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A circular zone counting method of identifying a Duffing oscillator
state transition and determining the critical value in weak signal

detection∗
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Identifying state transition and determining the critical value of the Duffing oscillator are crucial to indicating external
signal existence and have a great influence on detection accuracy in weak signal detection. A circular zone counting
(CZC) method is proposed in this paper, by combining the Duffing oscillator’s phase trajectory feature and numerical
calculation for quickly and accurately identifying state transition and determining the critical value, to realize a high-
efficiency weak signal detection. Detailed model analysis and method construction of the CZC method are introduced.
Numerical experiments into the reliability of the proposed CZC method compared with the maximum Lyapunov exponent
(MLE) method are carried out. The CZC method is demonstrated to have better detecting ability than the MLE method,
and furthermore it is simpler and clearer in calculation to extend to engineering application.
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1. Introduction
The research of weak signal detection[1] has attracted

much attention due to their extensive applications in radar,
communication, sonar, earthquake, and industrial measure-
ment. The traditional time-domain and frequency-domain
approaches[2] to the weak signal detection require complex
and expensive devices but their signal-to-noise rates (SNRs)
are poor. Recently, with the fast development of chaotic the-
ory, the applications of chaotic characteristics to weak signal
detection[3–6] have been a hotspot and developed into a branch
of weak signal detection. The chaotic oscillator holds the char-
acteristic that the non-equilibrium state transition is extremely
sensitive to a certain signal and immune to noise.[7] A very low
threshold of SNR can be achieved when this peculiar charac-
teristic is used to realize the weak signal detection. Identifying
state transition and determining the critical value of the chaotic
oscillator driven by the external signal, both of which act as an
important clue for weak signal detection, can be regarded as
indispensable tasks in detecting.[8] Two typical methods are
used to identify state transition of the chaotic oscillator: vi-
sual analysis[9–11] and analytical method.[12–14] Visual analy-
sis such as phase figure, time series analysis, and Poincare sec-
tion is rather subjective and imprecise, because for the chaotic
oscillator in the visual analysis the state transition is identified
and the critical value is determined through observation, com-
parison, analysis, and synthesis. The analytical method such
as fractal dimensions, Kolmogorov entropy, and the maximum
Lyapunov exponent is extraordinarily complex in calculation

and is time-consuming, because for the chaotic oscillator this
method uses special chaotic characteristic values to identify
state transition and determine critical value.

In this paper, a circular zone counting (CZC) method
based on the Holmes Duffing oscillator is proposed to solve
the problem of identifying the chaotic oscillator’s state transi-
tion and determining the critical value. Our method uses two
circular zones to partition the phase plane of the Duffing oscil-
lator, then counts the number of point pairs (x(t), y(t)) inside
each circular zone in the phase plane. Meanwhile the absolute
value of difference in the number of point pairs (x(t), y(t)) be-
tween the two selected circular zones is calculated to indicate
whether the state transition occurs and to determine critical
value. Our method skillfully uses the circular zone partition
and counting ideas to keep the merits of the typical visual anal-
ysis and analytical method, and at the same time overcome
their shortcomings. Thus it is able to detect the weak signal
precisely at smaller computing cost than the typical methods
such as phase analysis and the MLE.[13–15]

2. Model analysis and method construction
2.1. Basic weak signal detection model

We choose the common Holmes Duffing oscillator model
that has been extensively studied:[16,17]

ẍ+ kẋ− x+ x3 = f cos(wt), (1)

where k is the damping ratio,−x+x3 is the nonlinear restoring
force, and f cos(wt) is the internal sinusoidal driving force. In
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our paper, we fix k = 0.5, w = 1, and as the force amplitude f
varies from small to big, the system state varies from chaotic
motion to the great periodic motion as shown in Fig. 1.

Then the Holmes Duffing model is modified into a weak
signal detecting model as shown in Eq. (2) and rewritten as
Eq. (3)

ẍ+0.5ẋ− x+ x3 = f cos(t)−acos(t)+n(t), (2){
ẋ = y,

ẏ =−0.5y+ x− x3 + f cos(t)−acos(t)+n(t).
(3)

In the modified Eqs. (2) and (3), we add an external to-be-
detected signal acos(t) with negative coefficient and Gaussian
white noise n(t). When fixing f = f0 ( f0 refers to the critical
value), the system enters into a critical state (the great periodic
motion, which is just transformed from the chaos motion). Af-
ter adding the external to-be-detected signal as a perturbation
to the internal sinusoidal driving force, the system goes back
to chaos motion. Then f is increased step by step, resulting in
( f –a) greater than f0 to induce the state transition. Meanwhile,
the great periodic motion will pull out the to-be-detected sig-
nal that is buried in the noise environment.

