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Quantum correlation dynamics in a two-qubit
Heisenberg 𝑋𝑌 𝑍 model with decoherence∗
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Quantum correlation dynamics in an anisotropic Heisenberg XY Z model under decoherence is investigated by making
use of concurrence C and quantum discord (QD). Firstly, we show that both the concurrence and QD exhibit oscillation
with time whereas a remarkable difference between them is presented: there is an “entanglement intermittently sudden
death” phenomenon in the concurrence but not in the QD, which is valid for all the initial states of this system. Also,
the interval time of entanglement sudden death is found to be strongly dependent on the initial states, the inhomogeneous
magnetic field b and the anisotropic parameter ∆ . Then, it implies that the steady concurrence and QD can be obtained in
the long-time limit, which means that the environmental decoherence cannot entirely destroy the quantum correlation, the
variation of the uniform magnetic field B and the anisotropic parameter can change the magnitude of the steady concurrence
and QD evidently whereas the parameter b cannot. In addition, based on the analysis of the steady concurrence and QD
with t→∞, we give the reason why the magnitude of the steady concurrence and QD is so complicated with the change of
the parameters B and ∆ , whereas the parameter b is independent of the steady concurrence and QD.
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1. Introduction
As a valuable resource in quantum information and quan-

tum computation,[1,2] quantum correlation has attracted lots
of attention over past years since it provides the possibility
of quantum teleportation,[3,4] quantum dense coding,[5] and
quantum cryptographic key distribution,[6] etc. The most fas-
cinating nonlocal correlation feature of quantum mechanics is
the quantum entanglement, generally considered as an essen-
tial resource for the quantum information processing.[7,8] In-
tuitively, we expect that entanglement captures all of the non-
classicality in a correlation. However, recent research reveals
that entanglement does not provide all aspects of quantum cor-
relations. For mixed states, nonlocality and entanglement are
not identical with quantum correlations. Entanglement is a
special kind of quantum correlations, but not the only kind.
Recently, many authors have proposed a variety of computable
measures to characterize quantum correlations in the com-
posite states: measurement-induced disturbance (MID),[9,10]

quantum discord (QD),[11–13] geometric discord (GD),[14–17]

measurement-induced nonlocality (MIN),[18] and so on. How-
ever, so many useful measurements to characterize quantum
correlation lead to a lack of a uniform criterion.

Among these measurements, QD introduced in Ref. [11]
is widely used to measure the quantumness of correlation con-
tained in a bipartite quantum state. Some recent results[15,19]

suggest that QD captures the nonlocal correlation more gen-
erally than entanglement. Even for some separable states, the

entanglement is zero while it can have nonzero QD, which in-
dicates the presence of nonclassical correlation. Due to the
good integrability and scalability, the solid state systems have
gained great attention.[20–22] As the natural candidates for the
realization of the correlation, spin chains have demonstrated
some substantial advantages compared with the other physi-
cal systems.[23–29] They not only have useful applications, but
also display rich correlation features.[30–33] The simplest spin
chain, i.e., the Heisenberg chain, has been used to construct
a quantum computer and quantum dots.[34–36] In addition, by
suitable coding, the Heisenberg interaction alone can be used
for quantum computation.[37–39] On the other hand, it is well
known that decoherence is a vital factor that should not be
ignored in quantum information processing. The coupling be-
tween any quantum system and its environment is inevitable.
Dissipative effects on quantum correlations measured by en-
tanglement in Heisenberg chains have been analyzed in several
contexts both in the absence and in the presence of an exter-
nal magnetic field.[22,28,33] Therefore, it is very interesting and
necessary to study the quantum correlations in a spin model
with decoherence by using other measures. In this paper, sev-
eral interesting results are obtained based on the behavior of
the QD about the effects of external field parameters B, b, and
the anisotropic parameter ∆ , where many of them are in con-
trast to the behavior of the entanglement.

In this paper, we will explore the quantum correlation be-
haviors of a two-qubit anisotropic Heisenberg XY Z chain with
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environmental decoherence in the presence of a uniform and
inhomogeneous magnetic field. In Section 2, we introduce
the Hamiltonian of the system and give the master equation
which provides the evolution of an open system. In Section 3,
we briefly review the definitions about the quantum correla-
tion measures concurrence and QD, respectively. Then the
quantum correlation behaviors of our spin system and a de-
tailed comparison between the entanglement and QD are in-
vestigated. Conclusions are finally drawn in Section 4.

