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Optimization of combined endoreversible Carnot heat engines
with different objectives∗
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Taking the output power, thermal efficiency, and thermo-economic performance as the optimization objectives, we
optimize the operation parameters of a thermodynamic system with combined endoreversible Carnot heat engines in this
paper. The applicabilities of the entropy generation minimization and entransy theory to the optimizations are discussed.
For the discussed cases, only the entransy loss coefficient is always agreeable to the optimization of thermal efficiency. The
applicabilities of the other discussed concepts to the optimizations are conditional. Different concepts and principles are
needed for different optimization objectives, and the optimization principles have their application preconditions. When
the preconditions are not satisfied, the principles may be not applicable.
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1. Introduction

The optimizations of thermodynamic systems are very
important for the reduction of energy utilization and cost. In
different practical application cases, there are different opti-
mization objectives, such as the coefficient of performance
(COP),[1,2] output power,[3,4] thermal efficiency,[3,4] thermo-
economic performance,[5,6] etc. In engineering, the operation
parameters of the thermodynamic system should be optimized
to maximize the corresponding optimization objectives.[7–9]

In recent decades, some theories have been developed and
applied to the optimizations, such as the entropy generation
minimization,[1,2,4,10,11] exergy destruction minimization,[12]

finite time thermodynamics,[13] and entransy theory.[2,4,14]

The concepts of entropy generation and exergy destruc-
tion are widely applied to the analyses and optimizations of
thermodynamic systems[1,2,4,10–12,15,16] because they can de-
scribe the process irreversibility and the minimizations of the
irreversibility can increase the system performance. As the
entropy generation can describe the exergy loss,[17] the en-
tropy generation minimization is equivalent to the exergy de-
struction minimization when the environment temperature is
fixed.[18] However, when the output power was the optimiza-
tion objective, it was found that neither the entropy generation
minimization nor the exergy destruction minimization always
leads to the largest output power.[4,15,16] When the thermal ef-
ficiency was the objective, it was also shown that the entropy
generation minimization does not always result in the largest
thermal efficiency.[4] In addition, there are not many reports

on the applicability of entropy generation minimization to the
optimization of thermo-economic performance.

For the entransy theory, it was developed for heat transfer
analyses and optimizations.[19–28] Cheng and Liang[2,4,15] ex-
tended this theory to the analyses and optimizations of thermo-
dynamic systems. Applications of the entransy theory to ther-
modynamic systems can be found in Refs. [2], [4], [15], [18],
[29]–[32]. Under some conditions, the concepts of entransy
loss and entransy loss coefficient are effective for the optimiza-
tions of output power and thermal efficiency,[2,4,15,18,29,30,32]

respectively. However, it was also shown that larger entransy
loss does not always lead to larger output power.[33] Further-
more, there is still no report on the applicability of entransy
theory to the optimization of thermo-economic performance.

From the above discussion, it can be seen that the ap-
plicabilities of the entropy generation minimization, exergy
destruction minimization and entransy theory to the opti-
mizations of thermodynamic systems need further investiga-
tions. Taking the output power, thermal efficiency and thermo-
economic performance as the objectives, we optimize the op-
eration parameters of the thermodynamic system with com-
bined endoreversible Carnot heat engines,[3] in which the heat
released by the first Carnot heat engine enters the second
Carnot heat engine to do work. We discuss the applicabilities
of the theories to the optimizations. As the entropy generation
minimization and exergy destruction minimization are equiv-
alent, the exergy destruction minimization is not discussed in
this paper.

∗Project supported by the National Natural Science Foundation of China (Grant No. 51376101) and the Science Fund for Creative Research Groups, China
(Grant No. 51321002).

†Corresponding author. E-mail: chengxt02@gmail.com
© 2015 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

060510-1

http://dx.doi.org/10.1088/1674-1056/24/6/060510
mailto:chengxt02@gmail.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 24, No. 6 (2015) 060510

2. Theoretical analyses of the discussed system
The discussed system is shown in Fig. 1. In the system,

the high and low temperatures of the working medium in the
first endoreversible Carnot heat engine are T1 and T2, while
those of the working medium in the second endoreversible
Carnot heat engine are T3 and T4, respectively. The flow rate
of heat absorbed from the high temperature heat source at tem-
perature TH by the working medium of the first endoreversible
Carnot heat engine is QH, while those released to the second
endoreversible Carnot heat engine and low temperature heat
source at temperature TL are Qm and QL, respectively. The
output power of the first endoreversible Carnot heat engine is
W1, while that of the second one is W2. The heat flow rates,
QH, Qm, and QL, satisfy

