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Resonant behavior of stochastic oscillations of general
relativistic disks driven by a memory-damped friction∗

Wang Zhi-Yun(汪志云)†, Chen Pei-Jie(陈培杰), and Zhang Liang-Ying(张良英)

School of Physics and Electronic Engineering, Hubei University of Arts and Science, Xiangyang 441053, China

(Received 20 October 2014; revised manuscript received 26 November 2014; published online 27 March 2015)

By using a generalized Langevin equation to describe the vertical oscillations of a general relativistic disk subjected to
a memory-damped friction and a stochastic force, we derive the power spectrum density (PSD) of accretion disk oscillating
luminosity by the method of Laplace transform, and discuss the influence of the system parameters on the resonant behavior
in PSD curves. The results show that as the damping strength α and memory time τ of the friction increase, the variation of
PSD with spectrum frequency f from monotonous decreasing to occurring maximums, and the phenomenon of a general
stochastic resonance (SR) with a single peak and multi-peaks can be found in PSD curves. The radial distance parameter
n, the mass M, and spin parameter a∗ of the black hole determine the inherent frequency of vertical oscillations in the disk,
and they have significant influences on the SR phenomena in a system of black hole binaries.
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1. Introduction
It is well known that the accretion disk has been an im-

portant ingredient in our current understanding of many astro-
physical systems on all scales, and the accretion disks around
compact objects have become standard models for studying
many astrophysical phenomena. Because the accretion of mat-
ters on to compact objects can produce high-energy radia-
tion, accretion disks, as a powerful and interesting theoretical
model, is widely believed to be the source of energy in var-
ious astronomical objects such as quasars, black hole x-ray
binaries, and active galactic nuclei (AGNs).[1,2] The physics
of accretion disks has been used to explain a number of ob-
servations of them. However, one of the most prominent ob-
servational features of the black hole binaries and AGNs is
the strong and chaotic time variations in x-rays. For example,
quasi-periodic oscillations (QPOs) are occasionally observed.
A lot of disk oscillation models have been proposed to explain
the reason of such variability.[3–5] For example, the normal-
mode oscillations in geometrically thin disks have been stud-
ied extensively both within Newtonian gravity and the rela-
tivistic framework.[6–11] However, an accretion disk may be
subjected to stochastic force of large scales, which represents
either the internal force of the disk by the nonlinear terms or
the interaction with an external medium, such as tidal force,
shock wave, outbursts, friction force, and so on.[12,13] By tak-
ing into account the presence of a viscous dissipation and a
stochastic force, the vertical oscillations of accretion disks
were described by a Langevin equation.[14,15] Then, the ver-
tical displacements, velocities and the luminosities of stochas-
tically perturbed disks in both the static Schwarzschild and ro-

tating Kerr geometries were obtained and were used to explain
the intra-day variability of AGNs.[16,17] Using a Langevin
equation to describe the vertical oscillations of a geometri-
cally thin disk around a black hole, we investigated the lu-
minosity and power spectrum density (PSD) both in the non-
relativistic and relativistic cases, and discussed the stochastic
resonance (SR) phenomenon in PSD curves and found that the
simulated PSD curves of luminosity for disk oscillations have
the same profile as the observed PSD of black hole x-ray bi-
naries, and the SR may be an alternative interpretation of the
low-frequency QPOs (LFQPOs).[18–20] However, those mod-
els could not explain the high-frequency QPOs (HFQPOs) be-
cause the resonance frequency is generally less than 1, and the
Langevin equation in those modes provides a statistical de-
scription of the Brownian motion only in the long time limit,
for long times as compared with the characteristic relaxation
time of the velocity autocorrelation function.[15,21,22] It could
also not describe the dynamics of a homogeneous system with-
out restriction on a time scale. By considering a general mem-
ory and the retarded effects of frictional force, Harko et al.
used a generalized Langevin equation with colored noise and
fluctuation-dissipation theorems to describe the stochastic os-
cillation of the general relativistic accretion disks[15,16] and
found that the memory effects modify the dynamical behav-
ior of the disk, as well as the energy dissipation processes.

In this paper, we extend the analysis of our research in
Ref. [19] based on the model given by Harko in Ref. [15]. By
introducing a systematic force with an integral kernel instead
of the simple friction term, we use a generalized Langevin
equation to describe the stochastic oscillations of the particles
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in accretion disks around the black hole in a relativistic frame-
work. Then, we investigate the PSD of oscillating luminosity,
and discuss the resonant behaviors in PSD curves.

