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A pseudoenergy wave-activity relation for ageostrophic and
non-hydrostatic moist atmosphere*
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By employing the energy-Casimir method, a three-dimensional virtual pseudoenergy wave-activity relation for a moist
atmosphere is derived from a complete system of nonhydrostatic equations in Cartesian coordinates. Since this system of
equations includes the effects of water substance, mass forcing, diabatic heating, and dissipations, the derived wave-activity
relation generalizes the previous result for a dry atmosphere. The Casimir function used in the derivation is a monotonous
function of virtual potential vorticity and virtual potential temperature. A virtual energy equation is employed (in place
of the previous zonal momentum equation) in the derivation, and the basic state is stationary but can be three-dimensional
or, at least, not necessarily zonally symmetric. The derived wave-activity relation is further used for the diagnosis of the
evolution and propagation of meso-scale weather systems leading to heavy rainfall. Our diagnosis of two real cases of
heavy precipitation shows that positive anomalies of the virtual pseudoenergy wave-activity density correspond well with
the strong precipitation and are capable of indicating the movement of the precipitation region. This is largely due to the
cyclonic vorticity perturbation and the vertically increasing virtual potential temperature over the precipitation region.
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1. Introduction

The wave—flow interaction is an important subject of at-
mospheric dynamics. The flow is referred to as the basic-state
flow and the wave is a deviation from the basic-state flow.
Their interaction includes two aspects: the feedback to the
basic-state flow from the wave, which is described by the E-P
flux theory,!!~*! and the forcing to the wave by the basic-state
flow, which is presented by the wave-activity relation.>~1°!
Because the basic-state flow and the wave vary with dif-
ferent temporal scales, the two aspects can be investigated
individually. The wave-activity density, which is quadratic
(or of higher order) in the disturbance fields, can be a con-

ILI2] Generally,

served quantity at the small-amplitude limit.!
the wave-activity density satisfies the following wave-activity

relation in flux form:

0A
S TV F=S, (1)

where A and F' are the wave-activity density and the wave-
activity flux, respectively, and S is the source or sink. In the
absence of diabatic heating and turbulent dissipation, S tends
to be zero, and the above equation becomes conserved. Then,
the tendency of the wave-activity density is controlled by the
convergence or divergence of the wave-activity flux. Many
studies have shown that the wave-activity relation provides a
theory that underlies the interaction between the basic state

flow and the wave.13-15]
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Popular methods to construct such a relation include the
momentum-Casimir and the energy-Casimir methods, which
were used by Arnol’d and others to prove stability theorems
for some conservation flows.!'®! McIntyre and Shepherd,!!”!

121 and Scinocca et al.l'! extended these methods to

Haynes,
investigate the wave-activity relations for small-amplitude and
finite-amplitude disturbances to parallel and nonparallel flows.
Ran and Gao employed the momentum-Casimir method to
construct the pseudomomentum wave-activity relation for dry
air in the nonhydrostatic dynamic framework.!'8! The wave—
flow interaction was theoretically examined by Ran and Boyd,
and its two aspects were linked via the basic-state diabatic
heating.['"]

Previous investigations of the wave—flow interaction have
mostly been confined to large-scale systems. However, the se-
vere precipitations leading to flood disasters are often associ-
ated with the meso-scale systems, and for some time have also
attracted much attention.?*->31 Recently, wave-activity rela-
tions were also applied to heavy-rainfall event diagnosis. Ran
et al. analyzed the dynamic processes responsible for precip-
itation during the landfall of typhoon Wipha in terms of the

[26] Since the wave-activity density is ca-

wave-activity density.
pable of describing the typical vertical structure of dynamic
and thermodynamic fields, it presents anomalies in the middle
and lower troposphere over the strong precipitation area.[>”)
Chu et al. developed the potential shear wave-activity relation

and investigated the meso-scale features in typhoon Morakot’s

*Project supported by the National Basic Research Program of China (Grant No. 2013CB430105), the Key Program of the Chinese Academy of Sciences (Grant
No. KZZD-EW-05), the National Natural Science Foundation of China (Grant No. 41175060), and the Project of CAMS, China (Grant No. 2011LASW-B15).

