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Heat generation by spin-polarized current in a quantum dot
connected to spin battery and ferromagnetic lead∗
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We study theoretically the heat originated from electron–phonon coupling in a spintronic device composed of a semi-
conductor quantum dot attached to one spin battery and one ferromagnetic lead. It is found that the phenomenon of the
negative differential of the heat current, which has previously been predicted in the charge-based device, disappears due to
the Pauli exclusion principle resulted from the presence of the spin battery. Under some conditions, huge heat in the heat
generation induced by resonant phonon emitting processes also disappears in this spin-based device. Furthermore, we find
that the ferromagnetism of the lead can be used to effectively adjust the magnitude of the heat current in different dot level
ranges. The proposed system is realizable by current technology and may be useful in designing high-efficiency spintronic
components.
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1. Introduction
Continuous miniaturization of integrated circuits makes

the problem of local heating generated by electric current more
and more serious. This is because the amount of heat becomes
huge as millions of submicro- and nano-scale components are
assembled on a mainstream chip whose area is on the order of
a square centimeter or smaller. If the heat is not removed or
suppressed effectively, the temperature will rise so high it will
break down the device’s functionality. On the other hand, the
huge local heating will unavoidably raise the device’s energy
consumption and shorten its work life. Consequently, under-
standing how the heat is generated and transported in minia-
turized structures is crucial for both system’s stability and de-
signing energy conservation electric devices.[1] Many recent
experimental works have been devoted to the detection of lo-
cal heating in nanostructures,[2–6] and some effective ways of
controlling heat dissipation were suggested.[7–9] From a mi-
croscopic point of view, the most important causes of heat dis-
sipation are the inelastic electron–electron (e–e) and electron–
phonon (e–p) collisions.[10–14] Strong e–p interaction in some
low-dimensional systems has been observed through phonon-
assisted tunnelling processes in recent experiments.[15–18] Pre-
vious works have shown that although having essentially the
same cause of heat, some familiar laws of heat generation ap-
plicable in macroscopic systems, for example the Joule law,
may not be valid in mesoscopic and nanoscale structures.
Quantized energy carried by phonons has been predicted and

further studied in various systems.[2,7,8,14] Theoretically, heat
generation by electric current in mesoscopic devices has also
been studied within the nonequilibrium Keldysh Green’s func-
tion technique,[10,12] and some particular new quantum phe-
nomena have been predicted.[10,12,19–32] Potential applications
such as the nano-refrigerator[30] or heat rectifier[31] were re-
cently suggested.

Very recently, interaction between electron spin and
thermodynamics has aroused new interest in both spin
caloritronics[33] and spintronics[34] due to the experimental
breakthrough by Uchida et al.[35] They observed the spin See-
beck effect in semiconductor ferromagnets with temperature
gradients across them. This effect refers to the generation of
spin bias by temperature gradient in the absence of charge cur-
rent, and is a spin analog of the usual Seebeck effect. Sub-
sequently, Le Breton et al. observed a Seebeck spin current
originated from the energy derivative of the tunnel spin po-
larization in a ferromagnet-oxide-silicon tunnel junction.[36]

They showed that the heat current in spintronic devices sen-
sitively depends on the different thermal electron distribution
in the electron reservoirs and the energy variation of the tun-
neling spin polarization. This is completely different from the
case in charge-based systems.

To investigate the effect of energy-dependence of the tun-
nelling spin polarization on heat generation, we propose a
system composed of a semiconductor quantum dot (QD) cou-
pled simultaneously to a spin battery and a ferromagnetic lead
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in the present paper (see Fig. 1). The QD or QD molecular
are man-made zero-dimensional structures in solid, in which
electrons are confined in all three directions and exhibit fully
quantized energy levels.[37] As compared to some previously
studied heterostructures,[38–41] parameters of the QD struc-
ture, such as the electron number on the dot, dot level, and
coupling strength between the dot and electron reservoirs, can
be precisely adjusted by external gate voltages. Various QD-
based nano-systems have been fabricated and successfully
used in functional devices due to their many particular electric
and photoelectric properties.[37] Semiconductor QD has also
become one of the most important objects in spintronics,[34]