2. Generalized Langevin equation and the PSD
for stochastic oscillations of accretion disks
We consider a thin accretion disk around a black hole in

contact with an isotropic and homogeneous external heat bath.
Taking into account the retarded effects of the frictional force,
the vertical oscillation of the particles in this stochastically
perturbed disk can be described by a generalized relativistic
Langevin equation, given by[15]

d2z
dt2 +

∫ t

0
γ(t− ς)

dz(ς)
dς

dς + c2
ω

2
⊥z =

c2

MD
ξ

z(t), (1)

where z and ω⊥are the displacement and frequency of parti-
cles’ vertical oscillation; MD and c express the mass of the
accretion disk and the speed of light in a vacuum, respectively.
The damping kernel function is

γ(t− ς) =
cα

τ
exp
{
−|t− ς |

τ

}
, (2)

and the autocorrelation function of the stochastic force satis-
fies the condition

〈ξ z(t)ξ z(ς)〉= 1
β

γ(t− ς), (3)

where β is a constant, τ represents a characteristic disk mem-
ory time, and α is interpreted as the disk damping strength,
which describes the strength of energy dissipation in the disk.
By introducing a set of dimensionless parameters (θ ,σ ,Z) de-
fined as

t = τθ , z = (c2
τ

2/MD)Z,

ς = τσ , a = τcα, ω = τcω⊥, (4)

equation (1) can be changed to

d2Z
dθ 2 +

∫
θ

0
ae−|θ−σ | dZ(σ)

dσ
dσ +ω

2Z = η(θ), (5)

where η(θ) satisfies the following statistical properties:

〈η(θ)〉= 0,〈η(θ)η(ς)〉= τDe−|θ−ς |, (6)

where D = cα/β .
For a Kerr accretion disk, by denoting the radial distance

ρ in terms of the gravitation radius and the mass M of the
black hole, that is ρ = nGM/c2, n = constant (n ≥ 6). By
setting a∗ = J/M2 = a/M (a∗ ∈ [0,1]) representing the black
hole spin and denote χ =

√
n2 +1−a2

∗, the expression of ω⊥
can be represented as[14]

ω
2
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c4ω2
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where
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ω
2
2 = (1+χ)[n2−χ(1+χ)(3+χ)]2{
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}
. (9)

We assume that the dimensionless initial displacement and ve-
locity of disk oscillations are

Z(0) = Z0, Ż(0) =V0. (10)

Using the method of Laplace transform, we can obtain
the expressions of Z(θ), Ż(θ), and Z̈(θ) by solving Eq. (5) as
follows:

Z(θ) = Z0 +V0H(θ)+
∫

θ

0
H(θ − s′)η(s′)ds′, (11)

Ż(θ) =
dZ(θ)

dθ
=V0Ḣ(θ)+

∫
θ

0
Ḣ(θ − s′)η(s′)ds′, (12)

Z̈(θ) =
dŻ(θ)

dθ
=V0Ḧ(θ)+

∫
θ

0
Ḧ(θ − s′)η(s′)ds′, (13)

where Ḧ(θ) = dḢ(θ)/dθ = d2H(θ)/dθ 2. Here, H(θ) is
the response function, and its Laplace transform is given by
Ĥ(p) = [p2+ pγ̂(p)+ω2]−1, γ̂(p) is the Laplace transform of
the memory damping kernel γ(θ) and

γ̂(p) =
∫

∞

0
ae−|θ | e−pθ dθ =

a
p+1

. (14)

When a and ω satisfy the following condition:

4ω
6 +12aω

4 +8ω
4 +12a2

ω
2

+4ω
2 +4a3−20aω

2−a2 > 0, (15)

the solution of H can be represented in the form

H(θ) = A1 e−Γ1θ + e−Γ2θ (A2 cos(2π f0θ)

+A3 sin(2π f0θ)), (16)

where the coefficients A1, A2, and A3 are constants of integra-
tion determined by initial conditions and system parameters;
Γ1, Γ2, and f0 are the set of roots of the algebraic equation

p3 + p2 +(a+ω
2)p+ω

2 = 0. (17)

The total energy of the oscillating disk is the sum of ki-
netic plus potential energy, which can be written as

