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We theoretically study the system of a superconducting transmission line resonator coupled to two interacting super-
conducting flux qubits. It is shown that under certain conditions the resonator mode can be tuned to two-photon resonance
between the ground state and the highest excited state while the middle excited states are far-off resonance. Furthermore, we
study the steady-state properties of the flux qubits and resonator, such as the photon statistics, the spectrum and squeezing
of the resonator, and demonstrate that two-photon laser can be implemented with current experimental technology.
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1. Introduction

Two-photon laser, which is on the basis of the stimu-
lated emission processes of photon pairs, has drawn contin-

ued attention since the original concept in the 1960s!'! and

has found significant applications in quantum information!®7!

and quantum telecommunication.!® Experimentally, two-
photon laser has been realized in the atomic system.[’]

Further theoretical works discuss the possibilities of two-

r’[10—14]

photon laser in the semiconducto and two-photon

emission in semiconductor systems has been experimentally

demonstrated. 12201

In the past decades, superconducting qubits acting as ar-
tificial two-level atoms have been used to investigate many
basic quantum effects such as Rabi oscillations and Ram-

21-231 Two coupled qubits can be considered as a

e [24,25]

sey fringes.!
multi-level atom, the coupling of qubits is controllabl
and the spectroscopy measurements on two coupled flux

26271 Moreover, a new field called

qubits has been performed.|
circuit quantum electrodynamics (QED) has been opened up
by coupling superconducting qubits to electromagnetic res-
onators. It is analogue of ‘cavity QED’ with superconduct-
ing qubits behaving as atoms and an electromagnetic resonator
replacing the cavity. In comparison with cavity QED, cir-
cuit QED offers the controllability inherent to solid-state cir-
cuits and strong coupling between the qubits and the resonator
modes. So far, the resonators have been applied in quantum in-
formation processing such as to prepare and read out the qubit

[28-32] 33-37]

state or to perform single- and two-qubit gates.!

Recently, several experiments have been performed to re-

DOI: 10.1088/1674-1056/24/6/064207

alize single photon laser.’®*1 In particular, the single pho-
ton lasing action was demonstrated based on a single charge
qubit coupled capacitively to a microstripline resonator, 8!
and the population inversion was realized incoherently by
single-electron tunneling events. In Ref. [39], a driven flux
qubit was also used to realize single photon lasing by coupling
to a low-frequency LC resonator.

In this paper, we demonstrate a two-photon lasing scheme
by coupling two superconducting flux qubits to a supercon-
ducting transmission line resonator. It is shown that due to
the interaction of the two qubits, the resonator mode can
be tuned to two-photon resonance between the ground state
and the highest state while the middle states are far-off reso-
nance. Moreover, we consider the dissipation and the incoher-
ent pumping, study the steady-state properties of the system,
such as the photon statistics, the spectrum, and squeezing of
the resonator, and demonstrate that such a system may be ap-
propriate for two-photon lasing.

The paper is organized as follows. In Section 2, we in-
troduce the model of a resonator coupled to two interacting
flux qubits. In Section 3, an effective Hamiltonian is given for
two-photon resonant interaction. We also consider the coher-
ent dynamics for illuminating how to enhance the two-photon
processes. In Section 4, we consider the incoherent pump-
ing and the dissipation, and study the steady-state properties
of the system, such as the photon statistics, the spectrum, and
squeezing of the resonator. Finally, a conclusion is given in

Section 5.
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2. Model

The system we study is a single mode quantum resonator
coupled to two qubits (see Fig. 1(a)). Although our analy-
sis bears a general character, superconducting flux qubits/4"]
are considered for concreteness. We describe the two flux
qubits at first. Suppose the two superconducting rings with
three Josephson junctions are respectively controlled by con-
stant magnetic fluxes @; (i = 1,2) and the coupling between
the two qubits is determined by an Ising-type (inductive cou-
pling) term (J/ Z)Gz(l)dz(z), where J is the coupling energy be-
tween the qubits. Since each of the two qubits can be regarded

as a two-level system, the Hamiltonian hence reads

R
Ho= Y <_2Ai0)£)—2£icz())+2Gz(l)6z(2)7 ()
=12

where 4; is the tunnelling amplitude, and & = ZII(,i) @y fi is the
energy bias with Ilgl) being the absolute value of the persistent
current in the i-th qubit, @y = h/2e being the flux quantum

and f; = &;/Py—1/2.

