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We directly introduce a Bell-type inequality for four-qubit systems. Using the inequality we investigate quantum
nonlocality of a generic family of states |Gypcq) [Phys. Rev. A 65052112 (2002)] and several canonical four-qubit entangled
states. It has been demonstrated that the inequality is maximally violated by the so called “four-qubit the maximally
entangled state |Gpy)” and it is also violated by four-qubit W state and a special family of states |Gp00). Moreover, a
useful entanglement-nonlocality relationship for the family of states |Ggp00) is derived. Finally, we present a scheme of
preparation of the state |Gy, ) with linear optics and cross-Kerr nonlinearities.
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1. Introduction

Entanglement is an inherent consequence of multipartite
quantum systems and as a physical resource, quantum entan-
glement has many important applications in quantum compu-
tation and quantum information.!!! It is worth noting that a
fundamental question in the theory of entanglement is how to
characterize and quantify entanglement.!”™) In recent years,
the characterization for multipartite entangled states has been
considerably developed. The classification of a bipartite sys-
tem under local unitary operators can be carried out by sin-
gular value decomposition.!'! Under stochastic local opera-
tions and classical communication (SLOCC), a three-qubit en-
tangled pure state can be converted either to the GHZ-state
or to the W-state.[!%!!] In the case of a four-qubit entangled
pure state, it has been shown!!?! that there are nine classes
of states. Recently, for the pure multipartite entangled states,
Liu et al.'"3 proposed a method for local unitary classification
using the symmetry and tensor decomposition. For quantifi-
cation of the entanglement, as is well-known, one can take
the concurrence!'*! as a measure of bipartite entanglement. In
2000, Coffman et al.l">! proposed the three-tangle which is
a measure of genuine tripartite entanglement. Next the ex-

[16-18] and n-tangle!!'%2%) have been

pressions of four-tangle
derived.

Quantum theory allows correlations between spatially
separated systems, while local hidden variable (LHV) the-
ory gives an upper bound that quantifies the degree of non-

locality for a given inequality. A famous inequality as a
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way of verifying predictions of quantum mechanics versus
those of all possible LHV theories was first proposed by
Bell.?!l In 1969, Clauser et al.
tion inequality, the Clauser—Horne—Shimony—Holt (CHSH)
inequality,!??! which also provides a way of experimentally

testing LHV theory as an independent hypothesis separated
23,24]

derived another correla-

from the quantum formalism. It has been proved that!
for the standard projective measurements all pure entangled
states of two qubits violate the correlation CHSH inequal-
ity. In the case of three parties, Acin et al.'®®! considered
a Bell inequality and showed that all three-partite pure en-
For the N-qubit case, the best-
known inequality is the Mermin—Ardehali—Belinskii—Klyshko
(MABK) inequality,?-28] which is included in the Werner—
Wolf-Zukowski-Brukner (WWZB) inequality?°3°! as a spe-
cial case. It has been proved that quantum violation of this in-

tangled states violate it.

equality increases with the number of particles. Several Bell-
type inequalities have been established by using an algebraical
method,?'-33] and by finding out the stabilizer group of quan-
tum states. 333 By determining facets of the correction poly-
tope, Pitowsky e al.3®) and Wu et al.’7! obtained the new
Bell inequalities.

In this paper, we discuss mainly the nonlocality for sev-
In the Hilbert
space (C?)®*, a general four-qubit pure state may be written

eral canonical four-partite entangled states.

as

|.FABCD> =Y aiulijkl), i,j,k1=0,1, (1)
ikl
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where a;ji; are the complex coefficients with the basis vectors
lijkl), and A, B, C, and D are the locations of qubits, respec-
tively. In nine classes of four-qubit entangled pure states, ']
we here consider the generic family

d —d
|Guped) = “er (|0000>+|1111>)+“T(|0011>+\1100>)
+b42rc(|0101>+\1010>)
b—c
+255(0110) +[1001)), 2)

where the complex parameters a, b, ¢, and d satisfy the nor-
malization condition |a|? + |b|> + |c|* + |d|> = 1. For the
sake of simplicity throughout this paper we concern our-
selves only with the cases where all a, b, ¢, and d are
real. Obviously, the generic family contains four-qubit GHZ
state [GHZ) = (]0000) + |1111))/+/2, cluster state |cluster) =
(|0000) + |0011) 4 |1100) — |1111))/2, two-EPR-pair state
|G1o00) = (]0000) + |0011) + |1100) + |1111))/2, and the
maximally entangled state

