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An implicit electrostatic particle-in-cell/Monte Carlo (PIC/MC) algorithm is developed for the magnetized discharging
device simulation. The inductive driving force can be considered. The direct implicit PIC algorithm (DIPIC) and energy
conservation scheme are applied together and the grid heating can be eliminated in most cases. A tensor-susceptibility
Poisson equation is constructed. Its discrete form is made up by a hybrid scheme in one-dimensional (1D) and two-
dimensional (2D) cylindrical systems. A semi-coarsening multigrid method is used to solve the discrete system. The
algorithm is applied to simulate the cylindrical magnetized target fusion (MTF) pre-ionization process and get qualitatively

correct results. The potential application of the algorithm is discussed briefly.
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1. Introduction

The magnetized discharging is a very common technol-
ogy in the plasma device. In a typical scheme, the magnetic
field can change the particle trajectory and confine the trans-
verse transport. Therefore, the magnetizing can often increase
the plasma densities and cause better performance of plasma
sources.["™ However, in a few cases of plasma sources with
stochastic heating, the magnetic field can reduce the heat-
ing rates and decrease the source performances. Therefore,
the magnetic field parameters and configurations must be de-
signed carefully.

The theoretical analysis of the magnetized discharging
must work with numerical simulations. In the cases with
low gas pressure, the most powerful simulating tool is the
particle-in-cell/Monte Carlo (PIC/MC) technique. =31 In typ-
ical cases, this tool can trace the dominant physics process in
the plasma and can be used to analyze the discharge mech-
anism. In the one-dimensional (1D) problems dominated by
stochastic heating, the PIC/MC simulating works very well.

The magnetized discharges in nature are two dimensional
(2D) or three-dimensional (3D) problems. Therefore, the sim-
ulating should be executed in two dimensions or three dimen-
sions. However, multi-dimensional PIC/MC simulating costs
plenty of computational resources. In fact, even 2D PIC/MC
simulating with industrial size discharging has to use parallel
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computers, because the PIC/MC simulating must satisfy the
constraints as!!#!

2
Ar< =,
wp

At < g,
C
Ax < EAp (1)

In many of the cases, these constraints cause small space
and time steps unpractically. As mentioned above, the plasma
density can be increased in the magnetized discharge so that
the simulation becomes more difficult. Some authors intro-
duced implicit PIC algorithms to overcome this problem. Most
of these implicit algorithms for magnetized plasma are based
on an electromagnetic field solver.!'>-!71 However, it is very
complex and difficult to apply these implicit electromagnetic
PIC algorithms in the typical discharging simulation. The first
problem is that the implicit PIC algorithms introduce (pseudo)
dielectric and susceptibility functions in Maxwell equations.
These functions cause failure of both the explicit finite differ-
ence time domain (FDTD) solver and the non-iterative ADI
solver. One must develop new PDE solvers or introduce some
reductions. The divergence equation (Gauss theorem of E and
B) cannot be neglected in implicit electromagnetic PIC mod-
els and it causes more complexities. In addition, in many of
these discharge problems, external circuit model and charge
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deposition effects should be modeled. The coupling of dis-
charge solver and circuit solver is also more complex in an
electromagnetic model than that in an electrostatic model be-
cause the electrostatic model is based on potential (voltage).
Moreover, the Monte Carlo procedure must be merged into
the algorithms to describe the collisions, which causes some
other complexities in electromagnetic PIC methods, as the in-
creasing noises introduced by MC. All these problems cause
the electromagnetic PIC/MC discharging simulating more dif-
ficulties than electrostatic cases. By now, the implicit elec-
tromagnetic PIC/MC simulating for the gas discharging prob-
lem is still an open problem. On the other hand, many cases
of direct-current or radio-frequency (DC/RF) discharges are
essentially electrostatic problems. In these cases, the electro-
magnetic wave affects the physics little. For example, the elec-
tromagnetic wave effects in a common 13.56 MHz RF-driven
capacity coupled plasma can be neglected and the electro-
static solver is enough.['81] Theoretically, magnetized capac-
ity coupled plasma (CCP),!'! magnetic-biased inductive cou-
pled plasma (ICP), "1 magnetron,’! and the pre-ionization of
magnetized target fusion (MTF)[?!] are of these cases and can
be considered as electrostatic plasmas plus driving fields. Be-
sides, we can expect that electrostatic implicit algorithms can
give a better simulating speed and convergency in these cases
because this algorithm can get rid of instabilities relative to
electromagnetic waves. So an electrostatic implicit particle-
in-cell/Monte Carlo simulating algorithm is useful for these
problems.

