
Chin. Phys. B Vol. 24, No. 7 (2015) 070401

Hawking radiation of stationary and non-stationary
Kerr–de Sitter black holes
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Hawking radiation of the stationary Kerr–de Sitter black hole is investigated using the relativistic Hamilton–Jacobi
method. Meanwhile, extending this work to a non-stationary black hole using Dirac equations and generalized tortoise
coordinate transformation, we derived the locations, the temperature of the thermal radiation as well as the maximum
energy of the non-thermal radiation. It is found that the surface gravity and the Hawking temperature depend on both time
and different angles. An extra coupling effect is obtained in the thermal radiation spectrum of Dirac particles which is absent
from thermal radiation of scalar particles. Further, the chemical potential derived from the thermal radiation spectrum of
scalar particle has been found to be equal to the highest energy of the negative energy state of the scalar particle in the
non-thermal radiation for the Kerr–de Sitter black hole. It is also shown that for stationary black hole space time, these two
different methods give the same Hawking radiation temperature.
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1. Introduction
Hawking discovered the thermal radiation effect of a col-

lapsing black hole by applying the technique of quantum field
theory from a given classical black hole, which gives rise to a
famous paradox – the information loss paradox in a black hole
physics.[1,2] From the black hole thermodynamics the area of
event horizon is taken as entropy and surface gravity may be
regarded as temperature.[3–5] Hawking radiation is a quantum
thermal radiation triggered by a vacuum fluctuation near the
black hole event horizon. When a virtual pair of particles is
created simultaneously just inside the black hole event hori-
zon, the positive energy particle can cross the energy barrier
and tunnels to infinity and materializes as a true particle, how-
ever the negative energy particle will be absorbed by the black
hole and form the Hawking radiation.

Kraus and Wilczek[6,7] proposed the Hawking radiation
as a quantum tunneling process and reinterpreted by Parikh
and Wilczek.[8] According to this method, the potential bar-
rier is created by the outgoing particle itself and the imaginary
part of the action can be derived by applying the semiclassi-
cal WKB approximation. Following this method, Hemming
and Keski[9] studied the Hawking thermal radiation effect of
an anti de Sitter black hole and Medved[10] investigated the
radiation from a de Sitter cosmology. However, in all these
investigations, the Painleve coordinates are used to calculate
the quantum tunneling effect which has many attractive fea-
tures. Firstly, the components of the metric in the Painleve
coordinates are analytic, not diverging at the event horizon.
Secondly, the constant time slices are flat Euclidean spaces.

Parikh assumes the second one is important because WKB ap-
proximation can be applied to calculate the emission rate and
it can be derived from the quantum mechanics of flat space
time.[11] Thirdly, there exists a time like a Killing vector field
which keeps the space time stationary. The Painleve coordi-
nate system should satisfy Landau’s coordinate clock synchro-
nization condition.[12]

Zhang and Zhao[13] extended the Parikh method from
a static black hole to the massive and charged particles
of a non-spherical black hole space time and had a great
deal of success.[14–16] Different from the Parikh method,
Angheben et al.[17] proposed the Hawking radiation effect
for an extremal and rotating black hole using the relativistic
Hamilton–Jacobi equation and WKB approximation without
considering the back reaction effect of the emitted particles.
Damour and Ruffini[18] and Sannan[19] proposed tortoise co-
ordinate transformation to study the Hawking radiation apply-
ing quantum mechanics in curved space time and made much
progress.[20–29]

The organization of this paper is as follows. In Section 2,
we study the Hawking radiation of the stationary Kerr–de Sit-
ter black hole in Painleve coordinates using the Hamilton–
Jacobi equation. In Section 3, we derive the horizons equa-
tion of the non-stationary Kerr–de Sitter black hole utilizing
the null hypersurface condition and the generalized coordinate
transformation. In Section 4, the Dirac equations are reduced
to the first-order form and the second-order form near the hori-
zons using the generalized coordinate transformation and the
L’Hospital rule. The two second-order forms of Dirac equa-
tions are transformed to a single form of equation near the
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horizons. Adjusting the constant parameters, the Hawking ra-
diation effect of a non-stationary black hole is obtained. Sepa-
rating the wave equation, the chemical potential and Hawking
thermal radiation spectra are derived. In Section 5, the thermal
radiation spectrum of Dirac particles in a non-stationary black
hole is discussed. We derive the expression of the new extra
coupling effect and study of the relationship between the ther-
mal and non-thermal black hole as in the scalar particle. Some
conclusions are given in the last section.

