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Time evolution of a squeezed chaotic field in an amplitude damping

channel when used as a generating field for a squeezed number state
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We investigate how an optical squeezed chaotic field (SCF) evolves in an amplitude dissipation channel. We have
used the integration within ordered product of operators technique to derive its evolution law. We also show that the density
operator of SCF can be viewed as a generating field of the squeezed number state.
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1. Introduction

Quantum noise exists in every natural system.l!l
Squeezed states exist where the noise in one of the chosen
pair of observables is reduced below the vacuum or ground-
state noise level, at the expense of increased noise in the other
observable. Indeed, the squeezing effect improves both the
interferometric and spectroscopic measurements. Therefore,
in the context of interferometric detection and of gravitational
waves, the squeezed state is very useful.’?! On the other hand,
since every system is not absolutely isolated, dissipation or
dephasing usually happens when a system is immersed in a
thermal environment. A quantum state that passes through an
amplitude damping channel is described by the master equa-
tion for density operator p 34!

dp (1)

5 =K (Zapa'{' —d'ap —paTa) , (1)

where K is the rate of decay, a' and a are the creation opera-

tor and the annihilation operator, respectively, and [a,a’] = 1.

In this present work we investigate how an initial squeezed

chaotic field (SCF), described by pg = (1—e¥)STeka'es,

evolves in an amplitude dissipative channel (ADC), where

(1 — ek) eka'a g the density operator of chaotic field, and

—k -1 o -1
k:_ﬁ’ (e =1)" =(exr —1) " =n,

where K is the Boltzman constant, S (r) = exp [ir (QP + PQ) /2]
is the single-mode squeezing operator, with [Q,P] =1, A= 1,

and r is the squeezing parameter. Using the thermo en-
tangled state representation,®! we have neatly derived the

solution to Eq. (1), which takes the infinitive operator-sum
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representation (%)
- T/n —xtata_n in —xtata ! —2Kt
p(t):Z—‘e a'poae , T'=1—e"_(2)
n!
n=0

(Although this solution can also be deduced with the use of
the superoperator method, these superoperators have no real
representations.) Our task in this paper is to investigate how
a SCF evolves in an amplitude dissipation channel, when an
optical chaotic field gets squeezed in a cavity and later dis-
sipates in an thermo-enviroment, we are also curious about
how it evolves with time. At first glance, one might think
that it would be easy to substitute pg = (1 — e¥) S7 eka'ag into
Eq. (2) to obtain the result, actually, it is hard to do so, be-
cause the summation over n is impeded due to the existence
of po sandwiching between @” and a™. We shall employ the
technique of integration (summation) within ordered product
of operators!®! to overcome this obstacle and derive its evolu-
tion law. We also show that the density operator of SCF can
be viewed as a generating field of the squeezed number state.

2. Squeezed number state as an Hermite excita-
tion on the squeezed vacuum state

Before substituting pp = (1 — e¥) §* eka'ag into Eq. (2) to
make a summation, we should first convert pg into its normal
ordering and then transform the result in anti-normal ordering
so that the summation as Eq. (1) indicated can be proceeded,
because the creation operator and the annihilation operators
can be permuted within the anti-normal ordering. For this pur-
pose, we write pg in the Fock representation

po=(1—-¢") Y s |n) (n]S, 3)
n=0

*Project supported by the National Natural Science Foundation of China (Grant No. 10574647), the Natural Science Foundation of Shandong Province, China
(Grant No. Y2008A16), and the University Experimental Technology Foundation of Shandong Province of China (Grant No. S0O4W138).

fCorresponding author. E-mail: xxIwlx@126.com
© 2015 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

070306-1


http://dx.doi.org/10.1088/1674-1056/24/7/070306
mailto:xxlwlx@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B  Vol. 24, No. 7 (2015) 070306

where |n) = a™ |0) /v/n! is the Fock state, and S~! |n) is the
squeezed number state. Let us recall that the coordinate repre-

sentation of the squeezing operator is!°!

* dq q>
s = [ LYl u=et, o)
w= [ Jela )l
where |g) is the coordinate eigenstate
2 2
lg) =7 exp {—qz +v2qa’ — ”’2} 0, ©

with the overlap

L
2

1
(qln) = We

Here, H,, (¢) is the Hermite polynomial, thus
" dg g

sl = [~ L) aln)

_/wiex f 1_|_i
 Jew /TH2™A] P17 u?

H, (q).

where in the last step we have used the integration formula

(x—y)?
2f

/oo dxe” 27 H, (x)
= Varf(i-2)"m, ya-20)7 @)
or we have
3 i
= _ sech?} i n/an( a >
Ay =~y (tanhA) Sinh(24)
aTZ
X exp <2tanhl> |0). (8)

Therefore, a squeezed number state can be considered as an
Hermite excitation on the squeezed vacuum state.

3. Squeezed chaotic field as a generating field of
the squeezed number state

By substituting Eq. (8) into Eq. (3) and using

V3l a2
2—a"——|H 0
I 2] (D10 0) (0] =t e ©)
o dq ”2 +1 \/Zuai' 2
=/ \/ﬁ eXpy — 22 q— TEEN as well as the generating formula of the Hermite polynomials
2
—HT "
Y }IOHn(q)> Zz)znn!H,,(x)Hn (y)
n—
_ Vsechk (—tanhl)”/zH,, a B 1 " dytx — 12 (x2 +y2) 10
V/2"n! —2sinh(21) BV T A -2 ’
tanh A
*exp <_ 2 aﬁ) 102, ©)  we have
|
oo kt hA n T a24a?)anha
Py = (1_ ek) Z (eftanh 1) H, .a H, . a e( 2) ~d'a.
= 2"n!coshi sinh(24) sinh(21)
(1 - ek) sechA 2atae*tanh A — e?* tanh? A (aT2 + az) (a"2+a)anh2
= —~———:exp 2 aa.
/1— 2 tanh2 A (1 — g2k tanhzl) sinh(24)
1—ek —a'? (e2k —1)tanh A
N P21 e an2
\/ cosh? A — e%sinh? A (1—e*tanh®2)
[ + ( ek 1)} —a? (e* —1)tanh 2 an
X rexp|a'a — tex ,
P cosh? A — e2sinh? A P 2(1—e*tanh’1)
\
which is the normally ordered expansion of the squeezed  and
chaotic field. x
e —1 1
o o . ef+1 2+l (13
4. po as a bivatriate distribution operator in
we let

phase space
Due to k = —wh/KT,

()

