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Bifurcation for the generalized Birkhoffian system*
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The system described by the generalized Birkhoff equations is called a generalized Birkhoffian system. In this paper,
the condition under which the generalized Birkhoffian system can be a gradient system is given. The stability of equilibrium
of the generalized Birkhoffian system is discussed by using the properties of the gradient system. When there is a parameter
in the equations, its influences on the stability and the bifurcation problem of the system are considered.
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1. Introduction Then equation (1) becomes

The Birkhoffian mechanics is a generalization of the 0B
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called a generalized Birkhoffian system. This kind of system Ay =Ay(u,a). 4)

is a general enough constrained mechanical system. The gra-
dient system is a kind of mathematical system with very good 3. The gradient system
properties. Particularly, it is suitable for studying the problem

The differential equations of the gradient system have the

of stability.®! Under certain conditions, a generalized Birkhof- s

[
fian system can become a gradient system. Then the stability form

of equilibrium and the static bifurcation of the system can be
discussed by using properties of the gradient system.

2. The generalized Birkhoffian system

The equations of the generalized Birkhoffian system have
the form %!
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where and in the following, the same index in a term in-
dicates to take the sum with it. In Eq. (1), B = B(t,a) is
the Birkhoffian, R, = Ry (t,a) are Birkhoff’s functions, and
Ay = Ay (t,a) are the added terms. We have
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For a constant generalized Birkhoffian system, there are
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where V = V(x) is called a potential function. The gradient
system has the following important properties: (i) V can be a
Lyapunov function of the gradient system, and V = 0 if and
only if & = (x1,x2,...,%,) is an equilibrium point of the sys-
tem. (ii) For the gradient system (5), the linearized system at
any equilibrium point only has real characteristic roots.

The above two properties can be applied to discuss the
stability of equilibrium of the generalized Birkhoffian system
which has been transformed into a gradient system.

4. The gradient representation

Generally speaking, the equations of a generalized
Birkhoffian system cannot become a gradient system. If the
following conditions:
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u,v,p=12,....2n

are satisfied, then the system can be transformed into a gradi-
ent system whose potential function V satisfies
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S. The stability of equilibrium

When a generalized Birkhoffian system is transformed
into a gradient system, its stability of equilibrium and bifur-
cation problem can be studied by using the properties of the
gradient system. Since the linearized system at any equilib-
rium point only has real characteristic roots, the stability of
the zero solution can be stable, asymptotically stable, or un-
stable. According to Lyapunov’s first degree approximation
theory, if the roots of the first degree approximation character-
istic equation are all real and negative, then the zero solution
is asymptotically stable; if there is a positive real root, then it
is unstable; if there is a simple zero root, and the others are
not positive real roots, then it is stable, but not asymptotically
stable; if there is a multiple zero root, then it is unstable.

When the added terms Ay have the form of expression (4),
the characteristic equation will contain the parameter u. It has
a great influence on the stability of equilibrium. Under certain
values of the parameter, the stability of the system can take a
catastrophe, namely, bifurcation.

6. Illustrative examples

Example 1 A generalized Birkhoffian system of the sec-
ond order is

1
Ri=d*, R, =0, B= 5(al)z,

Al = =2a* —4(a*)?, Ay =a*+2ud",

where u is a parameter. We study the relation between the
stability of the zero solution and the parameter u.
The equations of the system are

a' = —2ua' —a?, @* = —a' —2a* —4(d®).
This is a gradient system whose first degree approximation
equations have the following characteristic equation:
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When u > 1/4, the two roots of the above equation are both
negative, the equilibrium position is asymptotically stable;
when u = 1/4, one root of the above equation is zero and
the other is negative, the equilibrium position is stable; when

u < 1/4, one root of the above equation is positive, the equi-
librium position is unstable. So, when u = 1/4, the bifurcation
will appear.

Example 2 A generalized Birkhoffian system is

Ri=d* R,=0, B=d'd®>, A =—d°,

Ay =a' +2a' (@' —u)(2a' —u),

where u is a parameter. We study the stability of equilibrium
of the system.
The differential equations of the system are

a' = —2a"(a' —u)(2a' —u), @* = —-2d°.

This is a gradient system. When u = 0, there is an equilibrium
position (0,0); one of the roots of the first degree approxi-
mation characteristic equation is zero, the other is negative,
then the equilibrium position is stable. When u # 0, there are
three equilibrium positions (0,0), (#/2,0), and (u,0), which
are sink, saddle point, and sink, also stable, unstable, and sta-
ble respectively. So, u = 0 is a bifurcation value. When u
changes from zero to non-zero, the number of equilibrium po-
sitions will increase from one to three.

7. Conclusion

The gradient system has the essential significance for
studying the stability of equilibrium and the bifurcation prob-
lem. A generalized Birkhoffian system under certain condi-
tions can be transformed into a gradient system. After that,
its stability of equilibrium and bifurcation problem can be dis-
cussed by using the properties of the gradient system. The bi-
furcation point of example 1 shows that the equilibrium of the
system changes from unstable to stable, and then to asymptot-
ically stable. The bifurcation point of example 2 indicates that
the number of equilibrium points of the system takes catastro-
phe. The bifurcation discussed here is not the Hopf bifurcation
in the general sense.
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