2. Description of the model and the master equa-
tion

In this section we first consider the Hamiltonian for an
anisotropic N-qubit Heisenberg chain with nearest-neighbor
interactions which can be written as

H =
N

∑
n=0

(JxSx
nSx

n+1 + JySy
nSy

n+1 + JzSz
nSz

n+1), (1)

where Sα
n = 1

2 σα
n (α = x,y,z), and σα

n are the local spin −1/2
operators and Pauli operators, respectively, at site n, h̄ = 1,
and the periodic boundary condition Sn+1 = S1 applies. Jα ’s
are real coupling constants for the spin interaction.

We consider an anisotropic two-qubit Heisenberg XY Z
model with external magnetic field, the Hamiltonian H can
be written as

H = J(σ+
1 σ
−
2 +σ

−
1 σ

+
2 )+ J∆(σ+

1 σ
+
2 +σ

−
1 σ
−
2 )

+
1
2

Jzσ
z
1σ

z
2 +

1
2
(B+b)σ z

1 +
1
2
(B−b)σ z

2, (2)

where J = (Jx + Jy)/2, γ = (Jx− Jy)/(Jx + Jy), and σ± =
1
2 (σ

x± iσ y), σ± represent raising and lowering operators re-
spectively. ∆ (0 < ∆ < 1) is used to measure the anisotropy
in the XY plane. The magnetic field on the two-qubit are
B + b and B − b, the value of b controls the degree of
inhomogeneity.[29]

In practical realization, every quantum system is open
and unavoidable interaction with the surrounding environment
leads to decoherence. The description of the time evolu-
tion of an open system is provided by the master equation,
which can be written most generally in the Lindblad form with
the assumption of weak system–reservoir coupling and Born–
Markov approximation.[40,41] The Lindblad equation for our
case thus reads

dρ

dt
=−i[H,ρ]+ γ ∑

j=1,2

[
σ
−
j ρσ

−†
j −

1
2
{σ−†

j σ
−
j ,ρ}

]
, (3)

where { } means anticommutator and γ is the environmental
decoherence rate.

3. The definition and properties of concurrence
and QD
For a two-qubit system, mark the four basis states |00〉,

|01〉, |10〉, and |11〉 as 1, 2, 3, and 4, we know that the den-
sity matrix contains nonzero elements usually along the main
diagonal and anti-diagonal parts, such as the X-state form

ρ =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ23∗ ρ33 0

ρ14∗ 0 0 ρ44

 (4)

for this two-qubits system, prepared in an initial quantum state
determined by the X-state initial density matrix ρ(0), after
some time the evolution state density matrix ρ(t) remains the
X-structure. In order to describe the quantum correlation, we
use two measures including concurrence and QD. The concur-
rence C can be calculated with the help of Wooters’ formula
C = max(0,2maxλi−∑

4
i=1 λi),[42–44] where λi is the square

roots of the eigenvalues of the matrix R = ρ(σ y
1⊗σ

y
2)ρ

∗(σ y
1⊗

σ
y
2) and the asterisk indicates complex conjugation. For a den-

sity matrix X-structured as given above, the entanglement be-
tween the two atoms are

C = 2max(0, |ρ23|−
√

ρ11ρ44, |ρ14|−
√

ρ22ρ33). (5)

On the other hand, one can use the QD to examine quan-
tum correlation dynamics. In classical information theory, the
total correlations in a bipartite quantum system are measured
by the quantum mutual information