In this paper, the state transition from chaos motion
(Fig. 1(a)) to great periodic motion (Fig. 1(b)) is used to detect
whether there is any signal buried in the noise environment.
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Fig. 1. (color online) Phase diagrams of Holmes Duffing oscillator. (a)
f = 0.82, chaos motion. (b) f = 0.83, the great periodic motion.

2.2. Model analysis

As seen in Fig. 1, the phase diagrams of chaos motion and
the great periodic motion are quite different in feature. There-
fore, the image feature of Duffing oscillator’s phase trajectory
is taken into consideration in our weak signal detection. To be-
gin with, a proper circular region within but not across the or-
bicular track of the Duffing oscillator is set in the phase plane
(Figs. 2(a)–2(c)). The phase plane of the Duffing oscillator is
then partitioned into two regions by the circular zone: outside
the circular zone and inside the circular zone. As shown from
Fig. 2(a) to Fig. 2(c), with f increasing, the phase trajectory
of the Duffing oscillator changes from disorder to order, and
the number of point pairs (x(t), y(t)) inside the circular zone
declines gradually. Clearly, the number of point pairs (x(t),
y(t)) inside the circular zone is related to the force amplitude

f . Thus the number of point pairs (x(t), y(t)) inside the cir-
cular zone can be used to indicate the chaotic oscillator’s state
transition. Numpp is used to represent the number of point
pairs (x(t), y(t)) inside the circular zone in the following part
of the paper.
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Fig. 2. (color online) Sample explanations for the circular zone line. (a)
f = 0.82, radius of the circular zone is R = 0.8. (b) f = 0.825, radius of
the circular zone is R = 0.8. (c) f = 0.83, radius of the circular zone is
R = 0.8. (d) f = 0.825, radii of the circular zones from inside to outside
are 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1.
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Fig. 3. (color online) Comparision between variations of Numpp and
MLE with f (0, 1). (a) Numpp varying with f , radius of the circular
zone is R = 0.8. (b) MLE varying with f .

Set f (0,1) as a varying parameter, and solve Eq. (3)
(herein the to-be-detected signal and Gaussian white noise are
not taken into consideration) to obtain Numpp for each sin-
gle f . Figure 3(a) shows the variation of Numpp with force
amplitude in a range of f (0,1), and figure 3(b) describes the
variation of MLE with f in the range (0, 1). It is well known
that the MLE changes from greater than zero to less than zero
when the chaotic oscillator’s state changes from chaotic mo-
tion to great periodic motion. Therefore comparing Fig. 3(a)
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with Fig. 3(b), we come up with a speculation that the fluc-
tuating line in Fig. 3(a) signifies that the Duffing oscillator is
in chaos motion and the flat line indicates that the Duffing os-
cillator is in great periodic motion. This speculation is under-
standable when considering the fact that the phase trajectory
of the Duffing oscillator is disorderly and variable in chaos
motion while it is ordered and remains relatively unchanged
in great periodic motion.

To verify our speculation, a series of circular zones with
the values of R = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1 are set in
the phase plane as shown in Fig. 2(d). Figure 4(a) illustrates
the variations of Numpp with different radii with f . Accord-
ing to Fig. 4(a), the 7 Numpps with different radii have sim-
ilar changing trends and all rapidly turn to flat line almost at
the same point, which is exactly the critical point we need for
identifying state transition. However, the relatively large seg-
ment flat lines before f = 0.3 and the small segment flat lines
between f = 0.3 and f = 0.8 in Fig. 4(a) may lead to the wrong
judgment of the critical point. To eliminate the effect of those
flat lines, 2 circular zones with radii of R1 = 0.5 and R2 = 1.0
are chosen to set in the phase plane, and then the absolute value
of difference between the number of point pairs in the circular
zone of R1 and that in the circular zone of R2 is calculated to
determine the critical point (ADNumpp represents the abso-
lute value of difference between the number of point pairs in
the circular zone of R1 and that in the circular zone of R2 in the
following part of this paper). Figure 4(b) features ADNumpp
varying with f (0,1). Apparently, the point that ADNumpp fi-
nally remains relatively unchanged is just the critical point that
induces state transition. The judgment of the remaining rela-
tively unchanged parts is made by comparing with a threshold
TD, which is related to noise added to the system and will be
discussed later.
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Fig. 4. (color online) (a) Curves of Numpp versus f for different radii.
(b) Variation of ADNumpp with f .

