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Explicit solution of diffusion master equation under the action of
linear resonance force via the thermal entangled state representation®
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Using the well-behaved features of the thermal entangled state representation, we solve the diffusion master equation
under the action of a linear resonance force, and then obtain the infinitive operator-sum representation of the density
operator. This approach may also be effective for treating other master equations. Moreover, we find that the initial pure
coherent state evolves into a mixed thermal state after passing through the diffusion process under the action of the linear

resonance force.
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1. Introduction

In quantum optics, solving master equations describing
interactions between fields and external environments is grad-
ually becoming a hot topic, since quantum dissipation is un-
avoidable in the transmission of optical fields through me-
dia and this process can destroy nonclassicality of the fields.

[1-3] solving the master equations

As shown in the literature,
usually employs either the Fokker—Planck equation or the
Langevin equation through inserting the density operators into
the P-representation or the Wigner representation.!*>! Later,
it was pointed out in Refs. [6]-[9] that the thermal entangled
state representation can help one tackle these master equations
conveniently because of some well-behaved properties of the
entangled states. In this paper, we adopt the entangled state
approach to treat the diffusion master equation under the ac-
tion of a linear resonance force. Thus we establish a fresh
picture of the time evolution of density operators by virtue
of the thermal entangled state representation instead of the P-
representation or the Wigner function.

The paper is arranged as follows. In Section 2, based on
the well-behaved properties of the entangled state represen-
tation, we concentrate on solving the diffusion master equa-
tion under the action of a linear resonance force and give
the infinitive operator-sum representation of the density opera-
tors. In Section 3, we prove the normalization of the infinitive
operator-sum representation. In Section 4, we investigate the
time-evolution rule of coherent states in a diffusion process

acted upon by a linear resonance force.
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2. Infinitive operator-sum representation for de-
scribing the diffusion process under the action
of linear resonance force

A diffusion process under the action of a linear resonance

force can be described by the master equation

P it tap — gt t 4 paa'

P iA[a" +a,p|] —k(a'ap —a'pa—apa’ + paa’), (1)
where parameters A and k denote the resonance force strength
and the decay rate, respectively. Usually, the master equa-
tion (1) is used to describe decoherence. In particular, the sys-
tem is only acted upon by the linear resonance force when
k=0. Also, for A = 0, equation (1) describes the pure diffu-
sion process of a light field. To solve the master equation (1),
we introduce the thermal entangled state representation,!!?]
which is defined in the enlarged Fock space

[n) = eIl /2ena a4t 00) = D) In =0). - @
where
D(n)= e 1 3)
is the displacement operator, and
In=0) =exp[a’a’] 00). 4)
Here we need to point out that @' is the operator of a ficti-
tious mode corresponding to the real photon creation operator
a’, @ can annihilate |0) and has the relations [4,a"] = 1 and
[a,d"] = 0. Moreover, the state |n) is the common eigenvector
of (a—a") and (a' —a), ie.,

(a=a)my=nn), (@ -a)m=n"n), ©
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and the set of |n) forms a complete entangled state represen-
tation

2
[ mymi=1. ©

On the other hand, one can easily find that |17 = 0) possesses
the following properties:

aln=0)=a"|n=0),a'In=0)=aln=0), (7
dlaln=0)=a'ajn=0). (8)

Using the above well-behaved properties of |1 =0), mas-
ter equations for the diffusion process under the action of
the linear resonance force can be concisely solved. In the
following, we will provide a detailed derivation. Denoting

d l
o) = [ S ewmtrens kot ) g gy = [ 40

—(1+kt) [ >+1(af —a+ire)+n* (a aJUrllt) (ade)(cﬁfd

|p) = p|n =0) =p|l) and with both sides of Eq. (1) acting
on state | = 0), we have

d N
5 1P) =it [d" +ap]In=0)

—k(a'ap —a'pa—apa’ +paa’)|n = 0)

= [iA(d"+a—a—a")—k(a'—a) (a—a")]|p). (9

Thus, its formal solution is

|p> _ eil(ade)teil(ffd)tefk(affd) (afdf)r |PO> . (10

where py is the initial density operator, |po) Now

= po ).
inserting the completeness relation of |7) into the right side
of Eq. (10) and employing the eigen-vector equation (5), we

obtain

) |po)

1 I _ (i _ 1 ki ( it Sy, AL h o\ A22
- : 7 (' —a+idn)(a—a' +idr) (o' ~a) (a-a") : - - e THk (a'~a)(a— )+1+kt (a=a")+ 75 (" -a) - 155 :
1t it e 1Po) 11kt e 1Po)
toaata
22,2 ~’r iAo 1 a'a+a'a+1 o - i B
= T+t IJrkt”’Jr Jr1 (“ —a ) T dat 15 (a—a) 1
et ¢ T e P0). an

where we have used the normally ordered form of the vacuum
projector!!!l (the mark : : denotes normal ordering)

10) (0] =: e ; (12)
and the operator identity!'!]
Aat

et'a = exp[(e* —1)a'd] : . (13)

