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Complex transitions between spike, burst or chaos synchronization
states in coupled neurons with coexisting bursting patterns∗
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We investigated the synchronization dynamics of a coupled neuronal system composed of two identical Chay model
neurons. The Chay model showed coexisting period-1 and period-2 bursting patterns as a parameter and initial values are
varied. We simulated multiple periodic and chaotic bursting patterns with non-(NS), burst phase (BS), spike phase (SS),
complete (CS), and lag synchronization states. When the coexisting behavior is near period-2 bursting, the transitions of
synchronization states of the coupled system follows very complex transitions that begins with transitions between BS and
SS, moves to transitions between CS and SS, and to CS. Most initial values lead to the CS state of period-2 bursting while
only a few lead to the CS state of period-1 bursting. When the coexisting behavior is near period-1 bursting, the transitions
begin with NS, move to transitions between SS and BS, to transitions between SS and CS, and then to CS. Most initial
values lead to the CS state of period-1 bursting but a few lead to the CS state of period-2 bursting. The BS was identified
as chaos synchronization. The patterns for NS and transitions between BS and SS are insensitive to initial values. The
patterns for transitions between CS and SS and the CS state are sensitive to them. The number of spikes per burst of
non-CS bursting increases with increasing coupling strength. These results not only reveal the initial value- and parameter-
dependent synchronization transitions of coupled systems with coexisting behaviors, but also facilitate interpretation of
various bursting patterns and synchronization transitions generated in the nervous system with weak coupling strength.
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1. Introduction
Synchronization is widespread in nature.[1,2] Chaos syn-

chronization has been one of the most important issues.[1,3]

In particular, synchronization was experimentally detected in
the nervous system of the mammalian visual cortex, the hu-
man thalamocortical area, and the stomatogastric ganglion of
the spiny lobster.[4–6] Transitions between various synchro-
nization states were observed in the oddball task experiment
and evidenced in the human cardiorespiratory system.[7–9] It
is believed that synchronization and synchronization transi-
tion are closely related to nervous information transmission
and processing.[4,8–11] Physiologically, bursting is an impor-
tant neural rhythm in the nervous system and is also important
for information processing.[12–16] Recently, there have been
various simulations of synchronization and synchronization
transition in the nervous system.[17–22]

In most investigations of synchronization, the unit in the
network or coupled system always manifests mono-stable be-
haviors. With the exception of mono-stable behavior, multi-
stable and/or coexisting states are also common behaviors of
a nonlinear system. The coexisting behavior of the dynamic
system for a given set of parameters is determined by the ini-
tial values. Multi-stable behaviors occur in multiple fields, in-

cluding biological science.[23] In the nervous system, the co-
existence of resting condition and firing,[24–26] of spiking and
bursting,[27–29] and of two different bursting patterns[30] were
observed in experiments and simulated in theoretical models.

Recently, a few works have focused on the synchroniza-
tion of unidirectionally coupled systems,[31–38] which man-
ifest, when isolated, multi-stable or coexisting behaviors.
These studies are briefly described as follows. Two coupled
Rössler-like electronic circuits with coexisting chaotic attrac-
tors were investigated experimentally and numerically.[31–33]

In that work the synchronization transitions moves from asyn-
chronous motion to intermittent anticipating phase synchro-
nization and generalized synchronization moves to a com-
pletely synchronized state as the coupling strength increases.
The behaviors of asynchronous synchronization jump between
the coexisting attractors. The synchronization dynamics of
two coupled bistable Hénon maps were investigated.[34] When
two periodic orbits coexist, the slave map evolves into the mas-
ter map state. When chaotic and periodic attractors coexist,
very complex dynamics, such as the emergence of new attrac-
tors are observed. Synchronization of coupled optical bistable
systems with coexisting different attractors (fixed point and
chaos, fixed point and one periodic orbit, and two periodic or-
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bits) was investigated.[35]