E(t) =
1
2

(
dz(t)

dt

)2

+
1
2

c2
ω

2
⊥z(t)2. (18)
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The time variation of the energy express output luminos-
ity L, which represents the energy loss of the disk due to vis-
cous dissipation and the presence of stochastic force, can be
written in dimensionless form as

L(t) =− dE(t)
dt

=
c4τ

M2
d

L̄, (19)

where

L̄ = − dZ(θ)
dθ

[
d2Z(θ)

dθ 2 +ω
2Z(θ)

]
= −Ż(θ)[Z̈ +ω

2Z(θ)]. (20)

The steady-state mean autocorrelation function of dimen-
sionless luminosity L̄ can be described as
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′) = lim

θ→∞
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〉
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′)
〉]
. (21)

The autocorrelation function CLL(θ
′) is a measure of cor-

relation between luminosities at time θ and θ + θ ′, and it is
an important physical quantity to characterize the dynamic be-
havior of stochastic systems in a nonequilibrium steady state.
The output power spectra and normalized mean luminosity
fluctuation can be derived from it. According to Eq. (19), we
can see that the correlation of the memory friction and stochas-
tic force is an important factor of dynamical behavior for the
vertical oscillations of the disk described by Eq. (1).

By Fourier transform, equation (21) may be translated
into the PSD (P( f )) of oscillating luminosity of the accretion
disk as

P( f ) =
∫ +∞

−∞

CLL(θ
′)e−i2π f θ ′ dθ

′. (22)

3. Resonant behavior in the PSD of oscillating
luminosity of accretion disk
According to the above discussion, we find that, when

the physical parameters take certain values, the displacement
and velocity of vertical oscillations of an accretion disk can
be solved by the method of Laplace transform. Then we may
obtain the PSD of the disk oscillating luminosity in both static
Schwarzschild geometry and rotating Kerr geometry, respec-
tively. It is shown that different forms of general SR exist
in curves of the PSD versus spectrum frequency, described as
follows.

3.1. Variation of the PSD with memory time τττ

Figure 1 depicts the PSD curves with taking the memory
time τ of damping kernel function as a parameter. It can be

found that the continuum of PSD is approximated as a broken
power law, and the power-law index keeps constant in two dif-
ferent ranges of spectrum frequency f , and different SR phe-
nomena occur when τ takes different values as follows. (i) In
the case of τ = 0.0001, the PSD is monotonically descended
with the increase of f . (ii) For τ = 0.001, a maximum presents
in the PSD curve, which is not monotonic. This is a general
SR phenomenon. (iii) When τ = 0.01, the PSD curve shows
three-peak resonance, with nonmonotonic behavior for the fre-
quencies f close to three resonance frequencies, which is a
typical multi-peaks SR. The resonance peak corresponding to
the highest frequency is more sharp and higher than the other
two peaks, so its resonance is more pronounced. Two peaks
corresponding to the lower f are very close together, and their
heights are nearly equal. (iv) When τ increases to 0.1, how-
ever, the number of resonance peaks in the PSD curves de-
creases to two, it is a double-peak SR. We can also find that as
the memory time τ increases, the SR phenomenon is more ob-
vious, and the position of peaks turns toward the increasing f .
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Fig. 1. The PSD of the luminosity for a stochastically oscillating disk
around a Kerr black hole with the mass M = 10Msun and a∗ = 0.9 and
for n = 7, α = 10−7.

Above results illustrate that the form of SR in PSD curves
of the accretion disk oscillating is significantly induced by the
memory time τ of friction. Therefore, in contrast to a gen-
eral relativistic disk with fixed damping, the vertical oscilla-
tion of an accretion disk driven by a memory-damped friction
has more rich resonant behavior, namely, there is a multi-peak
resonance. We consider that the memory time has an essential
influence on the SR phenomenon in PSD curves, and the rea-
son for this may be that the prolonged memory makes more
energy produced by stochastic force transforming into lumi-
nosity by viscous dissipation, and induces resonance, which
appears easier.

3.2. Variation of the PSD with disk damping strength α

The PSD as a function of spectrum frequency f for dif-
ferent values of the disk damping strength α and memory time
τ are plotted in Fig. 2. From Fig. 2(a), we can clearly see that,
when τ takes the value of 0.0001, the PSD decreases mono-
tonically with f in the case of α = 10−6, whereas, in the case
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of α > 10−5, the PSD curves exhibit double-peak resonance,
of which two peaks have the same height, and the peak corre-
sponding to the higher frequency is sharper. As α increases,
the value of the PSD is decreased, but the resonance peaks are
more sharp, and their positions move towards the increased f ,
the resonance is more pronounced too.