I(ρAB) = S(ρA)+S(ρB)−S(ρAB), (6)

where S(ρ) = −Tr(ρ log2 ρ)is the Von Neumann entropy, ρA

and ρB are the reduced density matrices of the subsystems A
and B, respectively. The quantum mutual information is usu-
ally used as a measure of total correlations that include quan-
tum and classical ones. The classical correlation C (ρAB) is
defined as the maximum information about one subsystem,
which usually depends on the type of measurement performed
on the other subsystem. In this paper, we limit ourselves to
projective measurement Πk = |k〉〈k| ( k =± ) performed only
on the subsystem B, the two orthogonal states |+〉 and |−〉 can
be represented as a unitary vector on the Bloch sphere |+〉 =
cosθ |1〉+ e iφ sinθ |0〉 and |−〉= e−iφ sinθ |1〉−cosθ |0〉with
0 ≤ θ ≤ π/2 and 0 ≤ φ ≤ 2π . Then the classical correlation
can be defined as[9,11,13]

C (ρAB) = S(ρA)−min
{Πk}

[
∑
k

pkS(ρ(k)
A )

]
, (7)

the minimum is taken over the complete set of orthogonal pro-
jectors Πk, where

ρ
(k)
A =

1
pk

TrB[(IA⊗Πk)ρAB(IA⊗Πk)]

is the reduced matrix of subsystem A after obtaining the mea-
surement outcome k, where pk =TrAB[(IA⊗Πk)ρAB(IA⊗Πk)].
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Then the difference between the total correlations and the clas-
sical correlations can be defined as

D(ρAB) = I(ρAB)−C (ρAB), (8)

which is the so-called quantum discord (QD). Usually, QD is
somewhat difficult to calculate and we cannot get the analyti-
cal solutions. While for the X-structure density matrix, if we
define

Q j = H(ρ11 +ρ33)+
4

∑
i=1

λi log2 λi +D j (9)

with λi being the eigenvalues of ρAB, then we can obtain the
exact expression of quantum discord as

D(ρAB) = min(Q1,Q2), (10)

where

D1 = H(τ), D2 =−∑
i

ρii log2 ρii−H(ρ11 +ρ33),

H(τ) =−τ log2 τ− (1− τ) log2(1− τ),

and

τ = (1+
√

[1−2(ρ33 +ρ44)]2 +4(|ρ14|+ |ρ23|)2)/2.

In the following, we use the concurrence and QD to study the
dynamical characters about the quantum correlation for this
two-qubit system prepared in different initial states.

Case 1 If the two-qubit system is prepared initially in the
separable initial state |00〉. According to the reduced density
matrix described by Eq. (3), and substituting Hamiltonian H
and ρ(0) into Eq. (3), the explicit form of the nonzero matrix
elements are

ρ11 =
J2∆ 2

M

[
2cos(2ξ t)e−γt − 2γ

ξ
sin(2ξ t)e−γt +1

]
+

M−3J2∆ 2

M
e−2γt ,

ρ22 = ρ33 =
B2 e−γt

ξ 2 +
γJ2∆ 2 e−γt

ξ 2M
[γ cos(2ξ t)+ξ sin(2ξ t)]

− (M−3J2∆ 2)e−2γt − J2∆ 2

M
,

ρ44 =
(M−3J2∆ 2)(e−2γt +1)

M
− 2B2 e−γt

ξ 2

− 2J2∆ 2(γ2 +ξ 2)cos(2ξ t)e−γt

ξ 2M
,

ρ14 = ρ
∗
41 =

J∆Be−γt

ξ 2 +
EJ∆ e−γt

ξ 2M
− (2B+ iγ)J∆

M
, (11)

where ξ 2 = J2∆ 2+B2, M = γ2+4ξ 2, and E = ξ (2iξ 2+ iγ2+

γB)sin(2ξ t)−(2ξ 2B− iξ 2γ+Bγ2)cos(2ξ t). By knowing the
density matrix and the definitions of concurrence and QD, it is
convenient for us to obtain the quantum correlation properties.