2. Hawking radiation of stationary Kerr–de Sit-
ter black hole
The line element, describing the Kerr–de Sitter so-

lution with cosmological constant Λ in Boyer–Lindguist
coordinates[30] is given by

ds2 = R2(∆−1 dr2 +∆
−1
θ

dθ
2)

+R−2
∆θ A[asinθ dt− (r2 +a2)dφ ]2

−∆AR−2(dt−asin2
θ dφ)2, (1)

where

R2 = r2 +a2 cos2
θ , A =

(
1+

1
3

Λa2
)−2

,

∆θ = 1+
1
3

Λa2 cos2
θ ,

∆ = (r2 +a2)

(
1− 1

3
Λr2

)
−2Mr. (2)

Here, Λ is the cosmological constant, while M and a are the
mass of the black hole and angular momentum per unit mass.
The horizons are determined by

∆ = (r2 +a2)

(
1− 1

3
Λr2

)
−2Mr = 0. (3)

Equation (3) has four roots. We factorize ∆ into the following
form:

∆ = (r− r j)

(
r j−M−

2Λr3
j

3
−

Λar j

3

)
, j = 1,2,3,4. (4)

Painleve coordinate For studying the Hawking thermal
radiation effect of stationary space time, we perform the fol-
lowing coordinate transformation[31]

dt = dT +F(r,θ)dr+G(r,θ)dθ , (5)

where F(r,θ) and G(r,θ) are the two functions to be deter-
mined and must satisfy the following integrability condition:

∂F(r,θ)
∂θ

=
∂G(r,θ)

∂ r
, (6)

where F(r,θ) satisfies

g22 +F2(r,θ)ĝ11 = 1, (7)

we obtain a new metric (namely Painleve KdS one) as

ds2 = ĝ11 dT 2 +2

√
ĝ11

(
1− R2

∆

)
dT dr+ dr2

+

(
R2

∆θ

+G2ĝ11

)
dθ

2

+2ĝ11 dT dθ +2G

√
ĝ11

(
1− R2

∆

)
drdθ , (8)

so we obtain

g11 =
1

ĝ11R2 [∆ +∆θ G2ĝ11],

g23 = g32 = 0, g22 =
∆

R2 ,

g12 = − ∆

ĝ11R2

√
ĝ11

(
1− R2

∆

)
,

g31 = −G∆θ

R2 , g33 =
∆θ

R2 . (9)

The action I of the outgoing particle satisfies the relativistic
Hamilton–Jacobi equation

gab
∂aI∂bI +m2 = 0, (10)

due to the symmetry of the black hole space time, the separa-
tion of variables can be written as follows:

I =−ωT +W (r,θ)+ jφ , (11)

then equation (11) can be written as

I = −ωT +
∫ √KR2

A
(ω− jΩ)

×

√
(R2−∆)+

√
(R2−∆)− AR2D∆θ ∆

K(ω− jΩ)2

R2∆
√

∆θ

dr, (12)

where

D = 2G∆θ (ω− jΩ)
∂W
∂θ

+∆θ (
∂W
∂θ

)2

+m2R2 +

(
∆θ G2− K

A∆θ R2

)
(ω− jΩ)2,

and K = ∆θ (r2 +a2)2−∆a2 sin2
θ . The imaginary part of the

action at the horizons r = r j can be written as

Im I =
2π(r2

j +a2)(ω− jΩ j)

