conclusions
Based on generalized heat transfer law, we analyze an en-

doreversible Carnot heat engine with irreversible heat trans-
fer processes by the entropy generation minimization, exergy
analyses method, and entransy theory in this paper. Three dif-
ferent numerical examples are calculated. Some conclusions
can be obtained as follows.

i) For the three cases, the results obtained from the en-
tropy generation minimization and those from the exergy anal-
yses method are equivalent because the variation tendencies
of entropy generation rate and exergy destruction rate are the
same.

ii) The results obtained from the entransy theory are dif-
ferent from those from the entropy generation minimization.
For the first case in which the application preconditions of
the entropy generation minimization and entransy loss max-
imization are satisfied, both smaller entropy generation rate
and larger entransy loss rate lead to larger output power. For
the second and third cases in which the preconditions are not
satisfied, the entropy generation minimization does not lead
to the maximum output power, while larger entransy loss rate
still leads to larger output power for the third case. For the dis-
cussed three cases, the concept of entransy dissipation is not
applicable for the analyses of output power.

iii) The negative comments on the entransy theory are
discussed. The main problems in the comments papers are
pointed out, and Oliveira and Milanez’s conclusion that “the
results obtained by the entransy concept are identical to
those obtained by the entropy generation minimization tech-
nique”[60] is not correct. We have shown that the entransy
theory is different from the entropy generation minimization
with specific application cases. The related researchers on
both sides are advised to focus on some new specific appli-
cation cases to show if the entransy theory is the same as some
other theories.
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