whose central theme is the active manipulation of spin degrees
of freedom in solid-state systems. Semiconductor spacers
of InAs QD with a controllable size and energy spectrum
has been inserted in between nickel or cobalt leads.[42] In
such a device, the spin polarization of the current injected
from the ferromagnetic leads can be effectively tuned by a
gate nearby the QD, and opens new possible applications.
Until now, many effective methods have been developed to
generate and control spin-polarized current in semiconduc-
tor spintronics, including electrical,[34,43] optical[44,45] and
even thermal techniques.[35,36,46] The current polarization
can reach as high as 100% or even infinite. Among vari-
ous schemes for generating and manipulating spin-polarized
current, the spin battery or spin cell may be the most effec-
tive one. While a charge battery provides a bias voltage to
drive the flow of electrons, a spin battery can provide spin-
dependent chemical potentials to behave as the driving force
for the flow of electron spin (see Fig. 1). Pure spin current
driven out from the spin battery has recently been electrically
generated in a micro-wide quantum wire defined by electro-
static gates on top of a GaAs/AlGaAs heterostructure.[47–49]

Some theoretical proposals for spin battery[50,51] were also

εd⇁U

µR/εd

µL↑

µL↓

FM

phonon bath

Fig. 1. (color online) Schematic plot of a quantum dot coupled to the
left spin battery and the right ferromagnetic lead. The spin battery in-
duces spin-dependent chemical potentials in the left lead. The heat re-
sults from the electron–phonon interaction, through which the energy
associated with the spin-polarized current passing through the dot is
transferred to the phonon bath in the form of heat.

suggested. Our following results will show that the properties
of the heat generation in the presence of the spin battery are
quite different from those previously found in systems sub-
jected to the usual charge bias. For example, the negative dif-
ferential of the heat current disappears due to the Pauli exclu-
sion principle as the spin-degenerate energy level cannot be
simultaneously occupied by electrons of the same spin orien-
tation. The ferromagnetism of the lead can be used to effec-
tively tune the current’s strength and the magnitude of the heat
current in different dot level’s regimes.

2. Model and method
We consider a single-level molecular QD connected to the

left spin battery and the right ferromagnetic lead. There is a
gate electrode contacted to the dot to adjust the dot energy
level. The electrons on the dot are coupled to a single-phonon
mode. The total Hamiltonian of the system can be writ-
ten as[10,12,19] H = Hleads +Hph +Hdot +HT, where Hleads =

∑k,σ ,β∈L,R εkβσ c†
kβσ

ckβσ is the Hamiltonian for electrons in

the left (L) and right (R) leads, and c†
kβσ

(ckβσ ) is the conduc-
tion electron creation (annihilation) operator with wave vec-
tor k, spin-dependent electron energy εkβσ , and spin σ . The
second term stands for the single-phonon mode Hph = ωqa†a,
where a†(a) is the creation (annihilation) operator of a phonon
having frequency ωq. The third term is the electron Hamilto-
nian on the QD[10,12,19,52]

HD = ∑
σ

[ε0 +λ (a† +a)]d†
σ dσ +U0d†

↑d↑d
†
↓d↓, (1)

where d†
σ (dσ ) creates (annihilates) an electron with energy

ε0 and intradot Coulomb interaction U0. The quantity λ is
the coupling constant between the dot electron and located
phonon mode. The last term HT = ∑k,β ,σ (Vkβσ c†

kβσ
dσ +H.c)

describes the conduction electron hopping between the QD
and the leads with Vkβσ being the spin-dependent tunnelling
matrix element. In our considered system, only VkRσ really
depends on spin due to the existence of the ferromagnetic elec-
trode. We add a spin index for VkLσ for the sake of uniformity.