Depending on both the control parameters of an isolated
system and the coupling strength, different bifurcations and
diverse dynamic regimes including periodicity and chaos oc-
cur in the route from asynchronous motion to complete syn-
chronization. There also exists work on the nervous systems
with bi-directional coupling.[36,37] One previous study[36] in-
vestigates the synchronization transitions of two coupled neu-
rons with coexisting spiking and bursting. Three different
configurations of a coupled system, one neuron spiking and
the other bursting, both types of spikings and both types of
burstings, are considered. The complete synchronization at
stronger coupling strength and synchronization transitions de-
pends on the configurations. For the configuration of one spik-
ing and the other bursting, the synchronization transitions for
three parameter values within the coexisting parameter region
was investigated.[37] The results showed that the complete syn-
chronization and synchronization transition depend on the pa-
rameter values. In both investigations, only one initial value
is considered, and the influences of different initial values on
the complete synchronization and synchronization transitions
have not been addressed.

In this paper, we comprehensively study the synchroniza-
tion and synchronization transitions of two bi-directionally
coupled Chay model neurons with coexisting burstings. We
considered different configurations of the network, the initial
values and the control parameters. We investigated different
synchronization states, various bursting patterns correspond-
ing to different synchronization states, and complex synchro-
nization transitions, which range from non-synchronization to
complete synchronization and is composed of different syn-
chronization states. We identified the dependence of the com-
plete synchronization on the initial values and control parame-
ters. We also identified the synchronization transitions con-
taining transitions between spike and burst phase synchro-
nization (i.e., chaos synchronization), and transitions between
spike and complete synchronization. The rest of this paper
is organized as follows. Section 2 describes the Chay model
and the coexisting burstings. Section 3 introduces the net-
work model, initial values, and criteria for synchronization.
The synchronization states and the corresponding rhythms are
introduced in Section 4. Section 5 provides the detailed syn-
chronization transitions and the influence of the parameter and
initial values. Section 6 is the conclusion and discussion.

2. Chay model and dynamics of single neuron
2.1. Chay model

The Chay model was initially set up to describe the burst-
ing patterns of β -cells[39] and manifested bifurcations similar
to those observed in an experimental neural pacemaker.[40–42]

The Chay model is described using the following three differ-
ential equations:

dV
dt

= gim3
∞h∞(Vi−V )+gkv(Vk−V )n4

+ gkc
C

1+C
(Vk−V )+gl(Vl−V ), (1)

dn
dt

=
n∞−n

τn
, (2)

dC
dt

= ρ(m3
∞h∞(VC−V )−KCC). (3)

Here, V , n, and C are the membrane potential, the probability
of opening the voltage-sensitive K+ channel, and the intracel-
lular concentration of Ca2+, respectively. Vi, Vk, and Vl are
the reversal potentials for mixed Na+–Ca2+, K+, and leakage
ions, respectively. gi, gkv, gkc, and gl represent the maximum
conductance of the mixed Na+–Ca2+, voltage-dependent K+,
calcium-dependent potassium, and leakage ions, respectively.
m∞ and h∞ are the probabilities of activation and inactiva-
tion of the mixed inward current channel, and n∞ is the
steady state value of n. m∞, h∞, and n∞ could be expressed
by y∞ = αy/(αy + βy) in general, y stands for m, h, or n,
and αm = 0.1(25+V )/(1− e−0.1V−2.5), βm = 4e−(V+50)/18,
αh = 0.07e−0.05V−2.5, βh = 1/(1+ e−0.1V−2), αn = 0.01(20+
V )/(1− e−0.1V−2), βn = 0.125e−(V+30)/80. The relaxation
time of the voltage-gated K+ channel is τn = 1/(λn(αn+βn)).
KC is the rate constant for the efflux of the intracellular Ca2+

ions, and ρ is a proportionality constant. The parameter val-
ues of the Chay model are as follows: gi = 1800, gkv = 1700,
gkc = 10, gl = 7, Vk =−75, Vl =−40, Vi = 100, Kc = 3.3/18,
λn = 227.5, ρ = 0.27. The unit of potential, conductance, and
time is mV, pS, and sec, respectively. Detailed descriptions of
the Chay model are given in a previous study.[39]

The parameter VC, the reversal potential of Ca2+, here
serves as the bifurcation parameter. The Chay model is solved
using the fourth-order Runge–Kutta integration method with
time step of 0.001 sec.