1T

1My NT)

)

(b)
Fig. 1. (color online) (a) Schematic diagram for a coupled system of
two flux qubits and a transmission line resonator. The two qubits are
coupled inductively. (b) The level diagram for the two qubits. The red
double arrows show the couplings with the resonator, and the dark blue
double arrow shows the coupling between the two qubits.

Then we consider the coupling of the two flux qubits to
the one-dimensional transmission line resonator, although it
supports various modes, we consider one mode only, so the
Hamiltonian is

H=Hy+aoda+ Y g [ )(a+a)} @)
i=1,2

where we set i = 1, @y, is the frequency of the resonator, a and
a are the photon creation and annihilation operators respec-
tively, and g; is the coupling strength between the i-th qubit
and the resonator. We bias the superconducting rings at the
flux degeneracy point (f; = 0) and suppose the two qubits are
identical, Ay = Ay =A, g1 =g

the eigenbasis of each qubit and a rotating wave approxima-

= g. After transformations to

tion, the Hamiltonian reduces to

= X dast (o6 4o

+a)aa ‘at+g Z ( aJrG()ak) 3)

i=12
The Pauli matrices act on the single-qubit eigenstates
61" 11:) =~ 8 11) = 1.6 1k) = 1), 67 = ).
In the following for giving the concrete results, we will use
some parameters of Ref. [41]: A, /2w = Ay /27 = 15.8 GHz,
J/2m = 3.8 GHz. The level diagram for the coupled qubits is
shown in Fig. 1(b).

Since the dynamics of the system is strongly affected by
the incoherent processes which contain the dissipation and the
incoherent pumping, we now consider them using the density
matrix approach. The master equation for the reduced density
matrix of the qubits and the resonator reads

, i
p=—-H,p]+Lop+Lrp, “)

where we have used the Liouville operators Lg and L to de-
scribe the qubits’ and resonator’s incoherent processes. As
far as the qubits are concerned, we consider only spontaneous
emission, which is justified as long as the temperature is lower
than the qubits’ energy splitting, and ignore the pure dephasing
which is weak at the degenerate point.[*?! Hence the Liouville
operators are shown by Lindblad forms as follows:

Lrp = (2apa —d'ap —pa'a), ®)
and
Lop = g(%@p&f)—p@@@— 56"p)

i=1,2
+ ¥ Bealps! —pallsl ~6"slp). ©)
=12
where K is the strength of the resonator damping, 7; is the re-
laxation rate of each qubit and p; characterizes the incoherent
pumping strength. In what follows we assume that the two
identical qubits suffer the same relaxation rate and pumping
=N=Yr
the loss of the resonator and equation (6) contains the qubits

rate, that is y; = p» = p. Equation (5) represents
dissipation and the pumping processes. Here the qubits sys-
tem is continuously pumped by an incoherent process, and the
population inversion can be realized due to the competition
between coherent coupling, incoherent pumping, and dissipa-
tion, which we will show later.
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3. Effective Hamiltonian and the coherent pro-

cesses

For the sake of showing the two-photon processes intu-
itively and analyzing the significance of the parameters for
two-photon processes exceeding one-photon processes, we
will derive the effective Hamiltonian using some approxima-
tions and then concentrate on the coherent dynamics of the
qubits coupled with the resonator, discarding any kind of dis-
sipation temporarily. Firstly we represent the Hamiltonian (3)
using the single qubit eigenstates