QH = KH (TH −T1) , (1)

Qm = Km (T2 −T3) , (2)

QL = KL (T4 −TL) , (3)

where KH is the product of the heat transfer area and corre-
sponding heat transfer coefficient between TH and T1, Km is
that of the heat transfer area and corresponding heat transfer
coefficient between T2 and T3, and KL is that of the heat trans-
fer area and corresponding heat transfer coefficient between T4

and TL.
The total output power of the system is

W =W1 +W2 = QH −QL. (4)

In the two endoreversible Carnot heat engines, we have

QH/Qm = T1/T2, (5)

Qm/QL = T3/T4. (6)

The thermal efficiency of the system is

η =W/QH. (7)

Sometimes, the economic cost is the main objective that
we should consider. The thermo-economic performance of the
system can be evaluated by[6]

ηTE =
W

aQmax +bQin
=

1
b
· W

cQmax +Qin
, (8)

where Qmax is the maximum heat flow that the heat engine can
afford, Qin is the practical heat flow rate into the system, and a
and b are the coefficients, and c is the ratio of a to b. In Eq. (8),
aQmax expresses the economic cost from the size and material
of the heat engine, and bQin expresses that from the practical
operation parameters. Then, the denominator can be treated
as the economic cost, and equation (8) is the output power per
unit economic cost. In Fig. 1, Qin equals QH. So, with Eq. (8),
we have

ηTE =
η

b(cQmax/QH +1)
. (9)

In a certain case, Qmax should be a definite value. So, the
thermo-economic performance has the same variation ten-
dency as that of the thermal efficiency when QH is given. The
relationship between the thermo-economic performance and
thermal efficiency has been obtained.
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Fig. 1. (color online) Thermodynamic system with combined endore-
versible Carnot heat engines.[3]

If we analyze the system with the entropy generation min-
imization, the entropy generation rate of the system can be
calculated by

Sg = QH

(
1
T1

− 1
TH

)
+Qm

(
1
T3

− 1
T2

)
+QL

(
1
TL

− 1
T4

)
. (10)

With Eqs. (4)–(6), we have

Sg = QL/TL −QH/TH = QH (1/TL −1/TH)−W/TL. (11)

It can be seen that smaller entropy generation rate leads to
larger output power with fixed thermodynamic forces of the
heat sources, 1/TL and 1/TH, and heat flow rate into the sys-
tem, QH. Equation (11) indicates the relationship between the
entropy generation rate and output power.

Furthermore, the entropy generation numbers[4,34] can
also be obtained as follows:

NS1 = Sg/Cmin, (12)

NS2 = Sg/Sg−min, (13)

where Cmin is the minimum heat capacity flow rate in the dis-
cussed system, and Sg−min is the minimum entropy generation
rate. For any thermodynamic system, both Cmin and Sg−min are
definite values. Therefore, the variation tendencies of the en-
tropy generation numbers are the same as that of the entropy
generation rate.
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On the other hand, if we analyze the system with the en-
transy theory, the entransy loss rate can be calculated by

Gloss = QHTH −QLTL = QH (TH −TL)+WTL. (14)

Here, the relationship between the entransy loss rate and out-
put power is clear. The entransy loss coefficient is defined
as[4,33]

ηG =
Gloss

Gin
=

QHTH −QLTL

QHTH
= 1− TL

TH

(
QH −W

QH

)
= 1− TL

TH
(1−η) . (15)

It can be seen that larger entransy loss coefficient leads to
larger thermal efficiency for fixed ratio of TL to TH. With
this equation, the direct relationship between the thermal ef-
ficiency and entransy loss coefficient has been set up.

For any thermodynamic system, there are different op-
timization objectives in engineering, such as the maximum
output power, the largest thermal efficiency, the best thermo-
economic performance, etc. The system in Fig. 1 will be op-
timized with different objectives below. The applicabilities of
the entropy generation minimization and entransy theory to the
optimizations will also be discussed.

