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Correspondence imaging is a new modality of ghost imaging, which can retrieve a positive/negative image by simple
conditional averaging of the reference frames that correspond to relatively large/small values of the total intensity measured
at the bucket detector. Here we propose and experimentally demonstrate a more rigorous and general approach in which
a ghost image is retrieved by calculating a Pearson correlation coefficient between the bucket detector intensity and the
brightness at a given pixel of the reference frames, and at the next pixel, and so on. Furthermore, we theoretically provide a
statistical interpretation of these two imaging phenomena, and explain how the error depends on the sample size and what
kind of distribution the error obeys. According to our analysis, the image signal-to-noise ratio can be greatly improved and

the sampling number reduced by means of our new method.
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1. Introduction

In traditional ghost imaging (GI), an optical source gen-
erates a signal beam and a reference beam at a beam splitter;
the signal beam is used to illuminate an object, after which its
total intensity is collected by a bucket detector with no spa-
tial resolution; in the other arm the spatial distribution of the
light is measured by a high spatial-resolution detector. Neither
detector can “see” the object on its own, but a “ghost” image
can be retrieved by cross correlating the outputs of the two
detectors. The initial experimental demonstration of GI used
the entangled signal and idler photons generated from spon-
taneous parametric downconversion,!:?l hence ghost image
formation was ascribed to the quantum entanglement of the
photons. ! A controversy soon arose, however, when theory!
and experiment>% showed that GI is also achievable with
pseudo-thermal light obtained by passing a laser beam through
a rotating ground-glass diffuser, or with true thermal light.[”!
This sparked a warm discussion on the nature of thermal light
GLBI Aga consequence, GI with a classical source aroused
the interest of many groups and developed numerous branches,
such as computational GI,!'% compressive GI,['! differen-

tial GI,I'?! optical encryption, 3] adaptive compressive GI,[!4]

and lensless GI with sunlight.[!3]

In particular, Luo et al.!'!7! found a seemingly com-
pletely nonlocal form of imaging in which conditional aver-
aging of the reference measurements could improve the im-
age visibility with fewer exposures and reduced computation

time. They called this technique correspondence imaging (CI).
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However, no strict analytical proof was provided. Soon af-
ter, Wen!'311 offered some theoretical explanations on their
findings, while Shih er al.’) suggested a quantum interfer-
ence model. However, Ref. [20] failed to show why nega-
tive images can be formed in thermal CI, or why the visibility
can be substantially improved beyond the 1/3 limit for ther-
mal light second-order correlation. In contrast, these were ex-
plained to some extent by Wen in Refs. [18] and [19]. This CI
method further demonstrates the importance of intensity fluc-
tuations in nonlocal imaging with thermal light.[>!?? Later,
in Ref. [21], Yao et al. also gave a statistical optics model to
explain this CI phenomenon. Further experimental and theo-
retical developments of this positive-negative image concept

[23-26] In this paper,

have been presented in many other papers.
we present a new statistical explanation which we hope pro-
vides deeper insight into the essence of CI. Moreover, on the
basis of this interpretation, we propose a more rigorous and
standard analysis of GI where a ghost image can be obtained
by calculating a Pearson correlation coefficient between the
bucket detector intensity and the brightness at a given pixel of
the reference detector, then for the next pixel and the next, and
so on. This method further answers what kind of distribution
the error obeys and how the error depends on the sample size,
i.e. the number of measurements.

This paper is organized as follows. In Section 2, we ex-
perimentally demonstrate ghost imaging based on Pearson cor-
relation coefficients (GIPCC) in a computational GI scheme
and present some results to compare its performance with
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other GI reconstructions. Then, in Section 3, we give a statis-
tical analysis of CI positive-negative image formation and an
explanation of our imaging approach. We show that the values
recorded by a bucket detector play the role of a selection cri-
terion in CI, and can also be used to calculate the correlation
coefficients between the bucket brightness and the brightness
at each pixel of the frames. Our analysis thus casts doubt on
whether CI is a rigorous and standard approach to obtain ghost
images, while demonstrating that GIPCC is a better way of re-
constructing binary objects with high image quality and fewer
measurements. Finally, in Section 4, we briefly summarize
this work.