H = oata+APD) (I ~ALL) (L |

FZAN L)
gl T (0L 1) (1
+tH L Da+Hel, (M

where the state vectors for the two-qubit system

{3 1, 140, |11) 1 are composed from the single-qubit
states: |}J) = |}1)[42), etc. By introducing the following

states |+) = (|41 +11))/v2 and |=) = (|11) = [11)/V2

we arrive at

H' = ogaa+ AT (I 1-AWYCL [+ ) (H =)

+V28[([ ) (M+ ) (+)a” +Hee]. @®)
It shows that the state |—) has no coupling with the resonator.
By applying the Schrieffer—Wolff transformation!**! and the
effective Hamiltonian theory!**! we obtain a Hamiltonian for
the reduced Hilbert space of the qubits states {|JJ.), |11)} and
for the resonator-mode states at two-photon resonance be-
tween ground state |}J) and the highest excited state |11)
(6=24-2w,=0)

2
Hor = — 5 [11) (11|

2
- ‘%(m (W faa+[L)(tt |a"a"). )
The last term exhibits the two-photon processes, and the effec-
tive Hamiltonian (9) is obtained by assuming J >> g, which can
be easily satisfied in experiment. At the same time, the cou-
pling constant g between the qubits and the resonator should
not be too small for guaranteeing that the two-photon pro-
cesses are not so weak. Therefore, in the following we will

adopt the parameter g/2m = 0.1 GHz.
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Fig. 2. (color online) Populations of the qubits states P vary as time by setting the incoherent terms to zero, initially in state [44,2). In panels
(a)—(c) the coupling constant J = 3.8 (2w GHz) and the two-photon detuning (a) 6 =0, (b) § = 0.14, (c) 6 = J. In panels (d)—(e) the coupling
constant J = 0 and the two-photon detuning (d) 8 =0, () 6 = 0.1A. The curves correspond to Py (blue solid lines), Py+P (red dotted
lines), and Py (green dashed lines). The other parameters are A; = Ay = 15.8, g = 0.1 (all in units of 27z GHz) in all the five plots.
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In Fig. 2 we show the populations of the qubits states as a
function of the time numerically to illuminate the importance
of coupling constant J between two superconducting qubits
for distinguishing the two-photon processes from one-photon
processes. We plot the curves by solving numerically Eq. (4),
setting the incoherent terms to zero and assuming that the sys-
tem is initially in state ||J,2) which indicates that the qubits
are in the ground state and there are two photons in the res-
onator. The upper row corresponds to J = 3.8 while the bot-
tom row J = 0. In Fig. 2(a) the superconducting transmission
line resonator is two-photon resonant with the ground state
|44} and the highest state |11) transition, and it shows the co-
herent two-photon exchanges between |||,n) and [11,n—2)
with considerable amplitude. When the resonator frequency
@, is far-off resonance from any transition, the population of
the initial state is almost unit at all times as shown in Fig. 2(b)
and Fig. 2(e). In Fig. 2(c) the resonator frequency is resonant
with the transition frequency between |[11) and |+), and we
observe the single-photon Rabi oscillations. When J equals
zero, one-photon resonance and two-photon resonance happen
at the same time as shown in Fig. 2(d), and both of them are
quite strong.

4. Steady state of two-photon lasing and some
properties

In the previous section, we discussed the two-photon res-
onance in absence of pumping and dissipation, but they play a
significant role in the dynamics of the system, so the incoher-
ent processes including the decay of the system and the pump-
ing by continuously external incoherent field will be added in
this section. We study the steady state populations, the photon
statistics, the spectrum of the resonator output, and the squeeze
property by solving the master equation (4) numerically.