12)

@2n+1)e* +1=217, 2n+1)e *+1=213. (14)

It follows that
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» » cosh’A — e?sinh* 2

Iy = , (15)
1%2 (l—ek)2
2 — 13 = (2n+ 1)sinh(21), (16)
2413 = (2n+1)cosh(24) + 1, (17)
1 1 ek
2t 273 cosh? A — e2ksinh? A (18)
?—13  (1—e*)tanhA (19)
47217 2[1—e%*tanh?A]’
thus
po = (1 - ek) Y 5" n) (n] S
n=0
1 Q2 PZ
= —: =L 20
T exp{ 217 21722} ’ (20)
where
in(a—i—a*), Pzi(a—aw, Q1)
V2i

V2

the density operator of the SCF is a normally ordered bivatri-
ate distribution operator in phase space. One can check the
completeness that

1 dtidn { P2 Q2
e —— . €X

———== =1 22
T 2% 21} 21722} 22

5. The anti-normally ordered form of pg
Further, let
f=5m 8= 55 23)
then
po = 2/fg:exp (—fQ* —gP?):
= 2/fg:exp B (g—f) (a*+a") - (f—i—g)acf} :.(24)

Next, we derive the anti-normal ordering form of pgy by

using!1%!

2
po= [ L0 BloolByexp (1BF +5°aBa’ +a'a)’, 25)

T

where : : stands for the anti-normal ordering and |B) is a co-

herent state

= (25 pa ) 0,

(~B1B) =exp (~21BF).
By substituting Eq. (20) into Eq. (25) and using the integral

formulal!0:11]

. d2
/ 7Zexp (C l2|* + Ez4+nz* + f12 +g’z*2)

_ WGXP{_C%Z&EE”W} 6)
whose convergent condition is

Re(&+ /" +4') <0, Re (%) <0, (@27
or

Re(é—f'—g') <0, Re (%) <0, (28

we have the anti-normal ordering form of pg
d’B. 2 f )2
27 [ Pewn | - 1P (5~ )

5 (BB 40— pa ]

Po

)
— 27 [ Lo | (re-DIBR a8+ ap
#5361 (B2 +7) +alal:
+4fg_f_gafa}i. (29)

We note that the operator formula

e'a — e %exp [(1—e%) aa':'] : (30)
SO
: [4fg—f—g ¥ }:
lexp | ————a'a|:
D
. 1—f— :
= :exp Kl—lj;g> aTa]:
D - D
= ——exp|la'aln——|, 31
[y p[ l—f—g]
and equation (29) becomes
_ 2yfgD 8—f » ¥ D
Po = 1fgexp|: 2D a” | exp |a alnm
8=/ w
X exp =D a ] (32)

6. Evolution law of a squeezed chaotic field in an
amplitude damping channel

By substituting Eq. (32) into Eq. (2) and using

+

e—0a af (a’a'l') eaalfa — f (ae‘x,a-re_a) y (33)

equation (32) becomes

_ 2D § T oS

p(t)_ 1_f_gn=0 n! e
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D 8=/ 412 —xtat 11— f —f gt2o2xt -
T a tn Kta'a ! 2Kt T
X ex In———|e® e l—-———+T'e e
p{aa l—f—g} a xexp[( De- + )a a}e
_ 2D fg Z —a”ez’”" 8d g2 2% — 92Kt /fg 1427 2 2K

l—f g D’
—2 4fg— f— —f 42 2Kit-

X exp |:a1’a1n lefmj| e%aﬁe%ta-‘-n X exp |:62K't /8 Df gaTa] egz—Du 2¢2 [:, 34)

—J—8

_ 2D 1-f-g |fg Z o2kt o S a? e which is the antinormally ordered form of p (¢).

Tl f— —2kt
I=f-g De Using the P-representation theory in the coherent state

. 1 — [ — . —f Kt dz
X:exp [(1 - De]iz"’g> aTa] fe e gin basis and /TZ |z) (z] = 1, as well as the normally ordered
fg - vacuum projector |0) (0| =: exp (—a'a) :, we can transform
2 gf Kt

“ b Eq. (34) into its normally ordered form

&‘

2 - - Kt
i) = [ Bp(ﬂz — e 18 [0 d’z. fp[Z(llgg)f} a1 (o

= 2e 2’“\/fg {gZDf (2 +27) ez’“+[ /88 f g ]|z|2+zaT+z*a—aTa}:

ng
V@rg—f—g—De )~ (g— )’

.. |:D2874KI—D672K[ (4fg—f—g)] a+a+ %Defzm (aT2+a2> . -
:exp Y 5 aay:. (35)
(4fg—f—g—De )" —(g—f)
\
We can check that when t = 0, e 2% = 1, due to law. We also show that the density operator of the SCF can be

then,

viewed as a generating field of the squeezed number state.

(4fg—f—g—D)—(g—f) =
—(@fg—f-g=1-f—g (36)  References
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