2. Experiment and results

Our experiment is based on computational GI, as shown
in Fig. 1. The advantage of computational GI is that it can
be performed without a high spatial resolution detector, and
it only needs to pre-compute the spatial distribution after a
wide range of free space propagation distances. Here we use
a digital micromirror device (DMD) consisting of 1024 x 768
micro-mirrors each of size 13.68 x 13.68 umz, rather than a
spatial light modulator, to generate random spatial distribu-
tions. Each mirror can be oriented at +12° and —12° away
from the initial position, thus the light falling on it will be re-
flected in two directions. The frame frequency (modulation
frequency) of the DMD is up to 32552 Hz. In our experiment,
the light from a halogen lamp of 55 W power is projected onto
the DMD, first passing through an aperture diaphragm and a
beam expander. Random binary patterns are encoded onto an
area of 160 x 160 micromirrors (pixels) of the DMD. We im-
age these random patterns Ir onto an object which is a black-
and-white film printed with “A”. Only the light reflected from
the micromirrors oriented at +12° is projected onto the object.
Then a convex lens is used to collect the corresponding total
light intensity I into a bucket (single-pixel) detector. Here we
use a 1/1.8 in. charge-coupled device (CCD) with 1280 x 1024
pixels and an exposure rate of 26 frames per second as the
bucket (single-pixel) detector, by integrating the gray values
of all the pixels in each exposure. A ghost image of the object
can be reconstructed by cross correlating the random binary
patterns Ir with the bucket intensity /Ig.

The recorded total intensity Iz from the bucket detector
is random because of the random modulation of the DMD and
the purely stochastic intensity fluctuations of the thermal light
source. We calculate Alg = Iz — (I ), then plot the probability
distribution of Alg. By using (Ig) as a boundary, we divide
{Iz} into two subsets:

{By|Ig > (Ig)}, (D
{B_|Ig < (Ip)}, 2

which contribute to the left and right half of Fig. 2.
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Fig. 1. Experimental setup for computational GI. A halogen lamp illu-
minates the DMD through an aperture diaphragm and a beam expander.
The reflected random patterns are imaged onto an object which is a
black-and-white film printed with “A” and then collected by a bucket
(single-pixel) detector. Ig: binary random patterns encoded on the
DMD. Ig: total intensity recorded by the bucket (single-pixel) detec-
tor.
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Fig. 2. (color online) Probability distribution of Alg, where Alg =
Iz — (Ig). The left side (blue) is binned for Alz < 0, and the right side
(pink) for Alg > 0. The dashed line denotes (Alg).

Statistically, each element of the average matrix (Ig) is a
constant, which only reveals the intrinsic fluctuations of the
lamp source hitting this pixel, rather than any information
about the object. Amazingly, according to Luo’s method, af-
ter the partition, a positive (or negative) correspondence image
can be retrieved by only averaging the Ir frames correspond-
ing to By (or B_), identified by the subscript “+” (or “—"):

Ri=(Ix.,), 3
R_= (I ). @

Actually, artificially dividing the (Ir) into Ry and R_ is
not standard, so is not optimal. Moreover, Luo’s procedure
could not answer what kind of distribution the error obeys,
and how the error depends on the sample size. In this letter,
we wish to report another interesting imaging approach based
on Pearson correlation coefficients to answer these questions.

First, we flatten the two-dimensional image pixel matrix
into a one-dimensional column vector, and denote it by x. Our
starting equation is

B = Rx, (5)

where Bism x 1, Rism X n, x is n X 1, m is the sample size
(total number of frames), and # is the total number of pixels.
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Each pattern distribution can be shaped into a row vector, then
m random distributions can be rearranged row by row into a
measurement matrix /R. That is, each row of R records the
brightness of pixels in one frame. As performed in the ex-
periment, the actual random patterns sequentially fed into the
DMD only have two values, O or 1, corresponding to the +12°
angles at which the micromirrors are deflected.