1
|Gm) = 22

+10101) +[1010) 4 [0110) 4 |1001)).  (3)

(10000) + [1111) 4 |0011) + 1100}

We note that these states do not violate the previous four-

34331 with the specified experimental

qubit Bell inequalities!
settings. Next we introduce a Bell-type inequality that shows
different degrees of violation when evaluated for different en-
tangled states. In particular, the maximal violation is obtained
with the four-qubit maximally entangled state |G,). At last,
we present a scheme for preparing the state |G,) with linear

optics and cross-Kerr nonlinearities.

2. Quantum nonlocality of generic family
|Gabca)

2.1. Method
Firstly, we consider the four-qubit maximally entan-

gled state |Gp).
erators {S;,i = 1,...,16} satisfying the eigenvalue equations

Quantum mechanically, there are 16 op-

Si|Gm) = £|Gm), namely, 6o0(0)0), OxO;0xOx, Oy0y0y0y,

0;0;0;0;, 05050000, O0x000x00p, O00pO0xO0x0p, OxO00pO0(Oy,

000000y, 000000y, 0y0,0;0;, 0,0;0,0;, 0;0,0,0%,
0,0,0;0,, 0,0,0;0,, and 0,0,0,0,, where 0y is the identity
operator and o; (i = x,y,z) is Pauli operators. From the above

16 operators, we choose four operators and combine them as

0,0,0,0; — 0,0,0,0; — 0,0,0,0; — 0,0,0,0. 4)

|(B)Luv| = [(A1B1C1Dy —A1B2C2Dy — Ay BoCi1Dy — A2B1CoDy)|

= Y

ay,az.by,ba.c1,02,d1.dy

p(“l7a27b13b27cl7C27d17d2)alblcld2 -

Whereupon, we can derive the expectation value of the above
operator for the four-qubit maximally entangled state |Gp,),
that is,

(Gm|0o;0;0;0; — 0,0,0,0;

— 0,0,0,0, — 0,0,0,0;|Gpy) = 4. %)

Based on the assumption of local realism, where all four
qubits are locally but realistically correlated, we can intro-
duce a linear Bell-type inequality. Suppose that every observer
is allowed to choose between two dichotomic observables.
More precisely, there is an ensemble of four spatially sepa-
rated qubits and the measurements Ay =a;-6 orAy =ay- 6
are performed on qubit 1, By = b; -6 or By = b, - 6 are per-
formed on qubit 2, C; = ¢; - 6 or C; = ¢; - 6 are performed on
qubit 3, and Dy =d; - 6 or D, = d; - 6 are performed on qubit
4, where a1, as, by, by, c1, ¢, di, and d» are unit vectors, & is
Pauli operator. It is noteworthy that in terms of absolute local
realism each outcome X; (X =A,B,C,D and i = 1,2) can take
one of the values +1 or —1.

Define the Bell-type operator

B = A131C1D2 —A132C2D2
—A»B,C1Dy —AyB1CyDy. (6)

Clearly, under the experimental setting

ai=b=c=d =d,=(0,0,1),
a’2:b2262:(07170)7 (7)

the present Bell-type operator is equal to the expression (4).

2.2. Bell-type inequality

Suppose that p(aj,az,b1,b2,c1,c¢2,d1,d>) is the probabil-
ity that, before the measurements are performed, the system is
in a state, where A} = a1, Ay =ap, By = b1, B, =by,Cy =y,
Cy = c3, Dy =d,, and D, = dj. Let correlation function (53)
denote the average over many runs of the experiment. We then
have

|(B)Lav| = |

ay,az,by,byc1,c0,dy,dr

p(al’a25b17b27017027d17d2)

X (a1b161d2 — albzczdz — azbzcldl — azblczdl)‘
Y plai,az,by,bz,c1,¢2,d1,d>)2

ay,ap,by,by,cy.02,d),dy

=2 (8)