√
A
(

r j−M−
2Λr3

j

3
−

Λar j

3

) , (13)

where Ω j = a/(r2
j +a2). The Hawking radiation temperature

can be recovered as

T =
1

2π

√
A

(r2
j +a2)

(
r j−M−

2Λr3
j

3
− Λ

3
ar j

)
. (14)
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3. Hawking radiation of non-stationary Kerr–de
Sitter black hole
The line element, describing the non-stationary Kerr–de

Sitter black hole in the retarded time coordinates (u,r,θ ,φ)[32]

is

ds2 = A
1
Σ
[∆ −∆θ a2 sin2

θ ]du2 +2
√

A[du−asin2
θ dφ ]dr

− Σ

∆θ

dθ
2 +A

2a
Σ
[∆θ (r2 +a2)−∆ ]sin2

θ dudφ

− A
Σ
[∆θ (r2 +a2)2−∆a2 sin2

θ ]sin2
θ dφ

2. (15)

Here, ΞΞ̄ = ∆θ and M(u) is the mass of the black hole and
it is a function of retarded time coordinate u. The null hy-
persurface condition gives the position of horizons r = r j of
stationary or non-stationary black holes[33]

gi j
∂iF∂ jF = 0, (16)

and F(u,r,θ ,φ) = 0. The tortoise coordinate transformation
technique gives the location and the temperature of the hori-
zon in a non-stationary black hole. The Dirac equations can
be transformed to a standard form of wave equation by in-
troducing traditional tortoise coordinate transformation r∗ =
r +(2κ)−1 ln(r− r j) in a non-stationary or stationary space-
time (where κ is the surface gravity to be found out) and we
assume that the location of the horizons r = r j is a function of
retarded time coordinate u. According to Yang et al.[34] and
Ibungochouba,[35] the generalized tortoise coordinate transfor-
mation is defined by

r∗ = r+
1

2κ(u0,θ0,φ0)
ln
{

r− r j(u,θ ,φ)
r j(u,θ ,φ)

}
,

u∗ = u−u0, θ∗ = θ −θ0, φ∗ = φ −φ0, (17)

where r = r j(u,θ ,φ0) are the location of horizons. All pa-
rameters u0, θ0, φ0 are constant under the generalized coordi-
nate transformation and assumed to be the initial state of the
hole. Applying the generalized tortoise coordinate transfor-
mation to the null surface condition (16) and taking the limit
as r −→ r j(u0,θ0,φ0), u −→ u0, θ −→ θ0, and φ −→ φ0, we
obtain

∆ j +
2√
A
(r2

j +a2)r j,u +
a2

A∆θ

sin2
θ0r2

j,u

+∆θ r2
j,θ +

2ar j,φ√
A

+
2ar j,ur j,φ

A∆θ

+
r2

j,φ

A∆θ sin2
θ0

= 0, (18)

where

∆ j = r2
j +a2−2M(u0)r j−

1
3

Λr2
j (r

2
j +a2).

The quantities r j,u = ∂ r j/∂u, r j,θ = ∂ r j/∂θ , and r j,φ =

∂ r j/∂φ are the rates of horizons varying with the time u and

different angles θ and φ . Equation (18) shows that the shapes
of horizons depend on the retarded time u and different angles
θ and φ due to generalized tortoise coordinate transformation.

4. Dirac equations
The four-coupled Dirac equations[36,37] in Newman–

Penrose formalism are given by

(D+ ε−ρ)F1 +(δ̄ +π−α)F2 = iµ0G1,

(∇+µ− γ)F2 +(δ +β − τ)F1 = iµ0G2,

(∇+ µ̄− γ̄)G1− (δ̄ + β̄ − τ̄)G2 = iµ0F1,

(D+ ε̄− ρ̄)G2− (δ + π̄− ᾱ)G1 = iµ0F2. (19)