2.2. Coexistence of period-1 bursting and period-2 burst-
ing

When VC = 308.1, the coexistence of period-1 bursting
and period-2 bursting can be simulated with the Chay model.
When the initial values of (V , n, C) are set to (−47.733563,
0.105692, 0.511172) for period-1 bursting and (−48.365978,
0.100857, 0.518610) for period-2 bursting, the Chay model
exhibits period-1 bursting (Fig. 1(a)) and period-2 bursting
(Fig. 1(b)), respectively. The inter-spike interval (ISI) of
period-1 bursting is a constant value, and the period-2 bursting
exhibits two different ISIs.
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Fig. 1. Spike trains of the coexisting bursting of the Chay model when
VC = 308.1. (a) Period-1 bursting; eight dots labeled by ai (i = 1,2, . . . ,8)
are initial values of period-1 bursting. (b) Period-2 bursting; eight dots
labeled by bi (i = 1, 2, . . . , 8) are initial values of period-2 bursting.

Bifurcation of ISI with respect to VC is shown in Fig. 2.
As VC increases, period-2 bursting transforms to period-1
bursting at VC = 309.78. As VC decreases, period-1 burst-
ing transforms to period-2 bursting at VC = 307.95. VC ∈
[307.95,309.78] is the region where period-1 and period-2
bursting coexist. When VC is within this range, the Chay
model exhibits either period-1 bursting or period-2 bursting;
the choice depends on the initial values of (V , n, C). When
VC > 309.78, the behavior is mono-stable period-1 bursting.

When VC < 307.95, the behavior is mono-stable period-2
bursting.
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Fig. 2. Bifurcation of ISIs with respect to VC of the Chay model.

2.3. The attraction domain

Because the attraction domain in the three-dimensional
space (V , n, C) is difficult to visualize, we use the attraction
domain in a two-dimensional cross-section (V , C) at a fixed
n value which is easier to view. As shown in Figs. 3(a)–
3(c), when VC = 308.1, the attraction domain of period-
1 bursting (black) and of period-2 bursting (white) in the
(V , C) plane, corresponds to n = 0.25, 0.15, 0.3, respec-
tively. The attraction domains in the (V , C) plane corre-
sponding to n = 0.25, 0.15, 0.3, when VC = 309.75 are
shown in Fig. 3(d)–3(e), respectively. The ranges of V and
C in Fig. 3(a) and Fig. 3(d) are much larger than in the
other four figures. The ranges of V and C of Figs. 3(b)–
3(c) and Figs. 3(e)–3(f) nearly equal those of the stable
period-1 and period-2 bursting patterns. As can be seen from
Fig. 3, as VC increases, the black area increases while the
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Fig. 3. The two-dimensional cross-section in the (V , C) plane of three-dimensional attraction domain of the coexisting period-1 bursting (black) and period-2
bursting (white) at different n value with different VC. VC = 308.1: (a) n = 0.25; (b) n = 0.15; (c) n = 0.3. VC = 309.75: (d) n = 0.25; (e) n = 0.15; (f)
n = 0.3.
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white area decreases, thus showing that the attraction domain
of period-1 bursting increases while that of period-2 bursting
decreases.