fCorresponding author. E-mail: rlk @mail.iap.ac.cn
© 2015 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

059201-1


http://dx.doi.org/10.1088/1674-1056/24/5/059201
mailto:rlk@mail.iap.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 24, No. 5 (2015) 059201

(2009) precipitation. 28]

In previous studies of the wave-activity relation, moisture
was not explicitly taken into account. The real atmosphere,
however, is not truly dry. It contains moisture and is often sat-
urated when heavy rainfall occurs. Thus, it is quite necessary
to extend the previous study of Ran and Gao, '8! and derive a
new wave-activity relation involving moisture to diagnose the
energetics of meso-scale systems which have interactions with
the large-scale basic flow in real moist atmosphere. To realize
this, the present paper employs the energy-Casimir method to
derive a three-dimensional non-hydrostatic virtual pseudoen-
ergy wave-activity relation in the presence of various hydrom-
eteors and related moist processes. The governing equations
are presented in Section 2. The virtual pseudoenergy wave-
activity relation for moist atmosphere is derived in Section 3.
The results are summarized in Section 4.

2. The virtual pseudoenergy wave-activity rela-
tion
Consider a diabatic, viscid, compressible, and moist at-

mosphere. The governing equations on -plane in Cartesian
coordinates (x,y,z,t) are given by

%+(U~V)v—(fo+l3y)k><v

=—%Vp—gk+D, 2

d

P4V (pav) =0, )

%Jr(v'V)e:SeJrDe, 4)

a&% +(v-V)Qy =Sg, +Dg,, 5)

20 10

Ttl +(v- V)0 — Ejz [pd (WrQr+Wst +Wth)]

= —Sg, + Dy, (6)

p = PRT,, @)
. 1+20,

1400+ 0 ®

where T, =T lfg%Ql

tual potential temperature; T is the temperature; A = 1.608

is the virtual temperature; 60y is the vir-

is a constant; v = (u, v, w) is the three-dimensional veloc-
ity; p is the pressure; p is the total density of moist atmo-
sphere, which is the sum of dry-air density pg, water-vapor
density py, cloud-water density p., rain-water density p;, ice
density p;, snow density ps, and graupel density pg; Qy is the
water-vapor mixing ratio; Q) is the mixing ratio sum of cloud
water Q., rain water Oy, ice Q;, snow O, and graupel Q,;
wr, Ws, and wy, are the terminal velocities of rain water, snow,
and graupel, respectively; 6 = T (1000/ p)R/ “r is the potential
temperature; R is the dry-air constant; c, is the specific heat

at constant pressure; g is the gravitational acceleration; fy is
the Coriolis parameter; 3 is the Rossby parameter; and, k is
the unit vector in the vertical direction. In addition, Sg is the
diabatic heating; Sg, is the source or sink for Qy; and, Dy, D,,
D,,, Dg, Dg,, and Dg denote the dissipations of momentum,
potential temperature, and water substances, respectively. As
an equation system involving water substances, equations (2)—
(8) have been extensively employed in numerical models such
as the weather research and forecasting model (WRF),?>] the
advanced region prediction system (ARPS),*?! and the cloud-
resolving model.3!]

By using Egs. (3), (5), and (6), one obtains the continuity
equation of total mass

P19 (o) =5 ©)
where
P =pa+pPyvtpPctpPrt+pPitpPstPg,
and

J
Sp = 3 [Pa (w:Qr +wsQs +wnOn)] + pa (Do, + Do)

is the mass forcing composed by fallouts of Oy, Q;, and Qg at
their respective terminal speeds and dissipations of water sub-
stances. Qiu et al. examined the significance of mass forcing
and found that the mass forcing is important in the numerical
simulations of heavy rainfall.[??) The mass forcing resulting
from heavy rainfall may cause the anomaly of moist poten-
tial vorticity.!33] These studies suggest that the effect of mass
forcing on heavy precipitation is not negligible.
The total energy equation is given by