3. Optimization of the system with different ob-
jectives
For the system in Fig. 1, we can analyze some numerical

cases in this section. As the variation tendencies of the en-
tropy generation numbers are the same as that of the entropy
generation rate, we only calculate the entropy generation rate
below.

First, assume that TH = 450 K, TL = 300 K, c = 2, and
QH = 1000 W. In the system, Qmax results in the cost from the
size and material of the system when we design the system.
As QH is fixed in this case, we assume that Qmax equals QH

to reduce the cost of the system. Furthermore, we assume that
KH, Km, and KL satisfy

K = KH +Km +KL, (16)

and the value of K is 300 W/K. For different values of KH, Km,
and KL, the output power can be obtained from Eqs. (1)–(6)
and shown in Fig. 2(a). It can be seen that the maximum out-
put power, 285.7 W, can be obtained when KH = Km = KL =

100 W/K. For the thermal efficiency and thermo-economic
performance, equations (7) and (9) show that their variation
tendencies are the same as that of the output power because
QH is fixed and Qmax equals QH. Therefore, both the ther-
mal efficiency and thermo-economic performance reach their
maximum values when KH = Km = KL = 100 W/K.

The variations of the entropy generation rate and entransy
loss rate are shown in Figs. 2(b) and 2(c), respectively. The nu-
merical results show that the entropy generation rate obtains its

minimum value, 0.159 W/K, when KH =Km =KL = 100 W/K.
At the same time, the entransy loss rate reaches its maximum
value, 2.36×105 W·K. As QH and TH are both fixed, the three
discussed optimization objectives have the same variation ten-
dencies, and equation (15) shows that the variation tendency
of the entransy loss coefficient is the same as that of the en-
transy loss rate. Considering Eqs. (10)–(15), we can conclude
that the minimum values of the entropy generation rate and
entropy generation numbers and the maximum values of the
entransy loss rate and entransy loss coefficient all lead to the
maximum values of the output power, thermal efficiency, and
thermo-economic performance in this case.
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Fig. 2. (color online) Variations of the output power (a), entropy gener-
ation rate (b), and entransy loss rate (c) with different values of KH, Km,
and KL when QH is fixed.

In this case, TH, TL, and QH are all fixed, so the heat flow
rate from the high temperature heat source and the thermody-
namic forces of the high and low temperature heat sources,
1/TH and 1/TL, are all given. The preconditions[35] under
which the entropy generation minimization can be used to
maximize the output power of the system are all satisfied. At
the same time, the preconditions[35] under which the maxi-
mum entransy loss rate leads to the maximum output power
are also satisfied. This is the reason why both the entropy gen-
eration minimization and the entransy loss maximization lead
to the largest output power.
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Furthermore, as QH is given in this special case, the max-
imum output power, thermal efficiency, and thermo-economic
performance are obtained at the same time. This is the rea-
son why the entropy generation minimization and entransy
loss maximization also result in the maximum values of the
thermal efficiency and thermo-economic performance in this
case.

In the second case, QH is not fixed. We assume that
TH = 450 K, TL = 300 K, T1 = 435 K, c= 2, and K = 300 W/K.
For this case, the variations of the output power, thermal effi-
ciency, and thermo-economic performance with different val-
ues of KH, Km, and KL are shown in Fig. 3. The numerical
results show that the output power reaches its maximum value
when Km = KL = 79 W/K, the thermo-economic performance
arrives at its maximum value when Km = KL = 84 W/K, and
the thermal efficiency increases with increasing Km and KL.
The variations of the entropy generation rate, and entransy loss
rate are shown in Figs. 4(a) and 4(b). It can be seen that nei-
ther the entropy generation minimization nor the entransy loss
maximization leads to the maximum output power.

Km/WSK-1
KL/WSK-1

W
/
W

η
η
E
/
m
a
x
(η
T
E
)

500

400

300

200

140
100

60 50 70 90 110 130

(a)

0.3

0.2

0.1

1.0

0.8

0.6

0.4

140
100

60
50

70
90 110

130
K
m/WSK-1

KL/W
SK-

1

(b)

(c)

140
100 60 50 70 90 110 130

Km/WSK-1 KL/WSK-1

Fig. 3. (color online) Variations of the output power (a), thermal effi-
ciency (b), and thermo-economic performance (c) with different values
of KH, Km, and KL when T1 is fixed.