Figure 1 presents the evolution of correlation behaviors
with the separable initial state |00〉. We see from Fig. 1 that
the concurrence and QD oscillate with the increase of time,
and the oscillation amplitude of QD behaves like the second
peak is roughly larger by a factor than the first peak. Finally,
both the concurrence and QD approach a steady value in the
long-time limit and adjusting the uniform magnetic field B and
the anisotropic parameter ∆ will lead the steady concurrence
(SC) and steady QD (SQD) to change. One interesting thing is
that although C is initially zero for a period of time t, we have
nonzero values for QD except the starting point (for the sepa-
rable initial state, the QD is initially to be the minimum value
0). That is to say the entanglement quantified by C exhibits a
“sudden birth” of entanglement.[45,46] In contrast to this, QD
is always existence. Panels (a1) and (a2) show the concurrence
and QD as a function of time with different values of B and the
determined values ∆ = 0.5. It can be seen that the oscillation
of concurrence and QD is weaker with increasing B. On the
contrary, panels (b1) and (b2) show the concurrence and QD
as a function of time with different values of ∆ and the deter-
mined values B= 0.5. It can be seen clearly that the oscillation
of concurrence and QD get weaker with decreasing ∆ .
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Fig. 1. Time evolution of the quantum correlation calculated by C and
QD. Panels (a1) and (a2) for different values of the uniform magnetic
field B: B = 0.1 (solid line) and B = 0.9 (dotted line), respectively, with
∆ = 0.5; panels (b1) and (b2) for different values of the anisotropic pa-
rameter ∆ : ∆ = 0.3 (solid line) and ∆ = 0.8 (dotted line), respectively,
with B = 0.5. Other parameters are J = 1 and γ = 1.

It is worth noting that the remarkable behaviors of the
concurrence and QD are presented in Fig. 1, where both the
concurrence and QD approach a steady value in the long-time
limit and the variation of the uniform magnetic field B and the
anisotropic parameter ∆ can clearly change the magnitude of
the SC and SQD. However, the magnitude of the SC and SQD
is very complicated with the change of the parameters B and
∆ , there is no uniform conclusion. It can be clearly seen that
in Fig. 1 [panel (a1)] the magnitude of the SC increases with
the increase of B for the determined value of ∆ , while in Fig. 1
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[panel (a2)] we observe that the SQD increases with the de-
crease of B for the determined value of ∆ . So one interesting
and strange thing is presented: increasing B can improve the
SC but decrease the SQD, which means that the effect of the
variable B on the SC is entirely opposite to the SQD. In Fig. 1
(panel (b1)), it implies the situation that the magnitude of the
SC increases with the decrease of ∆ for the determined value
of B, however the SQD increase with the increase of ∆ for
the determined value of B is presented in Fig. 1 (panel (b2)).
Also, a strange phenomenon is that increasing ∆ can decrease
the SC but increase the SQD. This implies that the effect of the
variable ∆ on the SC is totally opposite to the SQD. In what
follows, we will illustrate why this strange phenomenon oc-
curs. In Fig. 2, with the limit case t→∞, the SC and SQD be-
haviors can be obtained in Fig. 2 for the anisotropic parameter
∆ = 0.5 [panels (a1) and (a2)], and the uniform magnetic field
B = 0.5 [panels (b1) and (b2)]. It is interesting to note that the
change of the SC and SQD is nonlinear, it increases first, and
undergoes a decreasing procession after it reaches the maxi-
mum value of the steady correlation. In Fig. 2 (panel (a1)),
the SC increases with B = 0.1 → B = 0.9, whereas an op-
posite effect for the SQD behaviors is presented (the SQD
decreases with B = 0.1 → B = 0.9) in Fig. 2 (panel (a2)).
In Fig. 2 (panel (b1)), it shows that the SC decreases with
∆ = 0.3→ ∆ = 0.8, also an opposite effect is shown in Fig. 2
(panel (b2)) for the SQD behaviors.
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Fig. 2. With t→ ∞, the steady concurrence and QD behaviors are plot-
ted as a function of B [panels (a1) and (a2)] and ∆ [panels (b1) and
(b2)]. Other parameters are chosen as J = 1, γ = 1 and panels (a1) and
(a2) for ∆ = 0.5, panels (b1) and (b2) for B = 0.5.