4.1. The population inversion of the steady state

The steady state means that the density matrix of the sys-
tem does not vary with time, in other words, the master equa-
tion (4) equals zero. We solve the equation by reasonably
cutting down the number of photons in the resonator. The
population of the state |j) (j =]{,+,—, 11 ) is denoted by
P; = (jlplj), and it is certified that P,y = P_.
significantly decided by the competition between the strong

They are

coherent coupling to the resonator mode and the incoherent
processes.

We show the steady-state populations as a function of
the two-photon detuning & in Fig. 3, where § = £3.8 cor-
respond to one-photon resonances and 6 = 0 corresponds to
two-photon resonances. The pumping rate is increasing from
panel (a) to panel (d), and we can obviously distinguish the
two-photon processes from the one-photon processes. At
0 ~ 3.8, where the [1) <> |+) transition arrives resonantly,

the ground state |J.)) remains almost empty while the middle
state |+) occupation increases obviously due to the depletion
of the upper state population. However, at 6 ~ —3.8 when the
|[+) <> |JJ) transition arrives resonantly, the populations of the
states suffer few changes, indicating that photon emission be-
tween these two states is weak. In addition, at two-photon res-
onance (8 = 0) we observe a prominent increase of the ground
state population while very small increase of the middle state
population, that is to say, the dominating processes are emis-
sion of photons in pairs from upper level [11) to the ground
state |/). Increasing the pumping rate, the two-photon pro-
cesses enhance and the interval of & broadens.
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Fig. 3. (color online) The steady-state populations of the qubits states
vary as the two-photon resonance detuning 8 for k¥ = 0.08g, ¥y = 0.05g,
J =3.8 (2n GHz) and pumping rate (a) p = 0.2g, (b) p = 0.5g, (c)
p =0.8g, (d) p=1.2g. The curves correspond to the populations of
state [11) (green dashed lines), |+) (red dot—dashed lines), and ||])
(blue solid lines) respectively.

4.2. Photon statistics of the resonator

All above we discussed the coupled qubits’ properties
and found that two-photon emission can be realized by choos-
ing appropriate parameters. Now we analyze the resonator’s
properties. We bring in three typical variables to describe the
resonator field: (i) the mean number of the photons (n), (ii)
the Fano factor, which describes the fluctuations of the photon
number, and it is defined as!*3)

) (10)

where n = a'a is the photon-number operator, and (iii) the
second-order correlation function at zero delay, which relates
to the intensity, can distinguish the nature of the light and
quantify the probability of two-photon coincidence detection,

and it is defined as!*0)

g (0) = ———. (1)
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In Fig. 4, by fixing the decay of the qubits and the res-
onator we display the average photon number, the Fano factor,
and the second-order correlation function at zero delay as a
function of & for different values of the pumping rate. There
are three peaks of the average photon number, the middle one
at two-photon resonance and the other two at one-photon res-
onances. Generally speaking, the maximum at the two-photon
resonance is higher than the one-photon resonances and the
right one-photon resonance which corresponds to the transi-
tion [11) <> |4) is higher than the left one which corresponds
to the transition |+) <> |JJ). This behavior is reinforced as the
pumping rate is increased. Moreover, the peak at two-photon
resonance is narrower than the peak at one-photon resonance
as a rule, and it broadens a little with increasing pumping rate.
On the other hand, the photon number fluctuations decrease
at one-photon and two-photon resonances as the pumping rate
increases. At the higher one-photon resonance, F and g(z) (0)
are close to unity for large pumping rate while they are still
away from unity at two-photon resonance, so there exist large
fluctuations in the photon number at two-photon resonance. In
the end, both F and g!?)(0) are more than one for all the pa-
rameters we consider, and when no resonance happens, g(z) (0)
approximates equally to 2 which exhibits a thermal field.