The influence of damping strength α on the SR in PSD
curves in the case of τ = 0.01 is shown in Fig. 2(b). When
α takes a small value, there are three resonance peaks, which
show the same tendency as in the corresponding part of Fig. 1.
With the increase in α , two peaks corresponding to the lower
f are close to each other until they merge into one resonance
peak, at the same time, the well between them continues to
rise until it disappears, finally presenting a double- peak SR as
shown in the case of α = 10−5.

The results mentioned above show that both the damping
strength α and memory time τ of friction have the same influ-
ence on the SR in the PSD curves of accretion disk oscillating
luminosity. According to Eqs. (3) and (4), we can find that the
strength of friction and stochastic force are increased as α in-
creases, they can induce the resonant behavior in PSD curves
to be more pronounced. In addition, the influences of α on the
position and intensity of the resonance peak are greatly differ-
ent from the case of fixed damping friction shown in Ref. [19],
of which damping strength only influences the height rather
than the position of the resonance peak.
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Fig. 2. The PSD of the luminosity for a stochastically oscillating disk
around a Kerr black hole with the mass M = 10Msun, a∗ = 0.9, and
n = 7. (a) τ = 0.0001, (b) τ = 0.01.

3.3. Variation of the PSD with the radial distance param-
eter nnn, mass MMM and spin parameter a∗a∗a∗ of the black
hole

In order to discuss the influences of the system param-
eters for black hole binaries on PSD, we plot the curves of
the output luminosity PSD for different values of the radial
distance parameter n, the mass M, and spin parameter a∗ of
the black hole shown in Fig. 3. These graphs show the same
double-peak or three-peak resonances as shown in Fig. 2. The
following two points are worth pointing out. (i) Both M and
n have the same influence on the PSD. On the one hand, two
peaks corresponding to the lower f are close to each other as n
or M decrease, but the well between them continues to deepen.
On the other hand, with the decrease in n and M, the resonance
peaks become higher and sharper, and their positions turn
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Fig. 3. The PSD of the luminosity for a stochastically oscillating disk
around a black hole for τ = 0.01, α = 10−7, and (a) a∗ = 0.9, n = 7, (b)
a∗ = 0.9, M = 10Msun, (c) n = 7, M = 10Msun.
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towards the increasing f . (ii) The spin parameter a∗ has little
influence on the fully PSD curve, for the SR phenomenon, it
only makes the positions of peaks change.

According to Eqs. (7)–(9), the inherent frequency of verti-
cal oscillations of an accretion disk ω⊥ is determined with the
three parameters mentioned above. So we can see that as ω⊥
is increased, the resonance frequency is higher, and the reso-
nant behavior in the PSD curve of disk oscillating luminosity
is more pronounced.

4. Conclusion
In this work, considering a generalized Langevin equa-

tion with a damping kernel function and a stochastic term to
describe the vertical oscillations of a general relativistic disk
around a black hole, we derived the PSD of disk oscillat-
ing luminosity, and investigated the resonant behavior in PSD
curves. The main results show that there are two different
forms of SR observed in PSD curves for different parame-
ter regimes. When the parameters of α and τ are small, the
PSD is monotonically decreased with spectrum frequency f .
However, as α and τ increase, the maximums present in PSD
curves, and the number changes from one to three and then de-
creases to two, that is, there exist single-peak and multi-peak
SR phenomena, and the resonance frequency is increased with
α and τ increasing. The mass M, radial distance parameter n,
and spin parameter a∗ of the black hole have different influ-
ences on the SR phenomena because they determine the inher-
ent frequency of vertical oscillations of the accretion disk.

Finally, it is remarkable that, in contrast to the results
of a general relativistic disk with fixed damping discussed in

Ref. [19], the PSD curves of disk oscillating luminosity not
only show multi-peak SR, but also the resonance frequency
can be improved to dozens of Hz. These characteristics are
consistent with HFQPOs observed in black hole x-ray bina-
ries. This result motivates us to fit the observed HFQPOs by
the SR of general relativistic disks driven by memory-damped
friction in our future work.
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