By substituting the various spin-coefficients in Eq. (19), we
have (

∂r +
1
R̄

)
F1 +

1√
2R̄

L−F2 = iµ0G1,

− ∆

2R2 D+F2 +
1√
2R

(
L++

iaΞ sinθ

R̄

)
F1 = iµ0G2,

− ∆

2R2 D+G1−
1√
2R̄

(
L−+

ia Ξ̄ sinθ

R

)
G2 = iµ0F1,

− 1√
2R

L+G1 +

(
∂r +

1
R

)
G2 = iµ0F2, (20)

where operators are given by

L+ = Ξ ∂θ +
ia sinθ√

AΞ̄
∂u +

i√
AΞ̄ sinθ

∂φ

+
Ξ cotθ

2
+

iasinθ(Λ/3)1/2

2
,

L− = Ξ̄∂θ − ia
sinθ√

AΞ
∂u−

i√
AΞ̄ sinθ

∂φ

+
Ξ̄ cotθ

2
− iasinθ(Λ/3)1/2

2
,

D+ = ∂r−∆
−1
{

2√
A
(r2 +a2)∂u +

2a√
A

∂φ

−
(

r−M− 2Λr3

3
− Λa2r

3

)}
. (21)

We define F1, F2, G1, and G2 by

F1 =
f1√
2R̄

, G1 =
g1√

2
,

F2 = f2, G2 =
g2

2R
, (22)

then equation (20) becomes

∂ f1

∂ r
+L− f2 = iµ0R̄g1,

L+ f1−∆D+ f2 = iµ0R̄g2,

−L+g1 +
∂g2

∂ r
= 2iµ0R f2,

∆D+g1 +L−g2 =−2iµ0R f1. (23)

070401-3



Chin. Phys. B Vol. 24, No. 7 (2015) 070401

Then, after taking the limit as r −→ r j(u0,θ0,φ0), u −→ u0,
θ −→ θ0, and φ −→ φ0, the first-order forms of Dirac equa-
tions near the horizon are as follows:

∂ f1

∂ r∗
−
[

Ξ̄r j,θ −
iasinθ0r j,u√

AΞ
−

ir j,φ√
AΞ sinθ

]
∂ f2

∂ r∗
= 0,{

∆ j +
2(r2

j +a2)r j,u√
A

+
2ar j,φ√

A

}
∂ f1

∂ r∗

−
{

σr j,θ +
iasinθ0r j,u√

AΞ̄
+

ir j,φ

Ξ̄
√

Asinθ0

}
∂ f2

∂ r∗
= 0,

(24)



[
Ξr j,θ +

r j,u iasinθ0√
AΞ̄

+
ir j,φ√

AΞ̄ sinθ0

]
∂g1

∂ r∗
+

∂g2

∂ r∗
= 0,{

∆ j +
2(r2

j +a2)r j,u√
A

+
2ar j,φ√

A

}
∂g1

∂ r∗

−
{

Ξ̄r j,θ −
iasinθ0r j,u

Ξ
√

A
−

ir j,φ

Ξ
√

Asinθ0

}
∂g2

∂ r∗
= 0.

(25)

The four derivatives ∂ f1/∂ r∗, ∂ f2/∂ r∗, ∂g1/∂ r∗, and
∂g2/∂ r∗ in Eqs. (24) and (25) are non-zero, then the deter-
minant of their co-efficients is zero. That gives an equation
like the null surface condition (18). The second-order forms
of Dirac equations near the horizons are given by{

2∆ j +
2(r2

j +a2)r j,u√
A

+
2ar j,φ√

A

+
1

κr j

[
r j

(
r j−M(u0)−

2Λr3
j

3
− Λ

3
a2r j

)
+∆θ r2

j,θ +
(3r2

j +a2)r j,u√
A

+
a2 sin2

θ0r2
j,u

A∆θ

+
2ar j,ur j,φ

A∆θ

+
ar j,φ√

A
+

r2
j,φ

A∆θ sin2
θ0

]}
∂ 2 f1

∂ r2
∗

−2∆θ r j,θ
∂ 2 f1

∂ r∗∂θ∗
− 2

A∆θ sin2
θ0

× [(r j,u +
√

A∆θ )asin2
θ0 + r j,φ ]