Case 2 When the two-qubit system is in the separable
initial state |01〉. Using Eq. (3), one can obtain the nonzero
matrix elements of the evolution density matrix as

ρ11 =
J2∆ 2

M

[
− e−2γt +1− γ

ξ
sin(2ξ t)e−γt

]
,

ρ22 =
J2∆ 2(e−γt +1)

M
+

J2∆ 2γ2 cos(2ξ t)e−γt

2ξ 2M

+
[ξ 2b2 +B2η2 + J2ξ 2 cos(2ηt)]e−γt

2η2ξ 2 ,

ρ33 =
J2∆ 2(e−γt +1)

M
+

J2∆ 2γ2 cos(2ξ t)e−γt

2ξ 2M

+
[J2∆ 2b2− J2B2 + J2ξ 2 cos(2ξ t)]e−γt

2η2ξ 2 ,

ρ44 =
γJ2∆ 2 e−γt

2ξ 2M
[2ξ sin(2ξ t)−2γ cos(2ξ t)]

+
M−3J2∆ 2− J2∆ 2 e−2γt

M
− B2 e−γt

ξ 2 ,

ρ23 = ρ
∗
32 =

J e−γt

2η2 [iη sin(2ηt)−bcos(2ηt)]+
Jbe−γt

2η2 ,

ρ14 = ρ
∗
41 =

FγJ∆ e−γt

2ξ 2M
+

J∆Be−γt

2ξ 2 − J∆(2B+ iγ)
M

, (12)

where ξ 2 = J2∆ 2 + B2, η2 = J2 + b2, M = γ2 + 4ξ 2, and
F = (2iξ 2 − Bγ)cos(2ξ t) + ξ (2B + iγ)sin(2ξ t). One can
observe that the density matrix contains the inhomogeneous
magnetic field b. That is to say, the parameter b can influence
the quantum correlation under this initial state. Using the same
method, we can obtain the quantum correlation properties.

Figure 3 shows the evolution of correlation behaviors
with the separable initial state |01〉. It can be seen that both the
concurrence and the QD exhibit oscillation with the increase
of time. The interesting thing is that if b is smaller (b = 0.05),
the concurrence is intermittently death and birth. This means
the entanglement sudden death and revival occur after an ini-
tial concurrence oscillation and the interval time of entangle-
ment sudden death increases with the increase of time. As b
increases (b= 0.2), the entanglement sudden death and revival
occur after the second concurrence oscillation and the interval
time of sudden death is reduced in comparison with the case
of b = 0.05. However there is no sudden death and revival
phenomenon in the QD, and the QD decays with time. This
means that the quantum correlation based only on the QD is
expected to be more robust than that based on the concurrence
of this system.

Figure 4 shows the novel features of the concurrence
and the QD as a function of time t with the separable initial
state |01〉. One can see clearly that the “entanglement sudden
death and revival” phenomenon is still quite different between
the concurrence and the QD. Specifically, when ∆ is larger
(∆ = 0.85), the concurrence undergoes twice “sudden death
and revival” phenomenon and finally reaches a steady value in
the long-time limit. However, the interval time of the second
sudden death is obviously increased in comparison with the
first one. As ∆ decreases (∆ = 0.4), it only undergoes once
“sudden death and revival” and the interval time of the sudden
death is evidently less than the case of ∆ = 0.85. In addition, a
small ∆ leads to extremely strong entanglement and the steady
value of entanglement is also increased. It is worth noting that
the QD is only in oscillation with the increase of time, there
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is no sudden death and revival phenomenon. Also, a small
∆ leads to extremely strong quantum discord, and the steady
value of the QD increases with the decrease of ∆ .
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Q
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b/.

b/.

Fig. 3. Time evolution of the quantum correlation calculated by C
and QD with different values of the inhomogeneous magnetic field b:
b = 0.05 (solid line) and b = 0.2 (dashed line), respectively. Other pa-
rameters are: J = 1, γ = 0.1, ∆ = 0.9, and B = 1.
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Fig. 4. Time evolution of the quantum correlation calculated by C and
QD with different values of the anisotropy parameter ∆ : ∆ = 0.4 (solid
line) and ∆ = 0.85 (dashed line), respectively. For all plots J = 1,
γ = 0.8, b = 1, and B = 0.22.