In this paper, we discuss an implicit and energy-
conservation electrostatic PIC/MC algorithm. In our previous
work, [??l we showed that the PIC/MC code merged with im-
plicit and energy-conservation algorithms could get rid of the
grid heating even if DX >> Ap. Then we generalized the com-
bined algorithm to magnetized plasmas. The generation in-
cludes developing the differential form and solver of the new
field equations, developing the two-body collision algorithms,
revising particle pushing codes for magnetized plasmas. The
parallelization of this algorithm and the particle rezoning tech-
nologies are also needed. An example of gas-inductive break-
down simulating is also shown briefly.

This paper is organized as follows. In Section 2, we de-
scribe the skeleton framework of this implicit PIC algorithm.
The dielectric potential equation and particle pushing formula
is generated. The parallelization is also discussed in this sec-
tion. In Section 3, the finite difference form of the field equa-
tion is discussed and the iteration solver of the linear system is
shown. In Section 4, miscellaneous parts of the algorithm as
Monte—Carlo coupling and inductive coupling driven forces
modeling are described. In the final section, we show basic
simulation results for the magnetized target fusion pre-ionize
(MTF-PI) stage and discuss some other potential applications

of the algorithm.

2. The algorithm framework

Our major algorithm framework is similar to Welch’s!?3!
except that our plasma is electrostatically-modeled. In the
non-relativistic condition, we can write the particle mover as

,Un+1/2 — vn71/2+At[0n+(U”71/2+Un+l/2)

x qB"(x,)/(2m)] + %ET”At, )

where a" = gE"/m and we introduce field Er to note the
non-potential field (i.e, induced electric field or ponderomo-

tive force).
N

. . — . .
By introducing a tensor T, this mover can be written to

'vn+1/2:<73">~5
where
> 1 lJrle Q1+ Q3 Q1023 — )
<T>:W Q- 1+Q7 QB+ | Q)

QB+ 2 H0-Q 1+03

with £2 = ¢BAr/2m and the vector S is the pushing vector.
The algorithm can be summarized by a standard DIPIC tem-
plate:

let a, = %(A”‘l +a" 1) and § =S| +$,:

1 -
S| = v"_1/2+§A"_1At+v"_1/2 ><.Q+1ET"At7
m
S, = %E”“(x"“)m/z. @)
Then

mn—H — wn+<f> . (Sl +S2)At — fén+1 +5mn+l’
where §x" ! = (T')- SyAt.
Considering the relation between charge density and
dipole moment

Y gidx;
— _V.P—_V.
op AV

=V.-Y p,éxs,

where Y, denotes summing over all of the particles species,
one can get

p}’l+1 — f)n+l —V-Pﬁﬁn+1 _Vv. (Zﬁ;’+16m?+l>'

Put the expression of dx into the Poisson equation, the
electric field at the next time step E"*! can be worked out by

V- [50(1+7?).V¢] =V. (g.v(i)) — _ptL
7 _ gspsAt*
i - [np L],

0N
After solving the Poisson equation, the acceleration a
and the 5x"*! can be figured out.

