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Algebraic and group treatments to nonlinear displaced number states
and their nonclassicality features: A new approach
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Recently, nonlinear displaced number states (NDNSs) have been manually introduced, in which the deformation
function f(n) has been artificially added to the previously well-known displaced number states (DNSs). Indeed, just a
simple comparison has been performed between the standard coherent state and nonlinear coherent state for the formation
of NDNSs. In the present paper, after expressing enough physical motivation of our procedure, four distinct classes of
NDNSs are presented by applying algebraic and group treatments. To achieve this purpose, by considering the DNSs and
recalling the nonlinear coherent states formalism, the NDNSs are logically defined through an algebraic consideration.
In addition, by using a particular class of Gilmore—Perelomov-type of SU(1,1) and a class of SU(2) coherent states, the
NDNSs are introduced via group-theoretical approach. Then, in order to examine the nonclassical behavior of these states,
sub-Poissonian statistics by evaluating Mandel parameter and Wigner quasi-probability distribution function associated

with the obtained NDNSs are discussed, in detail.
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1. Introduction

Nowadays, nonclassical states of the radiation field have
obtained a great deal of attention in various fields of research,
such as quantum optics, quantum cryptography, and quantum
communication.!'~7] These states may be generated through
the conditional measurement techniques or the atom—field in-
teractions in cavity QED, 19 and also may be revealed, for
instance, in the Jaynes—Cummings model!'!'=!8] and in the
field of nonlinear coherent states!'%-2®! which naturally arise
from the canonical (standard) coherent states.

The standard coherent state defined by

o) =e —|af? /ZZ\FM

n=0
is a quantum state which describes the radiation field, i.e.,
known as displaced vacuum states, |&) = D(a)|0), where
D(a) = exp (aa" — a*a) is the well-known displacement op-
erator in which d and 4" are the bosonic annihilation and cre-
ation operators, respectively. Considering this idea, regard-
ing the construction of coherent state, the displaced number
states (DNSs) have been introduced by the displacement op-
erator acting on the number state |n) which are defined by
In, &) = D(at)|n):27)

o

|, ny = exp(—T)
NS/ 2 (e () m), m <,
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X
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m>n.

It has been shown that DNSs indicate several interesting non-
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classicality features such as unusual oscillations in the pho-
ton number distribution interpreting as the interference in the
phase space. 8]

On the other hand, nonlinear coherent states, which are
known as a natural generalization of canonical coherent states
(corresponding to simple harmonic oscillator) to f-deformed
ones (associated with nonlinear oscillators),[!9-20]
sidered as suitable candidates from which nonclassical light
comes out.!?=33! Tt is worthwhile to mention that there are
many generalized coherent states categorized in this special
class of quantum states, which exhibit the nonclassicality fea-
tures of light, i.e., ‘nonclassical’ light.[3+=37]

Based on the above explanations, regarding the DNSs as
well as the nonlinear coherent states, one may motivate to es-
tablishing a direct connection between DNSs and nonlinear
coherent states, which leads to the concept of ‘nonlinear dis-
placed number states’ (NDNSs). This idea has recently been
introduced by de Oliveira et al.!®] In detail, in this attempt,
the authors have paid attention to the forms of the standard
coherent state

can be con-

o) = 1P/ i 2
n=0 \/’/7
and the nonlinear coherent state
1/2 o
=N(laf)” Z )
n=o Vn![f(n)]!

(the latter has been defined by Man’ko et al. (20 Then, in
a simple and unsatisfactory comparison between the coeffi-
cients of coherent state, DNS and nonlinear coherent state, the

e, f)
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authors have manually inserted the nonlinearity function f(n)
into their DNSs in a special form, by which they proposed the
states

ot fon) = exp( 1)

L e LR IO R

NS o/ 2 L (P m), m >
being called NDNSs by them. It seems that the above con-
struction of NDNS in Ref. [38] is so artificial such that there
may not be found any clear physical or even reliable mathe-
matical reason for its basis. Hence, one may naturally seek
a satisfactory method containing logical mathematical back-
grounds and, if possible, enough physical motivations for the
construction of the NDNSs. In this regard, in this paper via
modifying the definition of NDNSs in Ref. [38] we intend to
outline a logical formalism from which NDNSs can be rea-
sonably constructed. For this purpose, by recalling the non-
linear coherent states approach together with the displacement
operator, an algebraic method through which the NDNSs are
introduced, is presented. In addition, with the help of a partic-
ular class of Gilmore-Perelomov-type of SU(1,1) and a class
of SU(2) coherent states, the NDNSs are defined via group-
theoretical approach. Then, in each case, some of the well-
known nonclassicality features are numerically evaluated.