The spin-dependent electric current flowing through the
structure can be calculated with the help of the Keldysh
nonequilibrium Green’s function formalism, and its standard
form is obtained as[53–55]

Jσ =− e
h

∫ dω

2π
[ fLσ (ω)− fRσ (ω)]

ΓLσΓRσ

ΓLσ +ΓRσ

ImGr
σ (ω), (2)

where the dot single-electron Green’s functions Gr,a,<,>
σ (ω)

are the Fourier transforms of Gr,a,<,>
σ (t), i.e., the retarded (ad-

vanced) one Gr(a)
σ (t) = ∓iθ(∓t)〈{dσ (t),d

†
σ (0)}〉, the lesser

Green’s function G<
σ (t) = i〈d†

σ (0)dσ (t)〉, and the greater
Green’s function G>

σ (t) =−i〈d†
σ (t)dσ (0)〉.[10] The Fermi dis-

tribution function is fL(R)σ (ω) = 1/{exp[ω−µL(R)σ ]/kBTe +

1},[49–52] where µβσ and Te are the spin-dependent chemical
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potential in lead β and the temperature of the electrons, re-
spectively. Here, similar to the tunnelling matrix element, only
the chemical potentials of the left lead depend on spin, but we
add a spin index for µRσ = µR. The line-width function in
Eq. (2) is given by Γβσ = 2π|Vkβσ |2ρβσ and ρβσ being the
spin-dependent local density of states in lead β . In the real
case, the ferromagnetism on the lead results from the spin-
dependent band structure or density of states. Here, as a equiv-
alent choice, we assume square bands of both spin-up and
spin-down electrons (wide band approximation) and assume
spin-dependent tunneling matrix Vkβσ . The spin-dependent
line-width function of the right lead ΓRσ is defined in terms
of a spin-polarization parameter p = (ΓR↑−ΓR↓)/(ΓR↑+ΓR↓),
or ΓRσ = ΓR0(1+σ p).[54]

Due to the existence of the electron–phonon interaction,
the calculation of the Green’s functions is quite difficult. Fol-
lowing previous work, we make a canonical transformation to
eliminate the electron–phonon coupling terms, i.e.,[10,12,53–55]

H̃ = XHX† with X = exp[(λ/ωq)(a† − a)d†d]. The trans-
formed Hamiltonian reads

H̃ = ∑
k,βσ

εkσβ c†
kβσ

ckβσ +ωqa†a+∑
σ

εdd†
σ dσ +Ud†

↑d↑d
†
↓d↓

+ ∑
k,ασ

(Ṽkβσ c†
kασ

dσ +H.c), (3)

where the renormalized dot level and the intradot Coulomb
interaction are respectively given by εd = ε0− gωq and U =

U0 − 2gωq with g = (λ/ωq)
2. The tunnelling matrix ele-

ment is also renormalized to Ṽkασ =Vkασ X , where the phonon
operator X = exp[−g(a† − a)]. Replacing X by its expec-
tation value 〈X〉 = exp[−g(Nph + 1/2)], the line-width func-
tion is renormalized to Γ̃βσ = exp[−g(2Nph + 1)]Γβσ , where
Nph = 1/[exp(ωq/kBTph)− 1] being the phonon distribution
function with Tph the temperature of the phonon bath. In the
above canonical transformation, the operators a†a and d†

σ dσ

remain unchanged, and then the heat flowing between the elec-
trons and the phonons Q(t) = ωq〈da†(t)a(t)/dt〉 can be cal-
culated from the transformed Hamiltonian in Eq. (3). Without
any time-dependent fields, the Fourier transform of Q(t) can
be obtained as[10,12,19]

Q = Re∑
σ

ωqλ
2
q

∫ dω

2π
{G̃<

σ (ω)G̃>
σ (ω̄)

−2Nph[G̃>
σ (ω)G̃a

σ (ω̄)+ G̃r
σ (ω)G̃>

σ (ω̄)]}, (4)

where ω̄ = ω −ωq, and G̃r,a,<,>
σ (ω) are the Fourier trans-

forms of the usual single-particle Green’s function G̃r,a,<,>
σ (t)

defined in a similar way of Gr,a,<,>
σ (t) based on the Hamilto-

nian (3). By employing the equation of motion technique, the
retarded Green’s function is obtained as[12]