OE

1
> +v-VE+EV-('vp):SE, (10)

where E = (u2 +v2 4+ wz) /2+ gz+ ¢y Ty is the virtual energy
density, which is the sum of kinetic energy, potential energy,
and virtual internal energy ¢, 7y, and

cp P A
=2 = Dg) + ——+——c,T D
SE Rpe (Se+ 9)+ 1+AQVCP V(SQV+ Qv)
cy p
+U.D—§V?Sp (11)

is the source or sink for the energy density. The right-hand side
terms in Eq. (11) stand for the contributions of thermal source
and dissipation, moisture source and dissipation, momentum
dissipations, and mass forcing, respectively. For adiabatic, in-
viscid, and dry atmosphere, equation (10) is a conservation
equation of energy.

By taking moisture into account, the virtual potential vor-
ticity (VPV) is expressed as

q9= . 12)

059201-2



Chin. Phys. B Vol. 24, No. 5 (2015) 059201

where w = (dw/dy — dv/dz, du/dz — dw/dx, dv/dx —
du/dy+ fo+ By) is the absolute vorticity. The tendency equa-
tion of VPV is written as

d
S+ w-V)g=5, (13)
t
where
1
SqZE(w-Vng+V9v~V><D—qu) (14)

is the source or sink of VPV, and
S
% = ORT

po
)
p2RT P

P A6,
)+

So+Dg)+ ——2_(Sp.+D
(Se HQVJFQI(Qv o)

5)

is the source or sink of 0,, which contains thermal source and
dissipation, moisture source and dissipation, and mass forc-
ing. In the absence of a source or sink for virtual potential
temperature, dissipations and mass forcing, VPV satisfies a
local conservation equation.

Following Haynes,[!?!

we exploit the Casimir function
C=C(q,6y), asingle-valued algebraic function of g and 6. In
the conservative case, C is constant following the fluid motion.

It satisfies

aCc aCc aCc
7+ VC—a—S—i—aeS (16)

After adding the energy equation (10) to the Casimir equa-
tion (16) and using the total continuity equation (9), one can

obtain
0
E[P(E+C)]+V'[UP(EJFC)HV'(UP)=SEc, (17)
where
_ (< 9C
Sgc = (GVPT+p89V)S6V
JC
+a—q(w-VSQV+V6V-V><D)+pv-D
1, aC
+ <2v +gz+cpTv+C—qaq> Sp (18)

is the source or sink.

Based on Eq. (17), we now use the energy-Casimir
method!'?! to construct the virtual pseudoenergy wave-activity
relation for a moist atmosphere. The Casimir function C is
chosen to make the difference between p (E + C) and its basic
state equal to the divergence of a flux plus a second-order wave
quantity and a basic-state quantity. As pointed out by Scinocca
and Shepherd,!!! the energy-Casimir method requires the ba-
sic states to be stationary.

Before further derivation, it is necessary to discuss the ba-
sic states. Let (uo, vo, po, 10, Po, 60, Ov0, gvo,qo) denote the ba-
sic states of (u,v,p,T,p,0,6y,qv,q), and take the basic-state

values of w and ¢; to be zero. These basic-state variables are
functions of three-dimensional space variables (x,y,z) and are
independent of time. As a steady solution to the governing
equations, the basic states satisfy

1
vo- Vg — (fo+By)kx v = —%VPO —gk, (19)

V- (povo) =0, (20)
vy - VO =0, (21
vo-Vgy =0, (22)
1+A0v0
Too = To—————, 23
=T Ow (23)
po = poRTyo, (24
P R/cp
6= To () , 25)
Po
lJr)LQVo
0,0 = 6)———— 26
vo =6 Ow (26)

where vy = (up,v0,0). The thermal-wind relation can be de-

rived as
v 81}
0. Vw40 Vh —(fo+By)k 0
8 82
dpo 1 5'P0
_ Py, 27
5 oy +p 9z v hPo- 27