For simplicity, here we only consider a binary object
mask, either transparent (1) or opaque (0). The simplest model
of GI is the probabilistic one: a transparent pixel correlates
with the bucket signal while an opaque pixel is independent
of the bucket signal. The principle of CI is that the frames
with above-average bucket signals correspond to a good over-
lap between the reference frame and the transparent object,
while those with below-average signals tend to have a good
overlap with the opaque object. Here we give a more intuitive
picture of the preference for a transparent pixel (i.e. imaging)
as follows. The definition of a Pearson correlation coefficient
(which is just a number) is well known.?”! Here we calculate
the sample Pearson correlation coefficient r; (corresponding
to a pixel j in x) between B and a column vector R; of R. The
coefficient r; is given by

. cov(R;, B)
7 o(Rj)o(B)

Z( R;) (Bi- B)

[ foar

where cov is the covariance, ¢ the standard deviation, and
-1<r; <1, j=1,2,...
rj means a positive (negative) linear relationship, while r; = 1

(6)

,n. A positive (negative) value of

or —1 occurs only when all the points of the scatter plot lie
exactly on a straight line. The value 1 denotes total positive
correlation, 0 no correlation, and —1 total negative correla-
tion. Thus r; measures only the linear relationship between R;
and B, j=1,2,...
pixel j is coded as 1 (transparent). After j calculations, we

,n. If r; is significantly greater than 0, then

will obtain a sequence vector r of length n, then we reshape
this one-dimensional vector back to a two-dimensional array
of v x v pixel size, where v X v = n. This array is the im-
age recovered by GIPCC, which regards each sample Pearson
correlation coefficient r; as the j-th pixel of the image.

For a quantitative comparison of the image quality, we
introduce the peak signal-to-noise ratio (PSNR) and the mean
square error (MSE) as figures of merit

2552
PSNR = 10log —— 7
SN OogMSE, (7

RY 5

where MSE = L ¥ [T, (i, /) — T(i,j)]z, T, represents the
ij=1

original image consisting of v x v pixels, and T stands for the

retrieved image. Naturally, the larger the PSNR value is, the
better the quality of the image recovered.

To check the quality of GIPCC, we made a comparison
of GIPCC with other GI approaches.
direct image of the object illuminated by random DMD pat-

Figure 3(a) shows a

terns, taken by a CCD camera. The reconstructions of GIPCC,
(IrIp) —
(IRIp)
_(Ir){Ip)
R_, and

background-subtracted correlation function AGI =

(IR)(Ig), and the normalized correlation function g =
are shown in Figs. 3(b)-3(d). Results of CI (R,
AG =R, —R_), are given in Figs. 3(e)-3(g). For a fair com-
parison, we calculate the PSNR with a fixed total number of
measurements of 11940. From the PSNR values, we can see
that the image quality of GIPCC is better than the other three

GI approaches.
(c) (d)
.
(f) (2)

Fig. 3. Comparison between GIPCC and other conventional GI tech-
niques which reconstruct the full 160 x 160 pixel image. All figures
are automatically gray-scale compensated. (a) The direct image of the
object. (b)—(d) Images retrieved by GIPCC, AGI, and g> with 11940
patterns and a PSNR of 8.312, 8.311, and 8.188 dB, respectively, (e)
and (f) are R, positive and R_ negative correspondence images, from
5882 and 6058 patterns, with PSNRs of 7.425 and 5.562 dB, respec-
tively, (g) is the image AG obtained by averaging all 11940 patterns but
with G_ inverted, with a PSNR of 8.088 dB.