G̃r
σ (ω) =

1−〈nσ̄ 〉
ω− εd + i(Γ̃Lσ + Γ̃Rσ )/2

+
〈nσ̄ 〉

ω− εd−U + i(Γ̃Lσ + Γ̃Rσ )/2
. (5)

Other Green’s functions in Eq. (4) can be determined with
the help of the retarded Green’s function, i.e., G̃a

σ (ω) =

[G̃r
σ (ω)]∗, G̃<(>)

σ (ω) = G̃r
σ (ω)Σ̃

<(>)
σ G̃a

σ (ω), in which the
lesser and greater self-energies are respectively given by Σ̃<

σ =

i[Γ̃Lσ fLσ (ω)+Γ̃Rσ fRσ (ω)], and Σ̃>
σ =−i{Γ̃Lσ [1− fLσ (ω)]+

Γ̃Rσ [1− fRσ (ω)]}.[52,53] Next we need to calculate the electron
Green’s functions Gr,a,<,>

σ (ω), which have similar relation-
ships as those between G̃r,a,<,>

σ (ω), and then we need only the
knowledge of Gr

σ (ω). Based on the above canonical transfor-
mation between Eqs. (1) and (3), Gr

σ (ω) is related to G̃r
σ (ω)

by[53,54]

Gr
σ (ω) =

n=∞

∑
n=−∞

Ln{G̃r
σ (ω−nωq)

+
1
2
[G̃<

σ (ω−nωq)− G̃<
σ (ω +nωq)]}, (6)

where

Ln = exp[−g(2Nph+1)]exp(nωq/2kBT )In[2g
√

2Nph(Nph +1)],

with In(x) the modified n-th Bessel function. The intradot oc-
cupation number now can be self-consistently calculated from
the equation of

〈nσ 〉=−
∫ dω

π

ΓLσ fLσ (ω)+ΓRσ fRσ (ω)

ΓLσ +ΓRσ

ImGr
σ (ω). (7)

3. Numerical results
In the following numerical investigations, we fix the

chemical potential of the right ferromagnetic lead µR↑= µR↓=

µR = 0 as the energy zero point, and choose the intradot e–e
interaction U = 1 as the energy unit. Constants of h̄ and kB

are all set to be 1. On assuming symmetric barriers, we have
Γ̃L0 = Γ̃R0 = Γ0. We also assume that the QD and the phonon
bath are held at the same temperature, i.e., Tph = Te. The spin
bias provided by the spin battery is related to the chemical po-
tentials of the left lead via Vs = µL↑ = −µL↓, which is shown
in Fig. 1. In the present paper we only consider the case of
positive spin bias because the properties of the heat genera-
tion are independent of the current’s direction. Figures 2(a)
and 2(b) show the current and heat generation as functions of
the spin bias when the dot is coupled to the left spin battery
and right normal metal lead (p = 0). For the chosen param-
eters, the dot level locates between the left spin-up chemi-
cal potential and the right spin-independent chemical poten-
tial, i.e., µL↑ > εd > µR. Consequently, only a spin-up elec-
tron can transport through the dot via εd. The spin-down cur-
rent is zero as εd > µR > µL↓. It is shown in Fig. 2(a) that
the current J↑ increases when the renormalized dot level εd
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enters into the transport window of the spin bias, and then
reaches a plateau. Unlike the condition of the system sub-
jected to electric bias,[19] there is only one current plateau. It
means that electrons cannot take the level of εd +U to trans-
port through the system. The reason is that the level εd in
the transport window is partially occupied by spin-up elec-

trons, and then εd +U remains at empty due to the Pauli ex-
clusion principle. With rasing temperature, the current’s line-
shape becomes smoother with qualitatively unchanged behav-
iors. There are also some phonon-induced sub-levels, at which
the spin-polarized current increases due to the phonon-assisted
tunneling processes.[10,19,53,54]
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Fig. 2. (color online) Spin-up current and heat generation as functions of the spin bias at the left lead for different values of the temperature
in panels (a) and (b), and different values of the spin polarization in the right lead in panels (c) and (d). Other parameters are ωq = 0.3U ,
λ = 0.6ωq, εd = 0.2U , and Γ0 = 0.01U . The spin polarization of the right lead in panels (a) and (b) is zero, and the temperature in panels
(c) and (d) is T = 0.01U .