Let (ue,Ve,We,Pes Te, Pes Oc, Oves Gve, qle,ge) denote the
disturbances to the basic states, which is a function of x, y, z,
and 7. After neglecting the terms that are quadric and higher-
order in disturbance amplitude, and reserving all of the source
or sink and dissipations, one obtains the linearized disturbance

equations
Ve
3% = —vg - Voe+ (fo+ By) k X ve —ve - Vg
1
——Vpe+ Pvp+ D, (28)
Po PO
dpe -
ot : (pO'Ue) -V (pe'UO) +SP7 (29)
aGve
ot = 7”0‘Veve*ve'vev()+s9v7 (30)
ane o v
5 = v Ove — Ve VQuw+Sg, +Dg,, (1)
ane Sp
= —vy- - — -D 32
ot Vo VQIC + Pd SQv Ovs ( )
in which ve = uet +veJ +wek is the three—dimensional pertur—

batlon velocity and the Taylor series expansion % % — L +

+ -- has been used.

Under the assumption that |pe/po| < 1,
|Te/To| < 1, |6ye/Ovo] < 1, and |Qye/Ovo| < 1, one can lin-
earize 6, and p by subtracting the basic-state equations (24)

and (26) from the state equation (15) and 6, respectively.
Consider the leading-order contributions

Pe (2' — 1) Ove _ Ole

- 7+7 R
po po To (14+0w)(1+A0vw) 1+0w

(33)
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%NE_E&_’_ (A —1) Oy _ Oie (34)
6o To cppo (14+0vw0)(1+A0y0) 140w
Eliminating p. in Egs. (33) and (34) yields
T ~T|:Cp Oyc R pe (A_I)Qve
e~ lop|—F5—+———
cv O ey po (1+Qvo)(1+20w0)
Qle
. 35
1+Qv0:| ( )

As a disturbance to the basic-state VPV, g9 =
- VOy/po (= (—(9’1]0/82, 8u0/8z, 8110/8x— 8u0/8y+
fo+ By)) is the basic-state absolute vorticity. The g, is given
by

9e = 4—490
1
= E (we “V Oy +we - VO +wp- VO — peQO) , (36)
where we = V X v, is the perturbation relative vorticity. By

performing a Taylor series expansion of C at ¢ = go and
6, = 6,9, and considering the quadric contributions to C, one
has

2Cy 2Cy
Co+=— 940 qe + 799 Oye

1 (d*Cy 5,  9%Co
(== )
"2 ( P T A )
2°Cy
9909040 ™

C(q,6y) =

Bve; (37)

where Cy = C(qo, Byo) is the basic-state Casimir function.

We perform a Taylor series expansion of the quantity
p(E+C(q,6y)) after the substitution of u = up + tte, v =
Vo + Ve, W= We, Ty = Tyo + Tves ¢ = qo + ge, Oy = Oy + Oye.
By eliminating 7 and g, in the leading-order terms of the ex-
pansion with Eqs. (35) and (36), and neglecting the cubic and

higher-order contributions, we may rewrite the quantity as

p(E+C(q,6y))

1 1
= Po <M0+ 2”0 +gz+chv0+C0>

+ Pe §u0+§vo+g2+cpTvo+Co—quqO

+V. [gco (ve X V Oy + Gvewo)}
q0

+ Ve [Po’vo —Vo,xV (ac())}
dqo

oy 9 g (G
e[S gt g e v (G )+ o
where
_ 1+)‘QVO aCO
A= Pe{UO"Ue'f'l_'_QVOCvn‘i‘aeVOeve
cyvTp
————[(A—=1)Qve — (1 +A00) O }}
(1+QVU)2 :

1 ’Cy ,  9*Co
+po{2<u +v +w +Tq qs +892 9ve>
2%Cy
mqeeve
C
+ " (A= 1) Qe — (1+A0y0) Qi Te
(14 0Qu0)*
0T )0+ (2 A A040) 0wl
(1+0vw)’ v

aC

2 720 . -
+ (1 +)LQVO) Qle] } + 36]0 - VO (39

is second-order in disturbance amplitude and is called the
virtual pseudoenergy wave-activity density for a moist atmo-
sphere. The basic-state Casimir function Cy = C (go, 6vo) is
the evaluation of C at ¢ = gg and 6, = 6,.