10} (a) ! 1
K
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6/2m GHz

Fig. 4. (color online) Photon statistics properties of the resonator: (a)
Average photon number (1), (b) Fano factor F, and (c) g (0) as a
function of the two-photon detuning §. The parameters are k¥ = 0.08g,
Y=0.05g,J =3.8 (2r GHz) and p = 0.2g (blue solid lines), p = 0.5g
(red dotted lines), p = 0.8g (dark dot-dashed lines), p = 1.2g (green
dashed lines). The horizontal dashed lines in panel (c) indicate the val-
ues g2 (0) = 1 (Poisson distribution) and g(® (0) = 2 (thermal distribu-
tion).

As is shown in Fig. 5, we research the influence of the
qubits’ decay rate on the properties of the resonator field. We
see that when the decay rate Y is increased, the photon number
at main one-photon resonance (the right peak) and two-photon
resonance decreases (while the photon number of the left one-
photon resonance corresponding to the transition |+) <> |].])

increases), and meanwhile the photon-number fluctuations in-
crease (while the photon number fluctuations of the left one-
photon resonance decrease). Both F and g(?) (0) are more than
one for the parameters we consider.

| (a)

g (0)

6/2m GHz

Fig. 5. (color online) Photon statistics properties of the resonator: (a)
Average photon number (n), (b) Fano factor F, and (c) g? (0) as a
function of the two-photon detuning 6. The parameters are the same
as in Fig. 4 except for a fixed pumping rate p = 0.5¢ and for differ-
ent values of the qubit dissipative rate: ¥ = 0.05g (green dashed lines),
Y = 0.1g (dark dot—dashed lines), Y = 0.2g (red dotted lines), ¥ = 0.3g
(blue solid lines). The horizontal dashed line in panel (c) indicates the
value g (0) = 2 (thermal distribution).

20 T T

0 0.05 0.10 0.15
p/2m GHz

Fig. 6. (color online) (a) Average photon number, (b) Fano factor F,
and (c) g?(0) as a function of the pumping rate p for § = 0,y =
0.05¢,J = 3.8 (2 GHz), and different values of the resonator de-
cay rate: kK = 0.12g (blue solid lines), k¥ = 0.08g (red dotted lines),
Kk = 0.05g (dark dot—dashed lines), and k¥ = 0.02g (green dashed lines).
The horizontal dashed lines in panels (b) and (c) indicate the value
F =1, g@(0) = 1 (Poisson distribution), and g® (0) = 2 (thermal dis-
tribution).

To know the influence of the leaks out of the resonator,
we study the steady-state properties as a function of the pump-
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ing rate for different resonator decay rate at two-photon res-
onance (6 = 0) in Fig. 6. We conclude that the number of
photons inside the resonator increases with the pumping rate
increasing and the resonator loss rate reducing. Moreover, it
is shown that the Fano factor and the second-order correla-
tion tend to be less than one at k = 0.02g and x = 0.05g with
the pumping rate increasing while they are always more than
one (super-Poissonian field) for all parameters here considered
at k = 0.08g (typical parameter in experiment3°), and the
values of the Fano factor F > 1 are expected in two-photon

laser. [47:48]

4.3. Spectrum of the resonator

At present, we study the steady-state spectral proper-
ties of the resonator output. Given a correlation function
(a’(7)a(0)) at steady state, we can define the power spectrum

S() = [t (@a)e %, (12)

where (-) = Tr(-pss), Pss is the steady-state density matrix of
the superconducting qubits and resonator. We obtain the spec-
trum by using the quantum regression theorem!**~% and the
Quantum Toolbox in Python! for various pumping rates at
two-photon resonance 0 = 0 as shown in Fig. 7.

. S

,
PR - S

0
—0.03 —0.01 0.01 0.03

(w—wg) /27 GHz

Fig. 7. (color online) (a) The common logarithm of spectrum of the
resonator output field intensity, (b) the spectrum of the resonator out-
put field intensity in the vicinity of @ — @, = 0. The parameters are
Kk =0.08¢,7=0.05¢,6 =0,J =3.8 (2r GHz) and p = 0.2¢g (blue solid
lines), p = 0.5g (dark dot—dashed lines), p = 0.8g (red dashed lines).