3. Coupled neuronal model and criteria for syn-
chronization

3.1. Coupled neuronal model

The coupled system is constructed by two bi-directionally
coupled identical Chay neurons with a gap junction,[43]

which is an important coupling manner that encourages
synchrony.[44] The equations of the coupled system are as fol-
lows:

dV1

dt
= gim3

∞h∞(Vi−V1)+gkv(Vk−V1)n4
1

+ gkc
C1

1+C1
(Vk−V1)+gl(Vl−V1)

+ gc(V2−V1), (4)
dn1

dt
=

n∞−n1

τn
, (5)

dC1

dt
= ρ(m3

∞h∞(VC−V1)−KCC1), (6)

dV2

dt
= gim3

∞h∞(Vi−V2)+gkv(Vk−V2)n4
2

+ gkc
C2

1+C2
(Vk−V2)+gl(Vl−V2)

+ gc(V1−V2), (7)
dn2

dt
=

n∞−n2

τn
, (8)

dC2

dt
= ρ(m3

∞h∞(VC−V2)−KCC2). (9)

Here, the subscripts 1 and 2 indicate neurons 1 and 2, re-
spectively. The parameter gc is the coupling strength. It varies
from 0 to 35 in steps of 0.01. The values of other parameters
are the same as those of a single neuron. The coupling item of
neuron 1 is gc(V2−V1). The equations are solved numerically
using the fourth-order Runge–Kutta integration method with
integration time step of 0.001 sec.

3.2. Values of parameter VCVCVC

Two values of VC within the coexistence region are cho-
sen, indicated by two arrows in Fig. 2. One is 308.1 mV, which
is close to the mono-stable period-2 bursting. The other is
309.75 mV, which is close to the mono-stable period-1 burst-
ing.

3.3. Initial values

When VC = 308.1, eight initial values with equal inter-
vals spanning both period-1 bursting and period-2 bursting,
as indicated by dots in Figs. 1(a) and 1(b), are numbered
as ai and bi (i = 1,2, . . . ,8), respectively, from left to right.

For the configuration when one neuron has period-1 burst-
ing and the other period-2 bursting, the 64 initial values aib j

(i = 1,2, . . . ,8; j = 1,2, . . . ,8) are different. For the config-
uration when both neurons show period-1 bursting, one can
ignore the case of i = j (i = 1,2, . . . ,8) that lead to coupling-
independent compete synchronization and the case of symme-
try of i and j; then there are (64− 8)/2 = 28 different initial
values aia j (i = 1,2, . . . ,7; j = i+ 1, . . . ,8). Similarly, there
are 28 different bib j (i = 1,2, . . . ,7; j = i+1, . . . ,8) values for
configuration of when both neurons show period-2 bursting.
Thus, a total of 120 (64 + 28 + 28) different initial values are
used for VC = 308.1.

Similarly, 120 different initial values are also used for
VC = 309.75.

3.4. Criteria for synchronization

We investigate complete synchronization and phase syn-
chronization. Both spike and burst phase synchronizations are
considered. The spike phase function (φl(t)) of the firing pat-
tern of neuron l (l = 1,2) can be defined as follows:

φl(t) = 2kπ +2π
t− t l

k

t l
k+1− t l

k
,

(t l
k ≤ t < t l

k+1), kl = 1,2, ...,N. (10)

Here, t l
k is the time of the kth spike of neuron l (l = 1, 2),

and N is the number of spikes. The spike phase difference
(∆φ(t)) between two coupled neurons is defined as ∆φ(t) =
|φ1(t)− φ2(t)|. Different spike phase synchronization states
can be distinguished by the maximum value of ∆φ(t), labeled
as max(∆φ(t)), shown as follows:

(i) The complete synchronization (CS) state when
max(∆φ(t)) = 0.

(ii) The spike phase synchronization (SS) state when 0
< max(∆φ(t))≤ 2π .

(iii) Non-spike phase synchronization state when
max(∆φ(t))> 2π .