2.3. Method construction

Based on the above studies, a CZC method is proposed to
determine the critical value and identify state transition. The
specific implementation to identify state transition by the CZC
method can be described below.

(i) Initializing the parameters: start force amplitude f =
fstart; radii of the two circular zones R1 = 0.5 and R2 = 1.0.

(ii) Solving Eq. (3) with force amplitude f . Calculate
the value of x(t)2 + y(t)2 using data from the Duffing oscil-
lator’s output solved in Eq. (3) with force amplitude f . For
each point pair (x(t),y(t)): if x(t)2 +y(t)2 < R2

1, the point pair
(x(t),y(t)) is located inside the circular zone with radius of R1;
if x(t)2+y(t)2 < R2

2, the point pair (x(t),y(t)) is located inside
the circular zone with radius of R2. Count the number of point
pairs (x(t),y(t)) inside the circular zones with radii R1 and R2

and denote them as Numpp1 and Numpp2, respectively.
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Fig. 5. Flow chart of determining the critical value by the CZC method.
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(iii) Then the absolute value of difference between the
number of point pairs in the circular zone of R1 and that in the
circular zone R2 is calculated, and let

ADNumpp = |Numpp1−Numpp2|.

Compare the ADNumpp with the threshold TD. If
ADNumpp>TD, the Duffing system is in chaos motion, oth-
erwise it is in great periodic motion.

The specific implementation to determine the critical
value by the CZC method, while f is varying in [ fstart, fend]
with the varying step of ∆ f can be described as follows. Fig-
ure 5 shows the flow chart of determining the critical value by
the CZC method.

i) Initializing parameters: start force amplitude f = fstart;
radii of the two circular zones R1 = 0.5 and R2 = 1.0.

ii) Solving Eq. (3) with force amplitude f . Count the
number of point pairs (x(t),y(t)) inside the circular zones with
radii of R1 and R2, and denote them as Numpp1 and Numpp2,
respectively.

iii) Then the absolute value of difference between the
number of point pairs in the circular zone of R1 and that in
the circular zone of R2 is calculated, and let

ADNumpp = |Numpp1−Numpp2|.

Compare the ADNumpp with the threshold TD. If
ADNumpp>TD, turn to procedure vi); otherwise the critical
value is the current force amplitude f0 = f , and the program
is over.

vi) If f ≤ fend, reset f = f +∆ f and repeat procedures
ii)–iv); otherwise the critical value does not exist in this range
of [ fstart, fend], and the program is over.

3. Numerical experiments and analysis
The basic principle of the weak signal detecting method

based on the Duffing oscillator is as follows. Firstly, setting
the internal sinusoidal driving force at the critical value; then,
when the external to-be-detected signal is added to the system,
state transition occurs to indicate the existence of the to-be-
detected signal. However, the external to-be-detected signal
is always buried under background noise, so the background
noise is added to the Duffing oscillator detecting system with
the to-be-detected signal simultaneously. This method re-
quires that background noise is not able to induce state tran-
sition but the to-be-detected signal can. Therefore, whether
background noise could lead to state transition determines the
reliability of the Duffing oscillator detecting method. Cur-
rently, the theoretical foundation about the influence of noise
on chaotic system has been analyzed in depth.[18–20] The Duff-
ing oscillator weak signal detecting system has immunity to
noise,[21–23] which means that adding a relatively intense noise
does not affect the state transition when the system is in chaos
motion or in great periodic motion, rather than the case that
noise has no effect on the system. While the power of noise
is small, it could not affect the state transition of the system
and only makes the local trajectory on the phase plane dia-
gram look rough. But when the power of noise increases to
a certain intensity, the critical point at which state transition
happens will shift with the increase of noise intensity.
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Fig. 6. (color online) Effects on MLE and ADNumpp under Gaussian white noise with variances of 0, 10−1, 10−2, 10−3, 10−4,
10−5, 10−6. (a) Effects of Gaussian white noise on MLE. (b) Partial enlargement for effects of Gaussian white noise on MLE around
the critical point. (c) Effects of Gaussian white noise on ADNumpp. (d) Partial enlargement for effects of Gaussian white noise on
ADNumpp around the critical point.
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The CZC method we proposed here combines the Duffing
oscillator’s phase trajectory feature and numerical calculation
together to quickly determine the critical value and identify the
state transition. To explain the reliability of the CZC method, a
numerical experiment is carried out between the CZC method
and the MLE method. Gaussian white noise with variances
of 0, 10−1, 10−2, 10−3, 10−4, 10−5, 10−6, are added to the
detecting system, respectively, to study the effect of noise on
determining the critical value by the MLE method (Fig. 6(a))
and the CZC method (Fig. 6(c)). Figures 6(b) and 6(d) are the
partial enlargements of Figs. 6(a) and 6(c) around the critical
point. Figure 6(b) shows that Gaussian white noises with dif-
ferent variances all have effect on the shift of the critical point
by the MLE method. When the variance is small the shift is
small, and when the variance is large the shift is large. Fig-