Following Haynes and Ran et al., we can choose Cy to
make the second, the fourth, and the fifth terms on the right-
hand side of Eq. (38) vanish. This requires Cy to satisfy

1 1 dC,
fu(2)—|- 5 2

2
Too+Co—qo 22 = 4

> 700 +8z+cpTvo+Co—qo 300 0, (40)
J

Povo— Vo x V < CO) =0, 1)
dqo

Cp PO dCy 2Cy

zp O =0. 42

R 6w p086 —wp- V<8q0 0 (42)

The constraints (41) and (42) are trivially satisfied when equa-
tion (40) is satisfied by the chain rule. It is easy to prove that
equations (40)—(42) hold identically by taking the spacial par-
tial derivatives of Eq. (40) with respect to y and z to elimi-
nate dCy/dqo in Egs. (41) and (42). The inherent consistency
means that a solution of Cy to Eq. (40) also satisfies Egs. (41)
and (42).
By using Eqgs. (40)—(42), equation (38) becomes

p(E+C(q,6y))

1 1
= po( u0+2'u0+gz+cv vo+C0>

aC
+V. |:8 0 ('Ue x V 0y + 6vewO):| +A. (43)
q0

Employing Eqgs. (40)—(42) again, equation (43) is further sim-
plified as

p(E+C(q,6y))

cp Do 2Cy
Po+Po |:UO Ve + <R p06v0 + 39\/0) Ve:|

aC
+ TO (We - VO0+wo- Ve +wp- Vo) +A. (44)
q0
After substituting Eq. (43) into the first term on the left-
hand side of Eq. (17) and Eq. (44) into the second term on the
left-hand side of Eq. (17), one may obtain

dA 8Co a'Ue 8eve
a["‘V{aqO|: o1 XVQV()“‘iat wo
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+V(we'V9v0+w0'veve+w0'vev0):|

Cp Po 2Cy
* L = ~ A
+V[Pe+P0U0 Ue+(R 9v0+P0 99V0>9ve+ }}

= Sgc. (45)

Since the disturbance is assumed to be small-amplitude, the
terms cubic in disturbance amplitude are neglected. Thus, the
above equation may be rewritten as

0A
§+V~F0+V-FC+V-F:SEC, (46)
where
dC,
F = vpA + v, {aqo(we -V 0y +wpo- V)
0

cp Po 2Cy
} Sp PO g0 4
+ pe + Povo ve+<R9VO+poaevo)9ve} (47)

is interpreted as the virtual pseudoenergy wave-activity flux,
which is quadric in disturbance amplitude,

_ 9 [du
¢ dqo | ot

906y
ot

x V0, +

+vo (a)e -VOy+ mp- Veve) + Ve - Vev0:|

¢p DO 2Cy
. L= —— ) 6| (48
+ vy [pe+pov0 ve+<R 9v0+p0<99v0) Ve:| (48)

is the leading-order perturbation flux, and

aC
Fy= vopoqoa—o (49)
q0

is the basic-state flux.
It can be demonstrated that (see in Appendix A)

dC
V.F, = (cp Po +po O)Sev+POUO'D

R 6y 96y
2Cy
+ﬁ(%'VSQV+V6V0'VXD), (50)
0
and
V. -Fy=0. (51)