As compared to Fig. 2(a), the heat generation in Fig. 2(b)
has no direct relationship with respect to the spin-polarized
current, indicating the breakdown of the Joule law for the heat
generation applicable in bulk macroscopic systems. Similar to
the case under electric bias,[10,19] the heat generation remains
almost at zero for Vs < ωq in the low temperature regime. The
reason is that the phonon emitting process induced by elec-
trons jumping between states of ω and ω−ωq needs to absorb
enough energy from the external bias. There is also only one
plateau in the heat generation whose rapid jump happens at
εd+ωq, with a delay of ωq with respect to the spin bias as com-
pared to the electric current. Again, the curve of the heat gen-
eration becomes smoother with increasing temperature, and
has no phonon-assisted sub-peak in the heat generation. We
emphasize here that due to the Pauli exclusion principle men-
tioned above, the negative differential of the heat generation,
which was predicted in a system subjected to charge bias,[19]

disappears in the present structure. The reason is that this ef-
fect happens when the chemical potential of the source lead
locates between εd +U and εd +U −ωq, which are all empty
here and the phonon absorbtion process can then not occur.

Figures 2(c) and 2(d) present J↑ and Q versus the spin
bias for different values of spin-polarization of the right lead
p. For comparison, the curves of J↑ and Q for p = 0 are also

given. For p > 0, the strength of the line-width function of the
right lead is enlarged, and then the magnitude of the spin-up
current is enhanced accordingly. As p = 1, which corresponds
to the case of a half-metallic right lead, the current’s intensity
reaches its maximum. For negative p, the magnitude of the
current is decreased due to the reduction of the spin-up line-
width function. Here the spin-down electron has no impact on
the current and the heat because it cannot transport through the
dot. The behavior of the heat generation in Fig. 2(d) resembles
that of the current in Fig. 2(c).

Figure 3 shows the dependence of the current, heat gen-
eration, and electron occupation number on the dot level for
different values of the spin bias. Both spin-up and spin-down
currents in Fig. 3(a) are almost zero in the dot level range of
−U < εd < 0 regardless of the value of the spin bias. This is
because now a spin-up electron is injected from the left lead
due to µL↑ > εd, and it can hardly tunnel out of the dot to the
right lead as µR > εd. In this way a spin-up electron is block-
aded on the dot and then spin-up current is nearly zero. Mean-
while, the spin-down energy level εd +U is always kept out
of its transport window (εd +U > µR,µL↓), and is empty. In
this dot level regime, since neither spin-up nor spin-down elec-
trons can tunnel through the dot and then the heat generation
in Fig. 3(b) is zero. The behavior of the occupation number is
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illustrated in Fig. 3(c). When the dot level is in the range of
−(Vs +U)< εd <−U , the spin-down energy level enters into
its transport window resulting in finite J↓ and zero J↑. If the
dot level is further lowered, both εd and εd+U are occupied by
electrons of opposite directions (Fig. 3(c)), and then both spin-
up and spin-down currents are zero as shown in Fig. 3(a). As
a result, the heat generation in this dot level regime is zero. In
the case of a higher dot level, i.e., εd >Vs, the dot is empty and
both the currents and the heat generation are zero as discussed
above. When the spin bias is slightly larger than ωq, the curve
Q−εd has peaks respectively located at εd =Vs/2±ωq/2 and
εd =−U−Vs/2±ωq/2.[10,19] Whereas the curve J↑(↓)− εd is
quite flat, which shows again that the heat generation is not
proportional to the current.
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Fig. 3. (color online) (a) Spin-resolved currents, (b) heat generation,
and (c) spin-resolved electron occupation numbers on the dot as func-
tions of the dot level for indicated parameters. The temperature and the
line-width function are all set to be 0.01U , with ωq = 0.3U , λ = 0.6ωq,
and p = 0.