The plan of this paper is as follows: In the next section,
the NDNS is algebraically introduced. In Section 3, by con-
sidering two particular classes of coherent states, the NDNS
is defined via group-theoretical approach. Section 4 deals
with studying the nonclassicality signs of the obtained NDNSs
through the Mandel parameter as well as the Wigner quasi-
distribution function. Finally, Section 5 contains a summary
and concluding remarks.

2. Nonlinear displaced number states:
braic approach

Alge-

This section is devoted to the construction of the NDNSs
via algebraic method. To reach this goal, it is necessary to in-
troduce the generalized displacement operators lA)f(Ot) by join-
ing the nonlinear coherent state method and the standard dis-
placement operator. So, the generalized displacement operator
reads as Df( o) = exp (¢A" — a*A), in which A = df(i?) and
AT = f(#)a" represent the nonlinear ( f-deformed) annihilation
and creation operators, respectively.!!*2%1 Now, the following
communication relations are obviously satisfied

[A,AT] = (a+1)f2(+1) —if*(n), [An] =4,

AT, 7] = AT, 3)
where f(7) is generally a Hermitian operator-valued func-
tion which depends on the number operator. The rela-
tion (3) clearly shows that the f-deformed displacement oper-

ator Df(a) cannot be generally separated by the well-known
Baker—Campbell-Hausdorff (BCH) formula (noticing that the

BCH lemma is satisfied under specific conditions). This is due
to the fact that, the commutation relation of A and AT is a com-
plicated operator. In order to dispel this problem and to be
able to use the generalized displacement operator on the num-
ber state, Roy and Roy!*! gave a proposition and defined two
new auxiliary operators as follows:

| N TP,

b=y P o
which has been also established in a general mathematical
framework by Ali et al. in Ref. [34]. In other words, it should
be declared that, incorporating the concept of nonlinear co-
herent states with the displacement operator is achieved only
by making use of the above-mentioned auxiliary operators
(since only by these new operators the necessary condition for
BCH is satisfied). As a consequence of the latter relation, it
may be observed that, by considering a special composition
of the operators A and B, the generators {A,B’T,BTAIA } and
also {E,AT,ATé,f } constitute the commutation relations of
the Weyl-Heisenberg Lie algebra and the following relations
clearly hold[?>3

B'Aln)=n|n)=A"B|n), [A,B'A]=A, [B",B'A]=

T=[BA=I @&

—B'. (5)
As aresult, two generalized displacement operators can be de-

fined which are given by

Dly(ar) = exp (aA" — a*B)
2
= exp(—%)exp(aﬁ?)exp(—a*é), (6)

Dif(ar) = exp (aB" — a*A)

2
= exp(—%)exp(aﬁ?)exp(—a*ﬁ), @)

in which we have used the BCH formula. Now, by the action
of two distinct displacement-type or generalized displacement
operators defined in Egs. (6) and (7) on the number state, the
NDNSs are introduced in the following ways:

| )" = Dlp()|n), ®)
|, f,n)" = Dy(at)n). ©
By substituting Eq. (6) into relations (8) and after some
lengthy but straightforward manipulations, the explicit form
of the NDNSs is given by
|a?

|a,f,n>':exp(—7>
N Eio ) e (o= (| af?) fm), m<n,
Ny o) s e (|af?)lm), m>n,

where [£(n)]! = £(m)f(n—1)--
relation [f(0)]! = 1,

X

- f(1) with the conventional

(=0)"