ure 6(d) uncovers that Gaussian white noises with variances
of 10−3, 10−4, 10−5, 10−6 almost have no influence on deter-
mining the critical value by the CZC method, and those with
variances of 10−1, 10−2 lead to a large shift of the critical point
compared with the case of no noise. The numerical experiment
shows that noise has less effect on the CZC method than on the
MLE method. Therefore, compared with the MLE method,
the CZC method performs better in anti-noise capability and
it is more reliable. Besides, the CZC method needs four mul-
tiplications, two summations, and two comparison operations
in total for each Duffing oscillator output, and an extra opera-
tion of subtraction, absolute value, and comparison for each f ,
whose computational complexity is much less than that of the
MLE method.

Table 1. The 15 groups of ADNumpp data around the critical point of the CZC method under Gaussian white noise with different variances.

Group number f
Variance of Gaussian white noise added to the system

0 10−1 10−2 10−3 10−4 10−5 10−6

1 0.800 1828 2166 2004 2286 1971 1572 1600
2 0.805 1934 1422 2027 1752 1678 1559 1777
3 0.810 1935 1817 1614 1795 1969 1814 1537
4 0.815 1410 1590 1558 1420 1370 1619 1783
5 0.820 1147 1212 1471 1112 1381 1254 1312
6 0.825 981 1135 758 958 891 957 709
7 0.830 10 939 444 10 10 10 10
8 0.835 10 462 10 10 10 10 10
9 0.840 10 339 10 10 10 10 10
10 0.845 10 550 10 10 10 10 10
11 0.850 9 192 10 10 9 9 9
12 0.855 10 228 9 10 10 10 10
13 0.860 10 93 10 10 10 10 10
14 0.865 10 14 10 10 10 10 10
15 0.870 10 12 10 10 10 10 10

The accuracy of the critical value determined by the CZC
method depends on the selection of threshold TD under differ-
ent noises. Listed in Table 1 are 15 groups of ADNumpp data
around the critical point obtained by the CZC method under
Gaussian white noise with variances of 0, 10−1, 10−2, 10−3,
10−4, 10−5, 10−6. As Table 1 shows, ADNumpp data with
variances of 10−3, 10−4, 10−5, and 10−6 all turn to 10 and
are nearly invariable in group number 7 which is the same
as the situation of without noise, and ADNumpp data with
variance of 10−2 become nearly invariable in group number
8, while those ADNumpp data with variance of 10−1 become
nearly invariable in group number 14. From Table 1 we learn
that the threshold TD should be set according to the power
of background noise accompanied with the to-be-detected sig-
nal. When the variance of noise is small, the threshold TD is
low, and when the variance of noise is large, the threshold TD

should be set to be high. Obviously, if the threshold TD in
procedure iii) is set to be 100, the critical point will not shift
even under Gaussian white noise with the variance of 10−3,
and the threshold TD should be set to be about 500 for the
variance of 10−2. So, the reasonable setting of threshold TD
is significant for achieving the best detecting performance in
engineering application.

4. Conclusions
In this paper, by combining the Duffing oscillator’s phase

trajectory feature and numerical calculation, the CZC method
successfully transforms information about the to-be-detected
signal hidden in the two-dimensional phase plane into the
one-dimensional signal to simplify the computational mode of
the Duffing oscillator weak signal detection system. Studies
are conducted to prove that the CZC method is able to au-
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tomatically identify state transition and determine the critical
value of the Duffing oscillator at smaller computing cost and
with better effect than the most commonly used MLE method.
Therefore the CZC method has a good real-time performance
in realizing a high-efficiency weak signal detecting system,
which has a broad prospect of application in engineering.
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