AN

In addition,

plai,ax,by,by,c1,c2,dy,dr)arbyrcady
ay,az,by,ba,c1,00,d1,dy
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- Yy plai,az,b1,b2,c1,¢2,d1,dr)azbrcrdy —

ay,ay.by,by,c1.02.d1,da

plai,az,by,by,cy,c2,dy,dr)azbicrd, |
ay,az,by,bacy,c2,d1,da

= |[(A1B1C1D2) — (A1B,CaDs) — (A2B>C1 D) — (A2B1CaDy )| 9

Combining inequality (8) and Eq. (9), we obtain Bell-type in-
equality
|(B)Luv| = [(A1B1C1D2) — (A1B2C2D7)

— (A2B2C1 D) — (A2B1C2Dy)| <2, (10)
which holds for LHV theories. It should be pointed out
that one can obtain the above Bell inequality by using Wu’s
method.37] As a matter of fact, LHV models can be associated
with correlation polytope, whose facets define Bell inequali-

ties. It is easy to prove that 3/2 = 1 is a facet of polytope for
a four-qubit system.

2.3. Quantum nonlocality of the generic family

We next study the quantum nonlocality of the generic
family |G pcq) using the above operator B in the special setting
stated by Eq. (7). It turns out that

(Gabea| B|Gapea)

Jla+d) +(a—dP 4 (b + (b))
+(b—c)(a+d)+ (b+c)(a—d)
+(a—d)(a+d)+ (b+c)(b—c)
+(+c)(a+d)+(b—c)la—d)

= 2(a+b)* (11)

Under the constraint condition, a*> + 5> < 1, we plot in Fig. 1
the quantum prediction (Gupeq|B|Gapeq) versus a and b. Ob-
viously, the numerical value of the violation of the inequality
depends on a and b.

<Gab(‘d|8‘ Ga,bcd)

—17"—1 a

Fig. 1. (color online) Plot of the quantum prediction (Gupeq|B|Gapea)
versus a and b with a® +b? < 1.

In particular, for the four-qubit maximally entangled state
|Gm), based on Eq. (5) one can conclude that this is indeed
a violation of the inequality (10) where the LHV bound is 2.
Under the optimal setting given above, the maximal violation
of the Bell-inequality reaches its maximum value of 4 for the
four-qubit maximally entangled state |Gy,). The inequality is
therefore, in a sense, optimal. This is also the reason why we
call |Gy ) the maximally entangled state.

\
3. Four-tangle versus nonlocality of the states

|Gaboo)

A remarkable feature of the present inequality is that there
exists a family of the four-qubit entangled states where all
states violate it. The family reads

|Gapoo) = g(\0000>+|1111>+|0011>+|1100>)

b
+5(10101) +[1010) + [0110) +[1001)), (12)

where a and b satisfy ab > 0 and a® 4 b*> = 1. Consider gen-

[17.18] which is regarded as a measure of

uine four-tangle 7(4 g,
four-qubit entanglement and constructed by means of a four-
qubit invariant of degree 8 expressed in terms of three-qubit

invariants, we have

)
= 4 = )&~ ) — (@~ ) (B~ )P
+(a2—b2)(d2—62)(02—d2)(b2—c2)}1/2|. (13)

Then, for the state |Gp0). four-tangle is (4 5) = 4a*b*. In the
light of the result in Eq. (11) we obtain a useful relationship
between four-partite entanglement (four-tangle) and nonlocal-
ity for the family of the four-qubit entangled states |Gyp00)

(Gaboo| B|Gaboo) = 2(1+ /T(48))- (14

Figure 2 shows the quantum nonlocality versus four-tangle for
states |Gapo0)- It has been shown that quantum violation varies
with four-tangle 74 3) and when 743y =1 (i.e.,a=b= 1/V/2)
the maximal violation is obtained.