Thus, the virtual pseudoenergy wave-activity relation may be
obtained from Eq. (46) as

dA
5 TV F=S, (52)

where

_ (Copr, - o 9C _ 5 2%
S = (evav GVOPOTv0+paGV p()aevo SSV

JC 2Cy
(8qw — qu (Do) -V Se, + (pv—povo) - D
+ (aCVGV - aCOV@m) -V xD
dq dqo

ac

3a| % 63

+ B (* +v?+w?) +gz+cp T, +C— ¢
is the source or sink caused by diabatic heating, dissipation,
and mass forcing. Equation (52) shows that the virtual pseu-
doenergy wave-activity relation takes a local non-conservative
form. Its non-conservation results from the diabatic heating,
source, or sink and dissipation of gy, mass forcing, and mo-
mentum dissipation. For dry air, the water substance and
mass forcing vanish so that 6, reduces to 6 and equation (52)
becomes the dry-air pseudoenergy wave-activity relation. If
the forcing effects are not taken into account, then the dry-
air pseudoenergy wave-activity is subjected to a local conser-
vation form. If the moist atmosphere is unsaturated, which
means there are not cloud hydrometeors and phase change of
water substance, then the contribution of cloud hydrometeors
to A in Eq. (39) vanishes. Equation (52) is important at two
points. One is that the relation is built in the non-hydrostatic
and ageostrophic dynamic framework. This indicates that the
relation is capable of diagnosing meso-scale systems. The
other is that it involves water vapor and is applicable to the
saturated and unsaturated moist atmosphere, which is not con-
tained in other wave-activity theories.

In the practical application of Eq. (52), how to calculate
C is crucial, which may be overcome through two ways. One
is that Cj is firstly calculated by numerically solving the inte-
grated expression of Cp in Eq. (40) with grid data, and then the
known Cy is interpolated at ¢ and 6, to evaluate C = C(q, 6,),
just as Durran did. The other is to specify the expression of C
in advance, such as C(gq,6y) = }/(% + 99%) in which 7y is an
arbitrary constant, gs and 0, are the constant reference values
of g and 6,, respectively. Then, the specified expression of C
is brought into Eq. (40), and is then combined with the basic-
sated equations (19)—(25) to evaluate the basic-state quantities
with the given grid data by a numerical iteration method.

The wave-activity density represents some kind of wave
energy and is an important variable in the wave—flow inter-
action theory. In order to validate the virtual pseudoenergy
wave-activity density in relation (52), it is diagnosed in the
following case study.

3. Case studies

This section focuses on two cases of heavy precipitation.
One is a strong convection case which took place in the west
of China on July 8, 2009, resulting in heavy rainfall. In this
process, the precipitating system moved eastwards slowly in
the belt of 36° N-39° N. The other precipitation case occurred
at 1200 UTC August 18, 2009-0600 UTC August 19, 2009.
In this case, the precipitation started in the north of Shanxi
province and the middle of Inner Mongolia at 1200 UTC Au-
gust 18, 2009 and then propagated northeastwards quickly. In
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these two cases, we examine the capabilities of virtual pseu-
doenergy wave-activity density A in diagnosing heavy rainfall,
its physical meaning is also discussed.

3.1. Data

The grid analysis data are used here to do the case study
and the related diagnosis. The data are obtained through the
ARPS model. The national centers for environmental predic-
tion (NECP) final analysis data and the routine observational
data are read into the ARPS data assimilation system (ADAS)
module, and then the objective analysis is conducted. The
grid domain covers the area of North China (27.9° N-49.6° N,
100° E-132° E) with the center at (39.9° N, 146.7° E). The
horizontal grids are 77 x 77 with the grid space 30 km in the
zonal and meridional directions. The vertical depth is divided
into 34 layers with the mean level space 500 m. The grid data
are outputted on regular height levels at 6-h intervals.