∂ 2 f1

∂ r∗∂φ∗

− 2
A∆θ

[
∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

]
× ∂ 2 f1

∂ r∗∂u∗
+

[
r j−M(u0)−

2Λr3
j

3

−Λ

3
a2r j−

4r jr j,u√
A
−

2a2 sin2
θ0(Λ/3)1/2r j,u√

A∆θ

−∆θ r j,θ cotθ0−
2a(Λ/3)1/2r j,φ√

A∆θ

−∆θ r j,θθ

−
2ar j,uφ

A∆θ

−
a2 sin2

θ0r j,uu

A∆θ

−
r j,φφ

A∆θ sin2
θ0

−
2ar jM,u(u0)

A∆θ B
(asin2

θ0r j,u + r j,φ )

− i√
A

(
acosθ0r j,u−

cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

−
2asinθ0r jM,u(u0)r j,θ

B

)]
∂ f1

∂ r∗
= 0, (26){

2∆ j +
2(r2

j +a2)r j,u√
A

+
2ar j,φ√

A

+
1

κr j

[
r j

(
r j−M(u0)−

2Λr3
j

3
− Λ

3
a2r j

)
+∆θ r2

j,θ +
(3r2

j +a2)r j,u√
A

+
a2 sin2

θ0r2
j,u

A∆θ

+
2ar j,ur j,φ

A∆θ

+
ar j,φ√

A
+

r2
j,φ

A∆θ sin2
θ0

]}
∂ 2 f2

∂ r2
∗

−2∆θ r j,θ
∂ 2 f2

∂ r∗∂θ∗
− 2

A∆θ sin2
θ0

× [(r j,u +
√

A∆θ )asin2
θ0 + r j,φ ]

∂ 2 f2

∂ r∗∂φ∗

− 2
A∆θ

[
∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

]
× ∂ 2 f1

∂ r∗∂u∗
+

[
− r j +M(u0)+

2Λr3
j

3

+
Λ

3
a2r j−

4r jr j,u√
A
−

2a2 sin2
θ0(Λ/3)1/2r j,u√

A∆θ

−∆θ r j,θ cotθ0−
2a(Λ/3)1/2r j,φ√

A∆θ

−∆θ r j,θθ −
2ar j,uφ

A∆θ

−
a2 sin2

θ0r j,uu

A∆θ

−
r j,φφ

A∆θ sin2
θ0

+
i√
A

(
acosθ0r j,u−

cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

)]
∂ f2

∂ r∗
= 0,

(27)

where

B = ∆ j +
2√
A
(r2 +a2)r j,u +

2ar j,φ√
A

.

In order to obtain the Hawking radiation temperature, the co-
efficient of ∂ 2 fi/∂ r2

∗, i = 1,2 should satisfy the condition

2∆ j +
2(r2

j +a2)r j,u√
A

+
2ar j,φ√

A

+
1

κr j

{
r j

(
r j−M(u0)−

2Λr3
j

3
− Λ

3
a2r j

)
+∆θ r2

jθ +
3r2

j r j,u + r j,ua2

√
A

+
a2 sin2

θ0r2
j,u

A∆θ

+
2ar j,ur j,φ

A∆θ

+
ar j,φ√

A
+

r2
j,φ

A∆θ sin2
θ0

}
=

1
A∆θ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]. (28)
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Then, the surface gravity can be written as

κ =

r j

(
1+

2r j,u√
A

)
−M(u0)−

2Λr3
j

3
− Λ

3
ar j( r2

j +a2

√
A

+
a2 sin2

θ0r j,u

B∆θ

)
(1+2r j,u)+Z

−
∆ j +

r j,u√
A
(r2

j +a2)+
ar j,φ√

A

r j

[( r2
j +a2

√
A

+
a2 sin2

θ0r j,u

A∆θ

)
(1+2r j,u)+Z

] , (29)

where

Z = 2∆θ r2
j,θ + r j,φ

(
4ar j,u

A∆θ

+
2r j,φ

A∆θ sin2
θ

+
2a√

A
+

a
A∆θ

)
. (30)