3. A statistical interpretation

In mathematics, the support of a function is the set of
points where the values are not zero. Suppose that the object
x has k nonzero entries, and define its support set as S, where
1S]ly = k. Here the [y norm is defined as ||z||, = lim [|z]|? =

11m ): |xe|” = #{i: x; # 0}, where #{-} represents the num-

ber of elements in the set. Actually, this is a very intuitive mea-
sure of sparsity of a vector &, counting the number of nonzero
entries in it.[?®! We let RS denote the sub-matrix of R that con-
tains all the columns corresponding to the support set. Simi-
larly, R4 and R_ stand for the sub-matrix of R but consisting
of all the rows which correspond to B and B_, respectively.
Let us recall the initial second-order correlation func-
tion G =
as weights. When all the elements in B are the same constant

(Ir)(Iz) where the bucket signal can be treated

c, G turns out to be ¢ R which in fact cannot reflect any in-
formation of the object. If we normalize this bucket signal to
a binary sequence taking two values “1” and “0” (B > B for
“1”, and B < B for “0”, or vice versa), then we will get a pos-
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itive (or negative) image with high image quality. Thus CI is
indeed amazing in that it can transform the poor performance
of an initial second-order correlation into a good one. Here we
build a model to further explain this phenomenon. We have
the conditional probability for B4

P*(R) = P(R|Bx), ®)
and the total probability formula
P(R) =P"(R)[ + P~ (R)[", ©)

where B is for (B —B) > 0 and I. = [;, P(B)dB > 0. De-
note the mean of P*(R) and P(R) by R and R, respectively,

R=R.I+R I,

— (Ry =R+ (R-—R)I_ =0, (10)
so (R, —R) and (R_ — R) have opposite signs. The terms in
{((R—R)(B — B)) are of two forms indexed by +. The one in
support set S indexed by + is

/ dR A dB(RS. —R)P" (R%)I.(B; — B)P(By)

= [ (RS —~R)(B4+ - B) > 0. (11)
The terms with + replaced by — have the same sign. Since
the two factors (B; — B) and (B_ — B) both have opposite
signs from that of the & term, we have RS > R and RS < R,
which makes it possible to generate a positive or negative im-
age through selective averaging of R.

The column vector R; can be treated as a time sequence
of reference light field intensities, and each element in B can
be seen as the inner product of each modulation pattern and the
object. Notice that R of the DMD is a binary matrix consisting
of the two values O or 1, thus B reflects the sum of the pixel
spot brightnesses, and the probability of B involves the convo-
lution of the probability of single pixel brightness (R;; of frame
i at pixel j). To avoid the operation of convolution, a natural
assumption is: the summation over k transparent pixels of the
object mask is equivalent to the summation over k frames at
a single pixel of the DMD. The brightness at all pixel spots
has an identical distribution P(R;;). For transparent pixels, we
may decompose P(RI-S].) into two sub-distributions conditional
on By or B_. In principle, these two conditional distributions
can be calculated as follows. Suppose that the Laplace trans-
formation of P(R;;) is W(s). The convolution of distributions
of k transparent pixels is given by ¥¥(s) whose Laplace trans-
formation F(R) gives the distribution of the sum over k pixels.
Two conditional distributions are obtained by dividing the sup-
port set into two subsets B and B_. For example,

o< F(R) for By,

=0, otherwise. (12)

e

Taking the k-th root of the Laplace transformation of Fy(R),
and then making a back-Laplace transformation will give the
required conditional distribution for a single pixel, which will
be denoted as P*(R;;). However, we do not need this explicit
form. As mentioned before, we have proved that the mean of
Py is greater than the mean of P(R), so the distribution of Py
contains much richer information than the mean only. Since
spots on opaque pixels are independent of the bucket, the con-
dition B > B has no effect on the distribution at any opaque
pixel. Thus, the distribution at an opaque pixel is still P(R).