Figure 4 shows how the ferromagnetism on the right lead
influences the quantities in Fig. 3. For p = 0, spin-up and
spin-down currents with opposite directions and equal strength
emerge respectively in the dot level regimes of 0 < εd < Vs

and −(Vs +U) < εd < −U as shown by the thick and thin
solid lines in Fig. 4(a). The heat generation then develops two
peaks at the centers of these two dot level regimes (solid line in
Fig. 4(b)). Increasing the spin polarization from zero to a unit,
the intensity of the spin-up (spin-down) current is enhanced
(suppressed) for 0 < εd <Vs, and the intensity of the heat gen-
eration is adjusted accordingly. Decreasing the spin polariza-
tion from zero to a negative unit, a similar phenomenon occurs
in the dot level regime of −(Vs +U)< εd <−U . We also find
that the electron occupation number is changed by the ferro-
magnetism of the lead. For example when p = 1, the spin-up

line-width function increases and an electron of this spin com-
ponent can transport through the dot easier in the dot level
regime of 0 < εd < Vs. As a result of it, the spin-up electron
number on the dot is decreased with enhanced heat genera-
tion. Finally, we argue that under the condition of Vs < U ,
the huge peak in the heat generation resulted from resonant
phonon emitting when the renormalized intradot Coulomb in-
teraction is equal to the phonon frequency ωq, which has been
predicted in a system with charge bias, cannot occur in the
present device (not shown in the figure). The reason is that
such an effect emerges when electrons are jumping from levels
of εd and εd +U , which cannot be simultaneously occupied in
the present system. The other previously found peak when the
magnitude of the line-width function is near to the phonon en-
ergy quanta still exists, which is also not shown in the present
paper.

Dot level εd/U

-2 -1  

n
↑

  
a
n
d
 n

↓
Q

/
↼λ

2
/

π
↽

J
↑

  
a
n
d
 J

↓
 ↼
Γ
/

π
↽

-0.8

-0.4

0

0.4

0.8

0

0.2

0.4

0

0.5

1.0

 p/      J↑

 p/.   J↑

 p/      J↑

 p/↩   J↑

 p/       J↓

 p/↩    J↓

 p/↩. J↑

 p/       J↓

 p/.    J↓

 p/↩. J↓

(a)

 p/

 p/.

 p/

 p/↩.

 p/↩

(b)

(c)

 p/      n↓

 p/.   n↓

 p/↩. n↓

 p/      n↓

 p/↩   n↓

 p/      n↑

 p/.   n↑

 p/↩. n↑

 p/      n↑

 p/↩   n↑

Fig. 4. (color online) (a) Spin-resolved currents, (b) heat generation,
and (c) spin-resolved electron occupation numbers on the dot as func-
tions of the dot level for Vs = 0.6U . Other parameters are the same as
in Fig. 3.

4. Conclusion
In conclusion, we have studied the properties of the heat

generation in a QD coupled simultaneously to a spin battery
and a ferromagnetic lead. We find that, inconsistent with a
recent experimental work, the heat generation in this spin-
tronic device is sensitive to the energy configuration of the
spin-up and spin-down electrons. The introduction of the spin
bias makes the properties of the heat generation quite different
from those in a system subjected to charge bias. For example,
both the negative differential of the heat generation and the
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huge peak resulted from resonant phonon emitting disappear
due to the Pauli exclusion principle. The ferromagnetism on
the lead can be used to adjust the current intensity in differ-
ent ranges of the dot level, and then the magnitude of the heat
generation is controlled.
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[48] Frolov S M, Lüscher S, Yu W, Ren Y, Folk J A and Wegscheider W

2009 Nature 458 868
[49] Chi F and Sun Q F 2010 Phys. Rev. B 81 075310
[50] Sun Q F, Guo H and Wang J 2003 Phys. Rev. Lett. 90 258301
[51] Long W, Sun Q F, Guo H and Wang J 2003 Appl. Phys. Lett. 83 1397
[52] Wang D K, Sun Q F and Guo H 2004 Phys. Rev. B 69 205312
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