Equations (26) and (28) are transformed into a combined form
of wave equation as

∂ 2Ψ

∂ r2
∗
−2

∂ 2Ψ

∂ r∗∂u∗
+C1

∂ 2Ψ

∂ r∗∂θ∗

+C2
∂ 2Ψ

∂ r∗∂φ∗
+C3

∂Ψ

∂ r∗
= 0, (31)

with

C1 = −
2∆ 2

θ
Ar j,θ

∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

,

C2 =−
2[(r j,u +

√
A∆θ )asin2

θ0 + r j,φ ]

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

,

C3 = D1 + i2D2. (32)

(i) For Dirac particles Ψ = f1,

D1 =
A∆θ

∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

×
[

r j−M(u0)−
2Λr3

j

3
−

Λr ja2

3

−
4r jr j,u√

A
− 2a2 sin2

θ0(Λ/3)1/2
√

A∆θ

−∆θ r j,θ cotθ0−
2a(Λ/3)1/2r j,φ√

A∆θ

−∆θ r j,θθ −
2ar j,uφ

A∆θ

−
a2 sin2

θ0r j,uu

A∆θ

−
r j,φφ

A∆θ sin2
θ0

−
2ar jM,u(u0)

A∆θ B
(asin2

θ0r j,u + r j,φ )

]
,

D2 = −
√

A∆θ

2[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

×
[

acosθ0r j,u−
cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

−
2asinθ0r jM,u(u0)r j,θ

B

]
. (33)

(ii) For Ψ = f2,

D1 =
A∆θ

∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

×
[
− r j +M(u0)+

2Λr3
j

3
+

Λr ja2

3

−
4r jr j,u√

A
− 2a2 sin2

θ0(Λ/3)1/2
√

A∆θ

−∆θ r j,θ cotθ0−
2a(Λ/3)1/2r j,φ√

A∆θ

−∆θ r j,θθ −
2ar j,uφ

A∆θ

−
a2 sin2

θ0r j,uu

A∆θ

−
r j,φφ

A∆θ sin2
θ0

]
,

D2 =

√
A∆θ

2[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

×
[

acosθ0r j,u−
cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

]
. (34)

Following Wu and Cai[20,21] and Hua and Huang,[22,28] we
may separate the variables in Eq. (31) for the analysis of the
field equations as

Ψ = R(r∗,u∗)Θ(u∗,θ∗,φ∗)e iωu∗+iKθ+iKφ , (35)

where Θ(u∗,θ∗,φ∗) is an arbitrary real function and ω is the
energy of Dirac particles which depend on the tortoise coor-
dinate transformation; Kθ and Kφ are components of general-
ized momentum of Dirac particles. Substituting Eq. (35) into
Eq. (31) and after separating the variables, we find the radial
and angular parts to be given by

∂ 2P
∂ r2
∗
− ∂P

∂ r∗
(2iω−C1 iKθ −C2 iKφ −C3−α) = 0,

2∂T
∂u∗
− (ζ (u∗)−α)T = 0, (36)

where α is a constant in variable of separation and ζ (u∗) is a
function of retarded time u∗ in variable of separation, where

ζ (u∗) = 2

∂Θ

∂u∗
Θ

+C1

∂Θ

∂θ∗
Θ
−C2

∂Θ

∂φ∗
Θ

,

and R(r∗,u∗) = P(r∗)T (u∗). The two linearly independent so-
lutions of Eq. (36) near the horizons are given by

Ψ
in

ω ∼ e iω+iKθ+iKφ ,

Ψ
out

ω ∼ e iω+iKθ+iKφ

× e
[

2i(ω−Kθ C1
2 −

Kφ C2
2 − Im(C3)

2 )r∗
]

× e−[α+Re(C3)]r∗ , r > r j, (37)
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where Ψ in
ω represents an incoming wave which is analytic at

r = r j; Ψ out
ω denotes an outgoing wave having logarithmic sin-

gularity on the horizons. Following Damour and Ruffini[18]

and Sannan,[19] it can continue analytically from outside of the
horizons r = r j into inside by rotating −π through the lower
half of the complex plane as