To demonstrate this more clearly, we assume ||B ||, = u,
and ||B_||, = v, and define S€ as the complementary set of S,
which stands for opaque pixels, then we have

_ 14
Ry = {MZR+ij}
i=1
a 1&
=J- Ri‘.’ Z Ri}
= (RS, R}, j=1.2,...n, (13)
_ 1 &
R = {VZRU'}
i=1
1 & s 1 &
- (iR 15
P

i=1
= (B Y, j=1.2,....n. (14)

Since RS > R, RS" ~ R, RS > R and the reconstruc-
tion appears to be a positive image. In an ideal case, the dis-
tributions of R;; at pixel j have only two types RS (P§ (R))
and Rf (P(R)) depending on pixel j being coded as “1” or
“0”. By clustering distributions at all pixels into two clus-
ters, we obtain the codes of the pixels. There are many stan-
dard methods for inferring two alternative populations or for
clustering. Similarly, in R_, RS < R, RS" ~ R, so RS < RS
and R_ shows up as a negative image. Since RS — RS >0
has twice the amplitude, while R‘f — RS %0, so the contrast
of AG =R, —R_ is much higher than that of both R, and
R_. Our analysis thus reveals the formation mechanism of the
positive—negative image in CI. Since there is no need to mul-
tiply selected reference patterns by the bucket detector signal,
the computation time of CI can be reduced. With hardware
logical implementation,?3>*] this approach can be even faster
and represents a step forward towards real-time practical ap-
plications of correlation imaging. Despite these advantages,
we still need to answer how the error depends on the sample
size, and what kind of distribution the error obeys. Addition-
ally, simple conditional averaging of reference patterns will
lose much useful information.

A key advantage of our GIPCC method is the ability to
fill the gap and solve these problems. For pairs from an un-
correlated bivariate normal distribution, the sampling distri-
bution of Pearson’s correlation coefficient follows the Stu-
dent’s ¢-distribution with degrees of freedom (m —2): ¢ =
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v/ (m—2)r2 /(1 —r2).12 In practice, confidence intervals and
hypothesis tests relating to z are usually carried out using the
Fisher transformation[*"’

7= ;m(i:) = arctanh(r), (15)
where “In” is the natural logarithm function and “arctanh” is
the inverse hyperbolic function. Here (R;,B) has a bivari-
ate normal distribution, and the (R;;,B;) pairs used to form
r; are independent for i = 1,...,m, then z approximately fol-
lows a normal distribution with mean z and standard variation
1/+/m—3. The imaging is then converted to a statistical hy-
pothesis test (with the null hypothesis = 0).

For a binary object mask, the gray value takes on ei-
ther “1” or “0”. Taking Fig. 3(b) for example, the number of
sampling patterns is 11940, so the background error approx-
imately follows a normal distribution with mean O and stan-
dard variation 1/4/11940 —3 = 0.0092. A random variable
U ~ N(0,0.00922) with a sample size of 160 x 160 = 25600
can be generated by the computer to be an approximation of
the background error. The probability distribution of U is pre-
sented in Fig. 4(a). Suppose the probability of the rejection
region (i.e., false positive) of such an error is P{U > A} =
a = 0.01, where o is the significance level, then the critical
value A is 0.0212, which is the “99th percentile” of this prob-
ability distribution. In Fig. 3(b), all the gray values that are
smaller than this critical value are true negative and should be
rejected, and the rest should be set to 1, which means a pos-
itive correlation relationship. Then we will acquire the final
ghost image as shown in Fig. 4(b). By a comparison of PSNR
values, the image quality of GIPCC is much better than those
of other GI techniques as given in Figs. 3(c)-3(g). The maxi-
mum difference in the PSNR between GIPCC and CI is more
than 8 dB, i.e., corresponding to a maximum MSE difference
of about 6.

0.0625
0.0469

0.0313
0.0156

Probability

(b)

0l
—0.04 —0.02 0 0.02 0.04
Values of error samples

Fig. 4. (color online) Results of hypothesis testing. (a) Probability dis-
tribution of the error samples. The location of the critical value is iden-
tified by the red dashed line. (b) Retrieved image based on statistical
hypothesis testing, with a PSNR of 16.301 dB.