&)

n+1
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Finally, the algorithm can be written as follows:
(i) “First push” step. In this step, the particle will be

pushed to intermediate position and velocity:

1 .
S, :,vnfl/2_~_EAnflAt_"_gETnAt_’_,unfl/Z XQVL7
m
ﬁ"+1/2 _ < >'Sl,
jl’H»l = +Un+1/2At (6)

(i1) “Field solver” step. In this step, the charge density
will be accumulated by a 2-order weighting scheme and the

susceptibility tensor X is generated:
qusz Xy~ %p). (7

Then the Poisson equation (5) will be solved.
(iii) “Final push” step. In this step, the electric field will
be interpolated by 1-order scheme:

) =Y ESi(x
8

p—Xg+1/2), (®)
where x, 1/, = %{xg +Xgt1}.

The present PIC algorithms need the 2-order weighting
plus 1-order interpolation scheme (2-1) to get rid of the grid
heating. If the normal 1-1 scheme is applied instead, the grid
heating will take place while DX > Ap and d¢ is small. In pure
PIC simulation, one can let d¢ increase following DX to damp
the grid heating. However, in PIC/MC code for discharge sim-
ulation, the increased damping causes too large an error and
cannot be applied in many cases. The detail of the error is
discussed in Ref. [22].

Then the second part of the particle mover will be exe-
cuted:

an+1 — ﬁEn+1(fn+1)
i

m
S, = QE"+l (At )2,

5~n+1/2 < >'52a

,vn+1/2 — ,l~)n+l/2_’_5,an+l/2’

a:n-H _ .,in-&-l Jrs,ﬁn-&-l/ZAt7

- 6 0
Anzgan+l+(1 2)C_ln717
0 0
a" = (1 — Z)a”+1 + 2a”71. 9)

(iv) “MCC step”. In this step, the Monte Carlo collisions
are executed.

The particle movers and the MCC step can be parallelized
easily. In our current version, the parallelized code is formed
by a broadcast/reduce scheme.>* That is, all of the processes
share the field information and every process works on some
particles. After the pushing step, every process weights its

own particles and broadcast/reduce the p data of each other.

Then the Poisson equation is solved serially and the solution
is broadcast in the whole processes set. Finally, the final push
and MCC step will be executed by processes on each of the
owned particles. Anyway, the revising to put code to domain
decomposition mode will not affect the movers and MCC pro-
cedures.

3. The field solver

In the magnetized implicit electrostatic particle-in-cell al-
gorithms, the Poisson equation (5) must be solved at every
step. As the above description, the pushing step and MCC
step are the same as the standard PIC scheme in essence. Then
the only difference appears in the Poisson equation, discrete
and solving.

3.1. The discrete form

Equation (5) can be discreted with the finite volume
method. The integral form of the equation is

7{{8 -E}-ndS= /psz

s_11+x (10)

u

In a 1D uniform grid, the discrete form is very simple.>>! In
this paper, we discuss the 2D r—z cylindrical system with Ey =
Dy =0 and By = 0. This is the most common case in discharg-

ing device simulation. Introduce the D = 1 - E and set the
grid to r = {0,Ar,2Ar, ..., jAr,...}, z={0,Az,...,iAz,...},
then the discrete form can be worked out on a ring with

Ti1/2 <T <Fjy1/2,Zi-1/2 <Z<Zjt1/2"

=27 12D gy + 27001 pAD oy
—27rrjArDir_1/2’j +277:rjAer+1/21j =27rjArAzp; ;.