)l

i (k+1)!
= (141 (k—
corresponds to the associated Laguerre polynomials and

N ,i=1,2, refers to the normalization factors which are given
by

Li(x) =
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= omt ()12 o
N = m'< n ) exp(—|oe?) e/ (L (| ] : ,
! (EM! Gt ) Pl (1 ap))
=l ([ "
N = ”'< m ) exp(—|al?) a2 (L (|o?))? ) (11
Similarly, the exact form of the second type of the NDNSs reads as
2 [N T s (e (el m), m <,
o) = exp (140 o 3 EO 2T (12
n! n)|! — —
Ny Tom_o ) s o am i (|af)m), — m >,
with the following normalization constants
= mt ([f)! )2 s
N = m( n > exp(—lal®)la 2(n—m) L;Ln—m ol? 2 ,
=l ([f) ) s
N = ”'( " > exp(—|af?) a2 (L (o))’ . (13)
By looking deeply at the NDNSs obtained in Egs. (10) and ‘function fop(n) which is given by[#?!
(12) and comparing them with the introduced NDNSs in b2
Eq. (2), it is manifestly found that they are essentially differ- Sfop(n) = \/ 0 (n+24-1). (14)

ent from each other by the term [f(n)]!. We would like to em-
phasize the fact that the nonlinear terms [f(n)]! and [f(m)]!
are logically obtained in our introduced state while the term
[f(n)]! which is seen in Ref. [38] does not arise from a reason-
able procedure, since the authors have manually entered this
term in DNSs.
formalism, many NDNSs can be easily constructed by using

It is also valuable to state that based on our

various nonlinearity functions associated with nonlinear oscil-
lators as well as every solvable quantum systems (due to the
simple relation e, = nf?(n)), refer to Refs. [35] and [36]. In
the next section, by using the group-theoretical method, an-
other class of NDNS with particular nonlinearity function f(n)
is acquired.

3. Nonlinear displaced number states: Group-
theoretical approach

It is illustrated that, by considering the group algebra!!
and paying attention to the fact that the construction of a uni-
tary displacement operator with A and AT is possible through
the particular nonlinearity functions associated with the spe-
cific physical systems, a few classes of nonlinear coherent
states may be produced. Based on this fact, in the follow-
ing, two types of NDNSs are introduced by using the group
representation.

3.1. Gilmore-Perelomov-type of SU(1,1) coherent states

Keeping in mind the approach of Man’ko et al. in
Ref. [20], it is shown that, the (modified) trigonometric po-
tential V (x) = Uptan?(bx), in which Uj is the strength of the

potential and b is its range,*!! corresponds to the nonlinearity

In the latter relation, € is the frequency of the field, u is the
mass of the particle, A is related to the potential strength and is
sometimes the so-called Bargmann index, which can take any
positive integers or half integers, i.e., A = 1/2,1,3/2,2,....
Also, the parameter b denotes the potential range and is ob-
tained via the relation A (A 4 1) = 2uU/h*b*. By substitut-
ing the nonlinearity function (14) into the f-deformed bosonic
annihilation operator Agp = dfgp(#), one may define the new

operators
. 200 . . [218
K_ = hb? AGPa Ky = hb2 AGPa

and Ky = A + n satisfying the commutation relations
[Ko,Ky] = K. and [K_,K,] = 2Ky, which are the
well-known su(1,1) Lie algebra.l*?! Based on the group-
theoretical construction for the Gilmore—Perelomov ap-
proach corresponding to discrete series representation of
SU(1,1) group, the displacement operator reads as D?P(OC) =
exp (EK; — E*K_).13] Now, by the action of ﬁ?’P(a) on the
number state, the NDNSs associated with SU(1,1) group are

given by

€. £, = DY (@) )

oo min[m,n] (— n — L)p

epr [Z ( ch( 2

—p)lm—p)!

o ap(m)]! [fGP( >~] Im), (15)
[far(p)]?
where we have used & = /Ab?/2uQ)a and § =
(£/|&])tanh € with |£| < 1. The condition |{] < 1 implies
the fact that the phase space of the SU(1,1) coherent states is
confined to the interior of the unit disk of the complex plane.
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3.2. SU(2) coherent states

Another case of a physical potential, which can be equiv-
alent to a nonlinearity function, is known as the modified
Poschl-Teller potential by relation V (x) = Uptanh?(ax) with
Up and a as the depth and the range of well, respectively.[*!]
This potential is related to a system that possesses a finite dis-

crete spectrum. The corresponding nonlinearity function is of

ha?
fsu)(n) = m(zﬁ' 1 —n),

where U denotes the reduced mass of the molecule and s

the form

(16)

means the depth of well which is related to its range though the
relation s(s + 1) = 2uUy /h*a®. Considering the f-deformed
bosonic annihilation operator A = a fsu(2) (R), the new oper-
ators, K_ = \/2uQ/(ha®) A, K, = \/2uQ/(ha?) A", and
Ko = n— s may be defined with the commutation relations
[Ko,K+] = 4K~ and [K_,K,] = —2K,. Paying attention to
the fact that the introduced operators clearly satisfy the SU(2)
Lie algebra,*?! the displacement-type operator corresponding
to this group reads as ﬁ;um(a) = exp (nl€+ - n*/@,) with
N = v/ha*/(2uQ) . By the action of such a displacement
operator on the number state, the new class of NDNSs associ-
ated with SU(2) group is obtained by the following relation