Further, using the relations (7) and (8), we can rewrite Eq. (11)
as

.
ke \" A 1 o
Tm a
X 14kt
(1+kt> e (1+k¢)

kt n il iAt 4
X ( a'e T pye” TR 4 a

:
1 a' a irr

g™ |1 14

><(1+kt> e+a|> (14

Then we obtain the solution to Eq. (1)

22 m-+n A
pt) = e B p ol () et

m!n!

iAt
e g™, (15)

a'a . )
il id
X <1—:kt> a"el+£zapoe*1+lit“1aw

which is just an infinitive operator-sum form of the density
operator p(¢). From Eq. (15), we can clearly see that the in-
finitive operator-sum form is very useful, since for any given
initial state py, the evolution density operator p(¢) can be di-
rectly calculated. By defining the Kraus operator M,, , corre-
sponding to p ()

aMe T+ @

(m+n)/2 Y
Mm7n = )

2.2
L im
vm!n! 1+kt

1 aTa+1/2 s
X <1+kt) a'e T4, (16)

we can further rewrite Eq. (15) as

() Zmn mnpO . 17
3. Normalization of the infinitive operator-sum
representation

To show that equation (15) is qualified to be an infinitive
operator-sum representation, we must check the normalization
condition

Zm n m i) m ,n
1 122 Z 1 kt
14kt "M min! \ 1+ kt

) n ire ¢
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i
a'e T+ ?

x <1+kt

)aTa

;
25 n ; a'a
= 1 e_)lt+tktz i 7]“ e lflitaTaT” 1
1+ kt "n! \1+kt 14kt
iAo kata.  iAy 1 a'a iAt
X e Ttk e Ttk e T+ ¢ T aleTHa Y, (18)

By using the operator identity!!!!

eha'a — e tlexp [(1 - e_l) aaq :

19)

where the symbol : : represents the anti-normal ordering, equa-
tion (18) becomes

Zm,nMJp—q,an.n
2,2 n in a'a iAr
= 67% nl kt efl-fkr“TaT" ; efﬁlk/a
n! \ 14kt 14kt
1 —d'a iAo+ 1 a'a iAr
8 <1+kt> e <1+kt> dermt.  Q0)
Noticing the operator formula
P (a,at) e P = flae P aTeP), 1)
we have
Zm,nMrtl,an,n
222 1 kt " idt b
— e THRY — e AL
¢ e <1+kt) ¢
a%a . .
X <1+1kt) e Tt e tihe (22)
Using the relation e?e? = eBedeldBl yields the condition

[A,B] # 0, therefore

Zm,nMj;l,an,n
L ke \" g 1\
= Loy <l+kt) el#ﬁtﬂ;ah(wm) e 23)

At last, using Egs. (12) and (20), we obtain

i
e Tra?
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so the normalization of M,, , holds, and thus

n!

(24)

Trp(t) = Tr(L, nPoMy yMinn) = Trpo = 1, (25)

which exhibits that M,, , is a trace-preserving quantum opera-
tion and the density operator p(¢) is qualified to be an infinitive
operator-sum representation.

4. Evolution of coherent states governed by
Eq. (15)

Now we want to investigate how the coherent state pg =
|a) (a|"?! as an initial state evolves in the diffusion process
acted upon by a linear resonance force. From Eq. (15), we

obtain
iAt ¥ 2kt 2n mn
pla)(l) = eﬁlk,(oc—a )_/117+kk ‘OC‘ ki
14kt ma ot \ T ke
¥
T il 1 a'a
Xa‘”’e1+k'taT(]+kt> o) (]
1 a'a it
- (1+kt> e g™, 26)
Inserting the operator identity
1\
P o
<1 +kz) @)
2 7
= a*alnﬁ o) = _& oa 0 .
e & o) = exp 2_~_1+kt‘> o

and the vacuum state projector (12) into Eq. (26) leads to the

vanML_’an,,, normal ordering form of pjq (t)
|
. 2n m+n . .
1 2 ikt 224k o kt M+ adt | ata ot i
p‘a>(t) = 7ke7‘a‘ + 1 (0 —0")— 1+ktt22n| '| 2 . aTmema’ eﬁkﬂr%*” ae=TiR%M -
1+ kt “min! \ 14kt
1 2, ik 2ike iAta 4 14 —idt+a*
= 1% el g (=)= 5 o T a : e*W”r“ s e Ttk 4, (28)
+ kt
Using Eq. (13), we obtain
1 2, ikt o A24k iMto + k —iAr+a*
Pla) (1) = e~ lal+ g (a—a™)— T e T 4 e“TalnTtkr e +k ¢ (29)
1+ kt
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which is just a superposition of the photon-added mixed state.
Therefore, after undergoing the diffusion process under the
action of the linear resonance force, the pure coherent state
evolves into a mixed state owing to the existence of quantum
noise.

5. Summary

we have obtained the explicit solution of the diffusion
master equation under the action of a linear resonance force
and found the infinite-sum representations for the density op-
erators of this process. For some other master equations of
density operators, we also employ this method and obtain the
explicit infinite-sum representations for the density operators.
Finally, we find that the initial pure coherent state evolves into
a mixed thermal state as a result of diffusion and linear reso-

nance force.
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