3.2. Result

To analyze the integral characteristics of A in the tropo-
sphere, we calculate the vertical mean of A. Its horizontal dis-
tribution characteristics in the two events are examined. Fig-
ure 1 presents the horizontal distributions of A at 0000 UTC,
0600 UTC, 1200 UTC, and 1800 UTC July 8, 2009. It can
be seen that in the whole heavy-rainfall process, the positive-
value regions of A correspond well with the observed 6-h pre-
cipitation regions. The anomaly of A changes with the evolu-

45° N~

40° N+

35° N~

30° N 2=

115° E 125° E

tions of the precipitating system or heavy-rainfall areas. What
should be noticed is that A has a high positive value in the
non-precipitation region because of its anomalous value in
the upper troposphere. The negative-value A region is close
to the positive-value A region. Thus, they form a fluctuat-
ing pattern. The precipitation is almost located in the posi-
tive amplitude region. Further analysis shows that the term
Achiet = %we - V0, is the chief composition of A (the fig-
ures are omitted due to space limitations). Since the term
dCy/dqo is invariant with time, the term Acpier mainly rep-
resents the temporal variation of the second-order potential
vorticity (we - V8ye). The analysis also reveals that the term
we - V By is mainly dominated by the barotropic component of

perturbation PV (namely, (aa’;e — %—";) ag? ). The perturbation

0y increases with height in the mid-lower troposphere over
the precipitation region, meaning aaize > 0. Moreover, there
exists a strong perturbation of the cyclonic vorticity (namely,
(%’f — %—”;) > () (the figures are omitted due to space limi-
tations). The two factors are important dynamic and thermo-
dynamic characteristics of precipitation. They present high
values over the precipitation region, which further results in

the positive anomalies of @, - V 0y¢, Achier, and A. The anti-

cyclonic vorticity perturbation (namely, (aalj’f — aa—‘;e) < 0)and
the positive vertical gradient of 6. give rise to the negative
anomalies of @ - V Oy, Achief, and A in the negative amplitude

region.

45° N A
150
60

40° N/ ' ; 40

ey : 1h20
10
5

35° N A

45° N 4
|150

60

40° N 4 40
20
10

35° N 5

&7 7
30° N L :
105° B 115° E

Fig. 1. The virtual pseudoenergy wave-activity density (contour, 102 kg/(m'sz)) and the observed 6-h rainfall (shaded, mm) at (a)
0000 UTC July 8, (b) 0600 UTC July 8, (c) 1200 UTC July 8, and (d) 1800 UTC July 8, 2009.
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45°
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45° N
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40° N s
10
5

35° N

30° N+

105° E 115° E 125° E

45°

40°

35°

30°

105° E 115° E 125° E

Fig. 2. The virtual pseudoenergy wave-activity density (contour, 10? kg/(m-s)) and the observed 6-h rainfall (shaded, mm) at (a)
1200 UTC August 18, (b) 1800 UTC August 18, (c) 0000 UTC August 19, and (d) 0600 UTC August 19, 2009.

The above analysis reveals that the virtual pseudoenergy
wave-activity density with positive anomaly is capable of in-
dicating precipitation regions in the studied event. To verifies
this, another heavy-rainfall event during August 18, 2009—
August 19, 2009 is further investigated. In this precipitation
case, the positive anomalous region of A has a dominant cor-
respondence to the strong precipitation. They both propagate
northeastwards in an analogous phase. The consistency can
also be explained by the fact that the vorticity perturbation is
cyclonic and the virtual potential temperature perturbation in-
creases vertically over the precipitation region.

4. Conclusions

In this paper, the energy-Casimir method used by Haynes
is employed to derive the three-dimensional virtual pseudoen-
ergy wave-activity relation for a moist atmosphere from the
nonhydrostatic primitive equations in Cartesian coordinates.
The three-dimensional basic states independent of time are
chosen and the Casimir function, a monotonous function of
virtual potential vorticity and virtual potential temperature, is
introduced in the derivation. The virtual pseudoenergy wave-
activity relation obtained here is characterized by taking into
account the effects of water substances, mass forcing, diabatic
heating, and dissipations. Constructed in the agoestrophic
and nonhydrostatic dynamical framework, the virtual pseu-
doenergy wave-activity relation may be applicable to diagnose
the evolution and propagation of meso-scale weather systems
leading to heavy rainfall.

The virtual pseudoenergy wave-activity relation does not

take a local conservation form due to diabatic heating, phase
change of water vapor, mass forcing, and dissipations. Be-
sides these forces, the divergence of the virtual pseudoenergy
wave-activity flux contributes to the evolution of the virtual
pseudoenergy wave-activity density. The relation is valid for
dry, unsaturated, and saturated atmospheres.