We give the common logarithm of the spectrum for vari-
ous pumping rates in Fig. 7(a). It displays three main peaks,
that is, the middle one at the resonator frequency @ = @,, the
left one at the [1) <> |+) transition frequency, and the right

one at the |+) <> ||} ) transition frequency. It shows that the
peak at = @, is dominant and it is almost five orders of
magnitude larger than the other two peaks. As the pumping
rate increases, the centers of the peaks at one-photon reso-
nances move far away. Figure 7(b) shows the spectrum near
o — o, = 0. We find that as the pumping rate increases, the
number of the resonator photons at @ = @, increases, the
linewidth of the peak decreases and the center of the peak
moves close to ® = ®,,.

4.4. Squeezing of the resonator

Up to now, what we have discussed shows that the two-
photon lasing can be realized at proper parameters. More-
over, two-photon lasers are nonclassical light sources which
can be deduced from the effective Hamiltonian (9). Gener-
ally, squeezing of a quadrature at the ‘cavity’ output is usu-
ally used to demonstrate the nonclassical characters of the de-
generate two-photon lasers. For example,5?! squeezed light is
observed for a time when the system is initially in the ground
state, the cavity is in a coherent state and the incoherent pump-
ing is added. In this subsection, we also verify such behavior
in the system we consider, that is two coupled superconduct-
ing flux qubits continuously pumped by incoherent field and
strongly coupled to the resonator mode.

3.5

3.0

2.5

2.0

0 10 20 30 40
Time/ns

Fig. 8. (color online) The time evolution of the variance AX(¢). The
solid (dashed) lines correspond to the minimum (maximum) value of
the quadrature AX(¢) (AX(¢ + m/2)). The blue lines correspond to
Kk =0.08g, y=0.05g, p = 0.5g, and the green lines correspond to Kk =
0.02g, y=0.01g, p=0.1g. The other parameters are J = 3.8 (2 GHz),
6 = 0. The horizontal dashed line indicates the shot-noise limit.

Define X = ae~1? + 4t ei?, then the variance of two or-
thogonal quadrature of the field is AX(¢) = (X?) — (X)2. In
Fig. 8, we exhibit the time evolution of the variance of the field
quadrature which possesses minimum values at all times by
numerical integration of the master equation (4). Initially, the
qubits are in the ground state and the resonator is in a coher-
ent state with average photon number (n) = 4. The solid lines
correspond to the minimum value of the quadrature AX(¢)
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while the dashed lines correspond to the maximum value of the
quadrature AX (¢ + 7/2), and different colors represent dif-
ferent parameters. We can see AX (@) |min < 1 for a period of
time indicating that the resonator field becomes squeezed, and
the interval of time in which the squeezing appears is longer
for smaller rates of the incoherent processes. The squeezing
disappears because of the phase diffusion induced by the inco-
herent processes.

5. Conclusions

In summary, we studied the system of two superconduct-
ing flux qubits coupled to a superconducting transmission line
resonator. It is shown that the coupling between the two
flux qubits is necessary for enhancing the two-photon pro-
We have

also studied the steady-state properties of the system: the

cesses and weakening the one-photon processes.

average photon number, the Fano factor F, and the second-
order correlation function at zero delay g(®(0) for different
parameters. Under the condition of two-photon resonance,
it is shown that at the parameters which can be achieved in
experiment!3?! (x = 0.08g), the Fano factor is larger than one
(F > 1), which is expected in two-photon laser, and the spec-
trum of the resonator output we have displayed shows that the
emission of two identical photons is dominant. Besides, the
second-order correlation function at zero delay is larger than
one (g¥(0) > 1), which indicates that the resonator field is
super-Poisson distribution, and the appearance of the squeez-
ing verifies the nonclassical characteristic of the output field.
All that demonstrates that under certain conditions the two-
photon lasing can be realized with current technology in cir-
cuit QED.
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