In this equation, the half-point value of the electric field and
dielectric tensor must be made up. The half-point dielectric
tensor can be made up by a simple arithmetic average. The
half-point electric field needs to be calculated in two forms.
First of all, the standard half integer point discrete scheme of
potential gives out

ET ‘7’1,1 i, Jtl
Lj+1/2 = Ar ’

E? ‘7’1,1 ‘PIHJ
i+1/2,j = Az

Secondly, the E” in z direction half integer points and the E< in
r direction half integer points can be interpolated by the central
difference of potential:

1

12, = 2(Er +E )
_ 11 =9ijm +¢i+1ﬁj71_¢i+l,j+l
2 2Ar 2Ar ’
1
Efjip = 5B+ E )
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_ 1 ¢i—1,j_¢i+1,j+¢i—1,j+1_¢i+l,j+1
2 2A7 2Az '

Put all the ansatz together, we can get a nine-point differ-
ential scheme:

Si Qi1 -1+ ai jOi—1j b 01 jr1 +di ji i1
+bij¢ij+eij@ijr1+ pijQir1j-1
+¢ijOit1,j + i jPit1,j41 = —Pijs (11)

where s; ; to g; ; are nine coefficients and must be calculated
at each step.

We should point out when the magnetic field is not very
strong, one can apply five-term approximation as Welch’s.[!3]
In this approximation, we can neglect the coefficients s, ¢, p,
and g (anyway, the B field is still considered fully in the parti-
cle pusher). Then equation (11) can be solved by some conve-
nient method.?®! The accuracy of this approximation should
be checked carefully.

In the Descartes system or the 3D cases, the discrete can

be done with similar steps.

3.2. The linear solver

Equation (11) is a linear equation system. In order to
make effective and practical simulation for a real discharging
system, the solver must have good efficiencies. In addition,
the field solver is the major difficulty of parallelization. In the
1D case, the problem is a tridiagonal system and can be solved
by a traditional TDMA.

XXX XXX XX
000000
_eeee000 XXX XX
8 000000
C 000000 ™ 000000
g ooooooseml—coarsenmg
“ eo00000 eooo0o0e
N oooooo
XXXXX XXX XX

R direction

Fig. 1. The concept of semi-coarsening.

In the 2D case, the semi-coarsening multigrid method in
Ref. [26] is generalized to solve the equations. This method
can work robustly in both Descartes and cylindrical coordinate
systems, even in the cases of L, < L, or L, < L;. Its major
concepts can be understood by Fig. 1: Equation (11) can be
written as Au = f, where the coefficient matrix A is the matrix

formed by the coefficients in Eq. (11) and determined by x.
Then the initial step of semi-coarsening multigrid solver is

init step :
Xt =2
A =A(rh),

=1L,
do while [>1,
i = 0; ! :Illflxl;Alfl = A(x"),
I=1-1,
enddo.

Here the project operator Ill ~lis read as
I =[1/41/21/4".

At the solver initialization, the } in every tier is calculated and
the coefficients are made out with ) in every tier. Then the
matrix A is assembled in all tiers. After the initialization, a
MG(0,1) cycle is executed to solve the linear system:

solving step :
until converge
=1
do [=L-1,2,
=07 A,

enddo
solve Alu' = f1,
do [=2)L,

ul = ul +Ill_lulil:
linesmooth (i, f1),
enddo,

loop.

In this algorithm, linesmooth(u/, f*) is the line smooth proce-
dure. It means that the equation AX = b is

@i j9i-1,j+bij@ij+CijQiv1j+dijij-1+eijfij1
8001 jo1 i j @i — 1, j+ 1+ pi i1 j—1
41,041,541 = I fi .

Then the line smooth worked in r direction: for every i, solv-
ing the tridiagonal system

di,j-1 975" + bi 1975+ i o197
= W fijo1 = (aijo102  +eijo1 909 1 5010090
100 P 108 52 411984 )
di jOi5" +bi 05" + e it
= hzfi,j - (ai,jqbi(ﬂ(ij tcij ﬁH’j * Sisj lgﬂ(}’jil
—|—ti,j¢io—ki,j+1 +Pi»/’¢ﬂ%=/—1 +qi’j¢i%l(jl’j+l)
dij1 007"+ bir1 055+ €1 0155
= W fijir = (@i 1009 oy + 02 a1 +si 1929

old old old
F1 102 o+ PijO2 Qi 1985 j42)
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the i-th line smoothing is to solve the above equation set with
i. The whole linesmooth procedure in one tier is to execute all
of the N lines smoothing by the red-black order in this tier.