The virtual pseudoenergy wave-activity density is further
applied to two real cases of heavy precipitation. It is re-
vealed that the virtual pseudoenergy wave-activity density dis-
tributes in a fluctuating pattern, including positive and negative
anomaly regions. The positive anomaly is capable of indicat-
ing the precipitation region because it involves the cyclonic
vorticity perturbation and vertically increasing virtual poten-
tial temperature perturbation. The two factors are important
dynamic and thermodynamic characteristics of precipitation.

Appendix A

Deduce the following equations from the basic equa-
tions (19)—(26):

Vo v Vpo  Vby

) (AT)
Po ¢ Po 6o
cvvo - Vpo+cppoV vy =0, (A2)
vy Vgo =0, (A3)
Vo - V@ =0. (A4)
dq0

Using Eqs. (20), (A3), and (A4), we may demonstrate that

dC
V-F=V. (’UOP0<1080> =0. (AS)
q0
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Divide the divergence of F¢ into two parts

V- -F.=8+89, (A6)

where

S — {81}6 00,

3 VO,+ —— 9 wo+v0(a)e V6,+wo- V(—)VC)

aC
VTO +V. {Uo {PeJrPovome

Cp Po dCy
+ (R 6y —|—p086 )Gve

8C0 8ve
a0 [ a1

+ Vewy - VGV()}

} ) (A7)

Sh =

x V0 +

+ vo(a)e-V6V0+w0~V9VC)+vcw0-V6V0} . (A8)

Substituting Eqs. (28) and (30) into Eqs. (A7) and (A8), and
then using Egs. (20) and (21), we can write S| and S, as

{Po’vo —Vo,oxV (acoﬂ
dqo

. (V +u0Vue+v0V've)

lL 8C0 ) 8C0
+[R9 —wo V(aqo>:|v0 V0,
81;0 8u0> [ <8C0>} &Gve

v g v

(f Y+ dy 0o dqo dz
+ { [ 0o — V Oy xV <8C0>:| 'Vuo}ue
dqo

()’U()—VGV() xV <aCo>:| ~V’Uo}’v
dqo

+

dCo
p—z [Vevo x V <8q )] Vpo+p.V - v
0 0
9Cy 2Cy
[ (Povo) TGO-HJO'VTQOPO
€p PO . o 1
+V.v R 00 +v9-Vpo R 9\[0}9\,8
8C0 aCO
(A9)
_9G [ 9 96y
2= aqo{ - B*Z[UO'VV0+(f0+ﬁY)Mo} Ix
0 90,
+ jz[vo - Vug — (fo + By)vo] Iy
P 006y
+ o [vo - Vvo+ (fo+ By)uo] I

0 00,
- jy[vo - Vug — (fo+ By)vo) %z

1

?[(Vpo X V@o) Vpe+ (Veo X Vp()) . Vpe]
0

%(VPO x V) -V po

Po

+w0'VSQV+V0V()'VXD}. (A10)

By using Egs. (19), (41), (42), (A3), and (A4), equations (A9)
and (A10) may be expressed as

Si = %vo Vpo+peV - vo+§Z*V'(Povo)
€ Po dCo
+ <R B0 Poae >59V+Povo D, (All1)

2Cy [ <Cv Vpe Vpe Veve)
S Vo,xV — - -
2T g0 (V6o Po): cp Do Po ov0

er()'VSQV+V9V()~V><D:|. (A12)
From Egs. (33) and (34), we may obtain
Ove ¢y pe  Pe (A13)

) B Cp PO PO.

By eliminating 0, in Egs. (A11) and (A12) with Eq. (A13),
and then using Eqgs. (A1) and (A2), we may finally obtain

Cp PO C
So = <R B0 +Poa(9 )Sev+Po’Uo D, (Al4)
2Cy
Sy = &6] (w() VSQV +V0,- -V x D) (A15)
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