1y, £.n)SU@ = DY) (a0) n)

_( 1 )s imin[m.n] (_'}f*)mw\/m(lll‘y}‘l‘zz)(*l’)
IRNEVE pl(n—p)!(m—p)!

m=0

p=0

2.0
(a)
1.5
1.0
0.5

0

Mandel parameter

—0.5

—1.0 =

2.0
1.5
1.0
0.5

—-0.5

Mandel parameter

—-1.0

—1.5

—0.5 0
¢

[fsuy (W' fsu @) (m)!]
[fsu)(p)]!

where Y = (1/|n|) tanh . It may be noted that the parameter

s can get values 1/2,1,3/2,2,.... Adding our obtained results

in the two latter sections, it is seen that we have produced four

different classes of NDNSs, all of which have been introduced

by some reasonable procedures. Anyway, we are now in a po-

a7

sition to examine the nonclassicality features of the obtained
NDNSs in the continuation of the paper.

4. Nonclassical criteria

Since the nonclassical light is of special attention in the
field of quantum optics and quantum information processing,
in this section, we are going to study some of the well-known
nonclassicality features of the introduced NDNSs. For this
purpose, sub-Poissonian statistics as well as the negativity of
Wigner distribution function are examined, numerically. Be-
fore proceeding, it ought to be mentioned that for evaluating
any quantity for the NDNSs which have been produced by al-
gebraic method (the relations (10) and (12)), a nonlinearity
function should be chosen. For this purpose, we use the non-
linearity function f(n) = (1+kn)~!, which has been consid-
ered in Ref. [38].

4.1. Sub-Poissonian statistics: Mandel parameter

This subsection deals with studying the quantum statistics
of the states through the Mandel Q-parameter, which charac-
terizes the photon statistics of light. This parameter has been

2.0

(b)

Mandel parameter

Mandel parameter

Fig. 1. (color online) Variation of the Mandel parameter for different classes of NDNSs: (a) |, f,n), fi(n) = (1+kn)~!, and k = 0.07; (b)
la, £,n)", fu(n) = (1+kn)~", and k = 0.07; (c) |, £,n), and n = 3; and (d) |7, f,n) and n = 1.
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defined as**

((a'a)*) —(a'a)®
(a*a) a (a*a)
Whenever —1 < Q0 < 0 (Q > 0) the statistics are sub-
Poissonian (super-Poissonian) and Q = 0 indicates the Pois-

Om = (18)

sonian statistics. By the way, the state vector of the system
shows the nonclassical behavior when the photons statistics of
field are sub-Poissonian.

Figure 1 shows the Mandel parameter for some differ-
ent classes of NDNSs corresponding to (a) |ct, f,n)’, (b)
lee, f,n)", () |E, f,n), and (d) |y, f,n) corresponding to the re-
lations (10), (12), (15), and (17), respectively. It is seen from
Fig. 1(a) that, nonclassical behavior (sub-Poissonian statistics)
is obviously observed in some intervals of ¢. In addition, by
increasing the value of n, this behavior is strengthened. Un-
like Fig. 1(a), figure 1(b) indicates that the maximum nonclas-
sicality sign occurs when n = 0 (nonlinear displaced vacuum
state). In these two latter figures, it is seen that, by increasing
a, the Mandel parameter gets negative values everywhere, i.e.,
the photon statistics of the field becomes full sub-Poissonian.
Figures 1(c) and 1(d) exhibit locally (around o = 0) sub-
Poissonian statistics, in which by an increase of A or s, the
space for which the photon statistics is sub-Poissonian, is grad-
ually decreased.