From the analytic solutions about the density matrix ele-
ments under the initial state |01〉, we can find that the density
matrix contains the inhomogeneous magnetic field b. Though
the parameter b can influence some properties of the concur-
rence and QD, it is independent of the SC and SQD. Now, we
give the reason why the variable b cannot make the magnitude
of the SC and SQD changes. With the limit case t→∞, the ex-
plicit form of the non-zero and non-diagonal matrix elements
are

ρ14 = ρ
∗
41 =−

J∆(2B+ iγ)
M

, (13)

it does not contain the parameter b in the matrix elements ρ14

and ρ∗41. So it is not surprising that b cannot change the value
of the SC and SQD.
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Fig. 5. Time evolution of the quantum correlation calculated by C and
QD. Panels (a1) and (a2) for different values of the anisotropic param-
eter b: b = 0.1 (solid line) and b = 0.8 (dotted line), respectively, with
∆ = 0.5; panels (b1) and (b2) show different values of the anisotropic
parameter ∆ : ∆ = 0.1 (solid line) and ∆ = 0.8 (dotted line), respec-
tively, with b= 0.5. Other parameters are: C1 = 0.9, C2 = 0.6, C3 = 0.3,
J = 1, γ = 1, and B = 0.5.

Case 3 We assume the two qubits are initially in an aver-
age entangled state with maximally mixed marginal, which is
described by the X-structured density operator

ρ(0) =
1
4

(
IAB +

3

∑
j=1

c jσ
j

A⊗σ
j

B

)
, (14)

after the time evolution we can get the nonzero matrix ele-
ments of the evolution density matrix. To see what happens in
the mixed state, we have shown in Fig. 5 the entangled average
initial state with C1 = 0.9, C2 = 0.6, and C3 = 0.3. Because of
the entangled initial state, it is interesting to find that the con-
currence and the QD exist at the beginning of the evolution
which is different from the case of the separable pure state.
One can clearly see that both the concurrence and the QD os-
cillate with the increase of time, whereas it also undergoes a
sudden death and revival in the concurrence but not in the QD
which implies that the concurrence is more fragile than the QD
to describe the quantum correlation involved in quantum sys-
tems. Also, the steady values of the concurrence and the QD
are finally obtained in the long-time limit. However, in pan-
els (a1) and (a2) we see that the steady values of concurrence
and QD coincide with each other. It means that the parame-
ter b is independent of the SC and SQD. In panels (b1) and
(b2) we observe that the steady values of the concurrence and
QD increase with the increase of ∆ . In addition, one interest-
ing thing is that the interval time of the entanglement sudden
death is enhanced with the decrease of b for the determined
value ∆ (it is the same with the initial state |01〉 in Fig. 3).
With the determined value of b, the interval time of the entan-
glement sudden death increases with the decrease of ∆ , and it
is obvious that the effect of the variable ∆ on the sudden death
interval time is entirely opposite to the initial state |01〉 (the

060302-5



Chin. Phys. B Vol. 24, No. 6 (2015) 060302

interval time of the sudden death increases with the increase
of parameter ∆ ) in Fig. 4. That is to say, the interval time of
entanglement sudden death is found to be strongly dependent
on the initial states and the parameters b and ∆ .

4. Conclusion
In conclusion, we illustrate the quantum correlation prop-

erties about an anisotropic two-qubit Heisenberg XY Z system
under decoherence. The results show that the concurrence and
QD can behave very differently with time for different initial
states. We show that both the concurrence and the QD oscil-
late with time, while a clear difference between the behaviors
of the concurrence and the QD is that there is a sudden death
and revival phenomenon in the former but not in the latter,
and the interval time of entanglement sudden death is found
to be strongly dependent on the initial states, the parameters
b and ∆ . This implies that the QD is more robust than the
concurrence to describe the quantum correlation involved in
quantum systems. We also explore the different effects of the
coupling parameters on the concurrence and QD behaviors.
The results show that the steady concurrence and QD can be
obtained in the long-time limit, which indicates that the en-
vironmental decoherence cannot entirely destroy the quantum
correlation, and different values of the uniform magnetic field
B and the anisotropic parameter ∆ can change the magnitude
of the SC and SQD, while the parameter of the inhomogeneous
magnetic field b cannot. In addition, based on the analysis of
the SC and SQD with the limit case t→∞, we give the reason
why the magnitude of the SC and SQD is so complicated with
the change of the parameters B and ∆ , whereas the parameter
b is independent of the SC and SQD.
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