When x is smooth and not very large, the solver con-
verges after about 10-30 iterations and works well for all grid
sizes. If the x becomes very large (say, max () > 1000), the
solver could break down. Thus we use the solver only in the
case of wpAr < 20. We must claim that the solver can break
down also while 2 becomes too large. Anyway, this problem
will not occur in our all discharging simulations.

In the current version, this SMG solver is realized as a
serial code, so that every computing node must broadcast and
reduce the field information. Anyway, following the idea of
pipeline algorithms in Ref. [24], this solver can be parallelized.
This work is tedious but straightforward: i) split the simulat-
ing region to a series of bands: 0 <r < ri,ri <r<r,...
and dispatch every band to nodes; ii) semi-coarsening the ma-
trix in the z direction for each node synchronously; iii) run the
linesmooth procedure. Because the procedure is a series of tri-
diagonal system solving, it can be worked out by the pipeline
parallel algorithm. We will use this algorithm for large device
simulation or 3D simulation.

4. MCC, particle rezone, and some other tricks

The MCC step is similar to our previous work.?”! In com-
mon cases, the electron versus background gas collision can
be modeled by null collision methods. We use the MCC sub-
routine as previous works except that the particle recombine
collisions. Because we do not use the particle sorting and the
particle grouped by cell, the recombine procedure must be pro-
cessed by some trick.

In the current version, the N-body (N > 1) collision is
executed by cell probability accumulating. For example, the
electron—ion recombinations are processed with the following
steps: a) calculate the collision probability for all cells (i, )
and get the recombinated charge g.(i, j) in one step. b) All
of the electrons execute a Monte Carlo recombination with a
recombining charge data copy of g.. = g.. If one electron in
the (i, j) cell with charge ge < gce (i, j) are recombined, we can
set Gee (£, 7) = qee (i, j) — ge- If the recombined electron charge
de > qee(i, J), We s€t ge = e — qee(i, j) and gee(i, j) = 0. The
electron macro-particle, which is recombined, is deleted from
the particle lists and the neutral particle density in this cell
is increased by the combined charge data. The running on
particles is executed by a wheel-rolling order: the traversing
of the particle running from k to N and then 1 to k, where
k =rand(N) and N is the electron macro-particle numbers. c)
All of the ions execute the recombination procedure with data
copy ¢ci = q. except the gas density increasing. The ionized
exhausting of the gas is considered in a similar way.

Besides the N-body collision, the particle self-rezoning
is considered. The three to two combinations and trivial split-
ting of macro-particles by Lapenta!?3! are applied in our codes.
There are two reasons to apply rezoning procedures. The
first case is in the breakdown avalanche process, for example,
which takes place in the pulsed ICP, where the electron charges
increase 6—8 orders and the combination procedure is applied
to overcome the memory exhaust. The second case is in axi-
symmetric simulating, the rezoning procedures are applied to
control the noise. In the second case, when a macro-particle
runs close to the axis, it can be split to several smaller macro-
particles to decrease the stochastic noise. The split will cause
the macro-particle numbers to increase continually, therefore
we will combine very small macro-particles to control the par-
ticle number after some steps. We find the energy—momentum
conservation is important in the rezoning, thus the three to two
combination is applied.

Finally, the driving field ET should be calculated inde-
pendently. In typical problems, the driving fields are induc-
tive electric fields. If the plasma density is very low, we can
ignore the plasma self-generated current. Then the inductive
electric field can be solved by the applied external magnetic
field. On the problems as ICP, the plasma skin effect must
be considered. We solved these problems as Takekida did:[>°!
firstly, the inductive field and the plasma transverse in two di-
mensions can be written as harmonic form ET = E® exp{iwt},
jT = j%exp{imt} and the inductive field equation is

2
w
V2E® + ?E" = iou(j® + I, (12)

where o is the RF driving frequency and J**' is the current
density amplitude of the external coil. The plasma current den-
sity j® is the average in one RF period:

1
7= =Yg
Ve 7

i

Then equation (12) needs to be solved once per RF cycle.