When the thermal efficiency is the optimization objective,
the numerical results in Fig. 2(c) and Eq. (15) show that larger

entransy loss coefficient always corresponds to larger thermal
efficiency for fixed ratio of TL to TH. As both values of TL and
TH are given, it is very clear that the entransy loss coefficient
maximization can be used to optimize the thermal efficiency.
It can also be found that smaller values of entropy generation
rate, and entropy generation numbers still result in larger ther-
mal efficiency.

When we calculate the thermo-economic performance,
we assume that Qmax is the maximum QH in our calculation.
In Figs. 3 and 4, the numerical results show that neither the
entropy generation minimization nor the entransy loss max-
imization is applicable for the optimization of the thermo-
economic performance.
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Fig. 4. (color online) Variations of the entropy generation rate (a), en-
transy loss rate (b), and entransy loss coefficient (c) with different values
of KH, Km, and KL when T1 is fixed.

In this case, Qmax does not always equal QH, so the differ-
ences between different optimization objectives can be found.
The thermo-economic performance cannot be evaluated by the
entropy generation minimization or the entransy theory any
more. As QH is not given, the application preconditions[35]

for the entropy generation and entransy loss maximization are
not satisfied. Then, the maximum value of the entransy loss
rate, the minimum values of the entropy generation rate, and
entropy generation numbers do not correspond to the maxi-
mum output power in this case. Only the thermal efficiency
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is still agreeable to the entropy generation minimization and
entransy loss coefficient maximization.

In the third case, TH = 450 K, T1 = 435 K, T2 = 400 K,
T3 = 380 K, T4 = 330 K, TL = 300 K, and c = 2. When the
thermo-economic performance is analyzed, we also assume
that Qmax is also the maximum QH in our calculation. In this
case, the values of Km and KL can be calculated for any value
of KH because the working temperatures of the working medi-
ums are given. The variations of the output power, thermal
efficiency, thermo-economic performance, entropy generation
rate, entransy loss rate, and entransy loss coefficient with KH

can be obtained and shown in Fig. 5. The results show that the
output power, thermo-economic performance, entropy gener-
ation rate, and entransy loss rate all increase with increasing
KH, while the thermal efficiency and entransy loss coefficient
both stay constant.

As the working temperatures of the working mediums are
fixed, we can find that the thermal efficiency is also a fixed
value from Eqs. (5) and (6). Therefore, equation (9) can be
rewritten as

ηTE =
η

b(cQmaxη/W +1)
. (17)

The variation tendency of the thermo-economic performance
is the same as that of the output power in this case. This is
the reason why both the output power and thermo-economic
performance increase with increasing KH.
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Fig. 5. (color online) Variations of the output power, thermal efficiency,
thermo-economic performance, entropy generation rate, entransy loss
rate, and entransy loss coefficient with KH when all the working tem-
peratures of the working mediums are fixed.

If the output power or thermo-economic performance is
the optimization objective, it can be seen that the entransy loss
maximization is still applicable for this case, while the en-
tropy generation minimization is not. The thermal efficiency
is a definite value if the working temperatures of the working
mediums are fixed, and only the entransy loss coefficient can
describe the thermal efficiency in this case.

In the optimization cases above, it can also be seen that
we need different optimization concepts and principles for dif-
ferent optimization objectives. Each optimization principle
has its specific application precondition.[36] When the precon-
dition is not satisfied, the principle may be not applicable. The
discussed theories have their limitations too. In the discussed
cases, only the entransy loss coefficient is always applicable
for the optimization of thermal efficiency. For optimizing the
output power and thermo-economic performance, neither the
entropy generation minimization nor the entransy theory is ap-
plicable for all cases.

4. Conclusions
Taking the output power, thermal efficiency, and thermo-

economic performance as the optimization objectives, the
combined endoreversible Carnot heat engines with fixed high
and low temperatures of heat sources are discussed for three
numerical cases. The optimal operation parameters that lead
to the maximum values of the corresponding optimization ob-
jectives are obtained.

Different optimization concepts and principles are needed
for different optimization objectives. Both the entropy gener-
ation minimization and entransy theory have their application
preconditions. When the preconditions are satisfied, the theo-
ries are applicable for the corresponding optimizations, other-
wise, the theories may be not applicable. Neither of the the-
ories is universal, and they both have their limitations. We
should pay attention to their application preconditions when
we use them to optimize thermodynamic systems.
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