4.0

3.6

3.2

2.8

<an00|6| Gab[10>

2.4

2.0

0 0.2 04 0.6 0.8 1.0
T(4,8)

Fig. 2. (color online) Numerical results of quantum nonlocality ver-
sus four-tangle for the family of the four-qubit entangled states |Ggp00),
which violate the present inequality.
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4. Preparation for the maximally entangled state
|Gim)

We now discuss a possible experimental realization of
the maximally entangled state |Gp,) with linear optics and
cross-Kerr nonlinearities.?®3° The setup for creating the de-
sired state is shown in Fig. 3. Initial state is fed by [(|H) +
IV))/v/2]%*, where the qubits are encoded with the polariza-
tion modes |H) = |0) and |V) = |1). In order to project the
input state into expected subspaces, we here introduce an aux-
iliary single-photon state |H)t as target photon to construct
four controlled-NOT gates. Note that there exists the scheme
for constructing near deterministic linear optical controlled-
NOT gate with linear optics and cross-Kerr nonlinearities. 33!
In the present scheme, therefore, we suggest that these optical
controlled-NOT gates can be realized by using several cross-
Kerr media as well as linear optics. Then, a bit-flip opera-
tion (|[H) = |V)) occurs on the auxiliary photon when any of
these four signal photons is horizontal polarization. At last,
one makes a single-photon detection on the auxiliary photon
in a basis {|H),|V)}. When detector Dy clicks, we obtain the
maximally entangled state |Gy,). While for Dy clicks, alter-
natively, one can also get the desired state by performing a
bit-flip operation on any one of the four photons.

PBS PBS
Y
PBS PBS
Y/
PBS PBS
e
PBS PBS
PBS

e X

BV o

Fig. 3. The schematic diagram of preparation of the maximally entan-
gled state |Gp). Each polarizing beam splitter (PBS) is used to transmit
|H) polarization photons and reflect |V') polarization photons. Four op-
tical controlled-NOT gates are realized by means of cross-Kerr nonlin-
earities.

5. Discussion

Finally, let us discuss several specific examples for the
candidates of four-qubit maximally entangled state using the
introduced Bell-type inequality. Under the specified experi-
mental setting, we calculate expectation values of operator B
for four-qubit GHZ state, cluster state, W state, two-EPR-pair
state,

1
= ——=(]0000) + |1111) —|0011) + |1100
2) = 5 75(10000) + [1111) ~[0011) + [100)

— |0101) +[1010) 4 |0110) + [1001)),

presented by Yeo and Chua, 4!

1 2r
[HS) = % {|0011> + |1100) +exp <13> (|0101) + |1010))

4
+exp<i37r> (10110 + |1001>)],
introduced by Higuchi and Sudbery,*!! and
1
@) = (0000} +|1101))

+——(|0011) +|0110) + |1011) — |1110)),

1
2V2
investigated by Brown er al.[*?! The result is that the in-
equality is not violated by these states except the W state,
[(W|B|W)| = 2.5. Hence, the present inequality can act as
a strong entanglement witness for the entangled state |Gy,).

6. Summary

In summary, we have introduced a four-qubit Bell-type
inequality with the method of the stabilizer group of quantum
states. Under the given experimental setting, the inequality
is maximally violated by the four-qubit maximally entangled
state |Gp,) which does not violate previous four-qubit Bell-
type inequality.’*33] We have studied the quantum nonlocal-
ity of the generic family |G,p.4) and several four-qubit states
using the inequality and shown that the inequality is also vio-
lated by the four-qubit W state and a family of four-qubit en-
tangled states |Ggp00). Also, we have derived a useful relation-
ship between four-partite entanglement and nonlocality for the
family of four-qubit entangled states |Gpo0). Therefore, the
results derived from the inequality indicate that it can act as a
strong entanglement witness for the family |G p00), especially
for |G ). Experimentally, we notice that the present inequal-
ity is easier to evaluate because it contains only four terms.
In addition, we have proposed a scheme of experimental re-
alization of the state |Gp,) with linear optics and cross-Kerr
nonlinearities. It is straightforward to show in principle that
the desired state can be prepared after a simple single-photon
detection and post-selection. Finally, it is worth noting that
the discovery of the entanglement-nonlocality relationship, as
well as the results reported in Refs. [43]-[46] will greatly fa-
cilitate the development of entanglement and their application

in quantum information processing. [47-5%!
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