Ψ̃
out

ω ∼ e iω+iKθ+iKφ

× e
[

π
κ

(
ω−Kθ C1

2 −
Kφ C2

2 − Im(C3)
2

)]
× e
{
− iπ

2κ
[α+Re(C3)]

}
×
(

r j− r
r j

) i
κ

[
ω−Kθ C1

2 −
Kφ C2

2 − Im(C3)
2

]

×
(

r j− r
r j

)−1
2κ

[α+Re(C3)]

, r < r j. (38)

The relative scattering probabilities at r = r j are given by∣∣∣∣Ψ out
ω (r > r j)

Ψ̃ out
ω (r < r j)

∣∣∣∣2 = e−
2π
κ
(ω−ω0), (39)

where

ω0 = Kθ

C1

2
+Kφ

C2

2
+

ImC3

2
. (40)

According to the suggestion of Damour and Ruffini[18] and ex-
tended by Sannan,[19] the thermal radiation spectrum is given
by

Nω =
1

e
ω−ω0
κBT ±1

, (41)

where κB is the Boltzmann constant and the upper positive
symbol stands for the Fermi–Dirac distribution and the lower
negative symbol corresponds to the Bose–Einstein statistics.
Equation (41) shows that the black hole radiates like a black
body. The chemical potential is

ω0 = −
[

∆ 2
θ

Ar j,θ Kθ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

+
Kφ (r j,u +

√
A∆θ asin2

θ0 + r j,φ )

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

]
+D2. (42)

We observe that the constant coefficient D2 appears in the ex-
pression of the chemical potential. It may represent a particu-
lar energy term for Dirac particles which is absent in the ther-
mal radiation of the other scalar particles. Hawking tempera-
ture is given by

T =
1

2π


r j

(
1+

2r j,u√
A

)
−M(u0)−

2Λr3
j

3
− Λ

3
ar j( r2

j +a2

√
A

+
a2 sin2

θ0r j,u

A∆θ

)
(1+2r j,u)+Z

−
∆ j +

r j,u√
A
(r2

j +a2)+
ar jφ√

A

r j

[( r2
j +a2

√
A

+
a2 sin2

θ0r j,u

A∆θ

)
(1+2r j,u)+Z

]
 .

(43)

From the above, T determines the temperature of the thermal
radiation near the horizons r = r j due to the Dirac equations in
the non-stationary Kerr–de Sitter black hole. For a stationary
black hole, equation (43) can be expressed as

T =
1

2π

√
A

(r2
j +a2)

[
r j−M−

2Λr3
j

3
− Λ

3
ar j

]
, (44)

which is equal to the Hawking radiation temperature derived
from the relativistic Hamilton–Jacobi equation.

5. Discussion
The Klein–Gordon equation of a scalar particle with mass

µ in curve space time is given by

1√
−g

[
∂

∂xa

√
−ggab ∂

∂xb

]
Φ−µ

2
Φ = 0. (45)

Using generalized tortoise coordinate transformation and ap-
plying the same method in Section 4 to Eq. (45) after a tedious
calculation, the chemical potential of the scalar particle can be
obtained as follows:

ωk = −
[

∆ 2
θ

Ar j,θ Kθ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

+
Kφ (r j,u +

√
A∆θ asin2

θ0 + r j,φ )

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

]
.(46)

Again, utilizing generalized tortoise coordinate transformation
in Eq. (10) and defining ∂Φ/∂u∗ = −ω , ∂Φ/∂θ∗ = Kθ , and
∂Φ/∂φ∗ = Kφ , for real ∂Φ/∂ r∗, the maximum energy of the
non-thermal radiation[38–40] can be written as

ωh =

[
∆ 2

θ
Ar j,θ Kθ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

+
Kφ (r j,u +

√
A∆θ asin2

θ0 + r j,φ )

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

]
.(47)