4.2. Wigner distribution function

The Wigner function, known as the earliest quasi-
probability distribution function, *3! is a useful criterion which
specifies the nonclassicality of the field. It is now valuable to
declare that although the Wigner function, in the sense that it
is a distribution function, will have to be commonly positive,
there may exist some finite regions in the phase space of the
Wigner function of a quantum state, in which this function gets

negative values; a fact that is called ‘nonclassicality feature’.
The Wigner function associated with any quantum state can be

expressed as[40—8]
* 2 & A
W(a,o ):EZ(—I)”<n,a|p|n,a>7 (19)
n=0
where |n, o) = D(a)|n) is the displaced number state intro-

duced in Ref. [27] and p denotes the density matrix operator
of a quantum state. Considering the obtained NDNSs via alge-
braic method in Egs. (10) and (12), the corresponding Wigner
functions may be evaluated in the form

2 exp(—(la*+BI%))

W (a,o*) =

m[f(n)]1?
N/ B~y Bt { )1
2
xLp"(|la)LE (1B, m<n,
X (20)
N,Zm 0 }’"ll"k' n— mﬁmfk[f(m)]!
2
xLr ()L (1B2)| , m=>n,
2 _ 2 2
W' (a,0) = 2[f(n)]! eXP(ﬂ(lfll +1B1%)
11 §oo L (=a)"™™ op—
‘N] T/ i B
2
x L ™(leH)Ly*(1B12)| , m<n,
X (21)
‘N”Zm 0 \/:1'7 q" m'ﬁmfk
2
XLl )Ly (1B, m=>n

Similarly, the Wigner function associated with NDNSs of
SU(1,1) and SU(2) groups are respectively evaluated as fol-
lows:

Wop(a, o) = Ze)(p(|06|271(1|C|2)2/1 I:i:)(_l)k
3y Y et M aP)En L) (- L) fop(m]! e (m)]!
m=0 p=0 k! p!(m—p)!(n—p)! [fGP( )]
gl ()R L R () (=) =€) e () e (m))t |
oE L e Pl p)n—p)! e |0
exn(—lal? 2\—2s too
Wepi () = 22212 7)r<1+m> S
k. minin 'mw @ L (P (Y (T i (0] Usu ()
e Z P )= p)! ST
i i (@ P ) G o ) v ()
R T T s T o D)) =
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In Figs. 2, we have plotted the Wigner distribution function
of the NDNSs obtained in relations (10), (12), (15), and (17)
for the same chosen parameters as mentioned in Fig. 1. Fig-
ures 2(a)-2(d) indicate clearly the negativity of Wigner func-
tion in some finite regions of phase space, which implies the
fact that the introduced NDNSs are ‘nonclassical’. It is also
valuable to state that, by comparing quantitatively Fig. 2(a)

Im(a)
-10 -5 0 5 10

Wigner function

Wigner function

Wigner function

with Figs. 2(b)-2(d), it is seen that the amount of the nega-
tivity of the Wigner function (the depth of this nonclassicality
feature) in Fig. 2(a) is nearly 10 times greater than the others.
In other words, the strength of nonclassicality of the state in
Eq. (10) is more visible than the other states in Egs. (12), (15),
and (17).

|
o

o o

|
e e ¢
= )

Wigner function

Fig. 2. (color online) Variation of the Wigner distribution function for the NDNSs similar to Fig. 1.

5. Summary and conclusion

In this paper, by modifying the formalism of NDNSs pre-
sented in Ref. [38], we have introduced four distinct classes
of NDNSs through algebraic and group treatments. For this
purpose, by considering the DNSs together with nonlinear co-
herent states approach, two distinct classes of NDNSs were
In addi-
tion, by using a special class of Gilmore—Perelomov-type of

reasonably obtained via an algebraic treatment.

SU(1,1) and a class of SU(2) coherent states (group ap-
proach), two other NDNSs were also introduced. Then, in
order to study the nonclassicality features of the introduced
states, sub-Poissonian statistics by evaluating Mandel param-
eter and the variation of Wigner quasi-probability distribution
function associated with the obtained NDNSs were numeri-
cally examined. The presented results showed that the NDNSs
exhibit sub-Poissonian statics (nonclassical behavior) in a fi-
nite region. Also, as another appearance of the nonclassicality
signs of the NDNSs, it was observed that the Wigner function
is also negative in some areas of phase space. This means that
the NDNSs can be considered as a good candidate for nonclas-
sical light.
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