5. Application and discussion

We have used this algorithm to simulate the MTF pre-
ionize procedure. In this device, a power inductive RF pulse
applied on a cylinder gas tube with an external axis-direction
magnetic field (biasing field) existing. In the pre-ionize stage,
the plasma self-generated magnetic field can be ignored, then
the electrostatic field plus the driving field model can be ap-
plied. The detailed discussion and the physical problem will
be shown in another paper. Here we only describe the running
features. The discharging cube is a cylinder column with gas
filled. The driving field is an inductive field from a solenoid
coil with sinusoidal current. The biasing field is a uniform
axis-direction static magnetic field. At the beginning of the
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simulation, a seed plasma with density about 10'4/m? is put
in the cube. When the driving field is applied, the discharge
occurs.

The simulation is executed with grid spacing DX ~
0.1 mm and 4-8 CPU processes. Under our parameters, the

2.5

t="70 ns I 0
2.0+ 6.700x1014
I 1.340x10'5
1.5+ 2.010x10%®

R/cm

I 2.680x101°
3.350x101
4.020x10"5

4.690x10%°
5.360x10%°

2.5
+=170 ns |0

2.0 1.900x10'7
|3.800><1017
= 197 5.700x1017
L 7.600X1017
% 10 |9.500><1o17
1.140x10'8
1.520X1018

0 ' ' ' ' |

0 1 2 3 4 5

Z/cm

breakdown takes place in dozens of nanoseconds. All the sim-
ulation worked on about 4 ums with several days. After about
100 ns, a torus profile plasma is built up and the maximum
plasma densities become larger than 10'°/m>. The typical dis-
charge profiles are shown in Fig. 2.

2.5
t =120 ns IO
2.0+ 2.925x101°
I5.850X1015
c 1.5+ 8.775%x101%
S 1.170X1016
a 1.0 I1.463><1016
1.755x1016
I2.O48><1016
2.340x1016
0 T T T T
0 1 2 3 4 5
Z/cm
2.5
t =220 ns IO
2.01 2.075x10%
I4.150X1019
1.51 6.225x1019
§ 8.300x1019
& 1.0+ |1.038><1020
1.245X1020
051 @ I1.153><1020
1.660x1020
0 T T T T {
0 1 2 3 4 5
Z/cm

Fig. 2. (color online) A typical discharging profile evolution of the MTF pre-ionize stage, here bias magnetic field B = 0.2 T, Ar
gas pressure = 20 mTorr (1 Torr=1.33322x10% Pa) and the driving field ET = Ej x r/Ro by Ry = 2.5 cm and Ey = 50 kV/m. After
breakdown in the initial stage, the plasma ring runs closer to the axis.

When the discharge continues, the plasma generating ex-
hausts the background gas and the plasma densities become
the theoretical limit by gas densities. Before the gas is ex-
hausted, the plasma electron temperature keeps in a low value
(less than 10 eV). After the gas is exhausted, the electron and
ion temperature increase rapidly. The biasing field and the gas
pressure will modify the breakdown time and the plasma final
parameters. In our cases, the quality behaviors of the discharg-
ing are all the same. In these parameters, the grid spacing is
much larger than the Debye length but the simulating seems to
be robust. We find the simulating results agree with the pre-
vious experiments?! qualitatively well. We should point out
that the five-term approximation gives out very close results
with nine-term equation (11) in most of our cases.

In addition, we are running the magnetized CCP simula-

tion with the present algorithm. It seems that the algorithm can

be used to estimate the effects of magnetic field on CCP dis-
charging. In our future study, we will apply the code on more
problems, such as magnetized CCP, magnetized ICP, and oth-
ers.
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