The thermal radiation spectrum (41) implies that the total in-
teraction energy of Dirac particles in a non-stationary Kerr–de
Sitter black hole is

ω0 = −
{

∆ 2
θ

Ar j,θ Kθ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

+
Kφ (r j,u +

√
A∆θ asin2

θ0 + r j,φ )

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

}
+D2, (48)

where

D2 = −
√

A∆θ

2[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]
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×
[

acosθ0r j,u−
cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

−
2asinθ0r jM,u(u)r j,θ

B

]
(49)

for Ψ = f1, and

D2 =

√
A∆θ

2[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

× [acosθ0r j,u−
cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

]
(50)

for Ψ = f2. The chemical potential ω0 is composed of two
parts. The first part

−
[

∆ 2
θ

Ar j,θ Kθ

[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

+
Kφ (r j,u +

√
A∆θ asin2

θ0 + r j,φ )

sin2
θ0[∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ ]

]
is the rotational energy arising from the coupling between dif-
ferent components of generalized momentum of Dirac parti-
cles and different rotations of black hole. The second term D2

indicates the expression of the new extra spin rotation coupling
effect and the spin-acceleration coupling effect which can be
written in combined form as follows:

D2 =

√
A∆θ

∆θ

√
A(r2

j +a2)+a2 sin2
θ0r j,u +ar j,φ

×
[

p
(

acosθ0r j,u−
cosθ0r j,φ

sin2
θ0

−
a3 sin2

θ0 cosθ0(Λ/3)r j,u

∆θ

−
√

Aasinθ0(Λ/3)1/2r j,θ

+
a2 cosθ0(Λ/3)r j,φ

∆θ

)
−(p− s)

asinθ0r jM,u(u)r j,θ

B

]
. (51)

Here,

Ψp =

(
f1 : p =−1/2, s = 1/2
f2 : p =+1/2, s = 1/2

)
.

The value of D2 will vanish for the stationary black hole and
other scalar particles. When D2 = 0, equations (47) and (48)
indicate that the chemical potential derived from the thermal
radiation spectrum of Dirac particles is equal to the highest
energy of the negative energy state of scalar particles in non-
thermal radiation of Kerr–de Sitter black hole (ω0 = −ωh).

This brings out a clear relationship between the two kinds of
radiation processes of black holes.

If we use the traditional tortoise coordinate transforma-
tion given in Refs. [20]–[22], [24], and [28], a similar con-
clusion can be established as Eqs. (42), (46), and (47) but the
Hawking radiation temperature effect will be given by

T =
1

2π


r j

(
1+

2r j,u√
A

)
−M(u0)−

2Λr3
j

3
− Λ

3
ar j( r2

j +a2

√
A

+
a2 sin2

θ0r j,u

A∆θ

)
(1+2r j,u)+Z

 , (52)

which indicates that the different tortoise coordinate transfor-
mations correspond to the different Hawking radiation temper-
atures in non-stationary black hole space time.[26]

6. Conclusions
In this paper, we have studied the Hawking thermal radia-

tion effect of the stationary Kerr–de Sitter black hole using the
relativistic Hamilton–Jacobi equation and the non-stationary
Kerr–de Sitter black hole by applying generalized tortoise co-
ordinate transformation. For the non-stationary space time,
the location of horizons, Eq. (18), and the temperature of the
black hole, Eq. (43), depend on the retarded time coordinate u
and different angles θ and φ . The expression of D2 gives the
intersection between the intrinsic spin of the particles and gen-
eralized momentum of the non-stationary Kerr–de Sitter black
hole. However, the value of D2 will vanish for the stationary
black hole space time and scalar particles. It reveals that the
chemical potential derived from scalar particles is equal to the
highest energy of the negative energy state of non-thermal ra-
diation of the Kerr–de Sitter black hole (ωk =−ωh). It is also
shown that the Hawking radiation temperature derived from
the Hamilton–Jacobi equation is equal to radiation tempera-
ture derived from the Dirac equations for the stationary space
time near the horizons r = r j.
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