In the model of independent pixels, the correlation be-
tween a transparent pixel and the bucket is (R, B) ~ t~1/2,
where ¢ is the total number of transparent pixels. If r is small,
Fisher’s transformed variable is roughly F ~ ¢~'/2. Since the

1/2

variance of Fisher’s variable is ¢ ~ m™'/<, where n is the total

number of sampling frames, it is required that F(r) > o, or
m > t. Therefore, if the object is sparse (like the film used in
our experiment), the number of measurements in GIPCC will
be dramatically reduced. To further demonstrate this advan-
tage of GIPCC, the PSNR values of GIPCC and other conven-
tional GI techniques against the number of measurements are
given in Fig. 5. We can see clearly that the image quality ob-
tained by various methods is approximately proportional to the
number of measurements. The PSNRs of GIPCC are always
better than other GI approaches, thus the number of measure-
ments in GIPCC is much smaller than that in other GI methods
for the same PSNR value, which agrees with our theory.

18
” W
Jas)]
o
=
= 10 1
5
6 —o— GIPCC
~v— AGI
R N— 92
2 L L L L L L
0 2 4 6 8 10 12

Number of measurements/103

Fig. 5. (color online) PSNR values of GIPCC and other conventional
GI techniques versus the number of measurements.

Now let us analyze the image formation in our GIPCC
method. Without loss of generality, consider a and b are of
zero mean and unity variance. Then, the correlation between

aandbisr= % = cov(a,b). Define

o= Y pla,bs), (16)

a,bt

where b > 0 and the conditional mean values as

as =) ap(a,bs)/os, a7
abs

bi=Y biplabsi)/-. (18)
a,b+

Therefore,
(a) = Zbap(avb)
= Y ap(ab)+ Y aplab-)

aby ab_
= w,a, +o_a =0. (19)

Thus, either both @ vanish, or they have opposite signs. Sim-
ilarly, from (b) = 0 we have

o.by +w_b_=0. (20)

We now prove by reduction to absurdity that if » = 0 then
a, =a_ =0. By representing (@, a_) and (by, b_) as
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points in a plane, they fall on the same line passing the origin
(0, 0). Obviously, b1 # 0. Since both a and b have the same
variance we have i) @y = b, and a_ = b_, or ii) a, = —b,
and a_ = —b_, except for @, = a_ = 0. Now r = 0 implies
that cov(ab) = (ab) = (a)(b) = ®3a;b; + w*a_b_ # 0 un-
der the assumption that » = 0 and a, a_ # 0, leading to a
contradiction. Thus, r = 0 implies that a.=a_ = 0. Under
the linear model b = pa+ €, p > 0 implies that @, = b, >0
and a_ = b_ < 0, that is, under the assumption that r > 0,
if b, > (b), then @, > (a), and if b_ < (b), then a_ < (a),
which indicates transparent pixels. Therefore, if the Pearson
correlation coefficient  between R and B is positive, we must
have RS, > R, and vice versa. It actually indicates how GIPCC
generates a ghost image.

4. Conclusion

In conclusion, we have improved the correspondence
imaging technique by developing an alternative method to re-
construct the image, whereby each pixel of the image is ac-
quired by calculating a Pearson correlation coefficient between
the bucket intensity and the brightness at each pixel of the
DMD modulation patterns. This method illustrates how the
error depends on the sample size and what kind of distribution
the error obeys, and thus can be seen as a more rigorous and
general approach compared with the original correspondence
imaging scheme. We have experimentally demonstrated our
method in a computational ghost imaging setup with thermal
light, and have obtained a much better peak signal-to-noise
ratio compared with other ghost imaging approaches. Further-
more, we have provided a theoretical analysis and intuitive in-
terpretation of the formation of the positive—negative image
in correspondence imaging. This new protocol offers a gen-
eral approach applicable to all ghost imaging techniques. The
applications include but are not limited to remote sensing, po-
sitioning, and imaging.
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