When the behavior of the two coupled neurons exhibits
non-spike phase synchronization, the burst spike synchroniza-
tion is considered. The burst phase function (Φl(t)) of firing
pattern of neuron l (l = 1,2) can be defined as follows:

Φl(t) = 2kπ +2π
t−T l

k

T l
k+1−T l

k
,

(T l
k ≤ t < T l

k+1), kl = 1,2, ...,M. (11)

Here, T l
k is the time of the first spike of the kth burst of neu-

ron l (l = 1,2), and M is the number of the bursts. The
burst phase difference between two coupled neurons is de-
fined as ∆Φ(t) = |Φ1(t)−Φ2(t)|. Burst phase synchroniza-
tion is characterized by the maximum value of ∆Φ(t) labeled
max(∆Φ(t)) as follows:

(1) Burst phase synchronization (BS) state when 0 <

max(∆Φ(t))≤ 2π .
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(2) Non-burst phase synchronization (NS) state when
max(∆Φ(t))> 2π .

In addition, lag synchronization (LS) is also considered
for some firing patterns. Spike trains of neuron 1 and neuron 2
overlap for LS of firing patterns if one neuron moves forward
or backward along time axis and the other remains fixed.

4. Synchronization states and the firing patterns
4.1. Complete synchronization (CS)

CS of period-1 bursting and period-2 bursting can be sim-
ulated, as shown in Fig. 4. For example, spike trains of
period-1 bursting of CS are shown in the upper two rows of
Fig. 4(a) for the conditions when VC = 309.75, initial value
b5b6, and gc = 5.0. The spike trains of period-2 bursting of
CS are shown in the upper two rows of Fig. 4(b) for the con-
ditions when VC = 308.1, a1b2, and gc = 4.0. The spike phase
differences of both bursting patterns equal zero, as shown in
the bottom row of Figs. 4(a) and 4(b).
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Fig. 4. The complete synchronization. (a) Period-1 bursting; (b) period-
2 bursting. From top to bottom: spike train of neuron 1, spike train of
neuron 2, and spike phase difference (∆φ(t)) between neurons 1 and 2.

4.2. Spike phase synchronization (SS)

Spike phase synchronization (SS) can be simulated and
the corresponding firing patterns include various periodic and
chaotic bursting patterns.

4.2.1. Periodic bursting patterns

A period-3 bursting (VC = 308.1, initial value a1b2, and
gc = 1.08) is shown in Fig. 5(a), containing one burst per
period and three spikes per burst. A period-(3,3) bursting
(VC = 308.1, initial value a1b2, and gc = 1.3) is illustrated in
Fig. 5(b), composed of two bursts per period and three spikes
in the both bursts. The ISIs of the three spikes in the first burst
are different from those of the second. A period-(7,8) burst-
ing (VC = 308.1, initial value a1b2, and gc = 3.3) is shown in
Fig. 5(c), containing two bursts per period. One burst contains
seven spikes and the other eight spikes. In addition, period-
k (k = 2,4) bursting, period-(k, k) (k = 2,4,5,6) bursting and
period-(k, k+1) (k = 2,3,4,5,6) bursting are simulated.
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Fig. 5. Spike phase synchronization of periodic bursting. (a) Period-3
bursting; (b) period-(3, 3) bursting; (c) period-(7, 8) bursting. From top to
bottom: spike train of neuron 1, spike train of neuron 2, and spike phase
difference between neurons 1 and 2.
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For the period-k (k = 2,3,4) bursting and period-(k, k)
(k = 2,3,4,5,6) bursting, spikes in the two firing trains within
the same time duration exhibit one-to-one correspondence,
so max(∆φ(t)) is less than 2π , as shown in the lowest row
of Figs. 5(a) and 5(b). For period-(k, k + 1) bursting (k =

2,3,4,5,6), the burst with k spikes of one neuron corresponds
to the burst with k + 1 spikes of the other neuron. The
max(∆φ(t)) almost approaches but remains below 2π (bottom
row of Fig. 5(c)). All of the above results show that the peri-
odic bursting events are in the SS state.

4.2.2. Chaotic bursting patterns

Chaotic bursting patterns include chaos-2 bursting and
chaos-(1, 2) bursting. Chaos-2 bursting is composed of bursts
with two spikes. Chaos-(1, 2) bursting is composed of bursts
containing one spike or two spikes. An example of chaos-2
bursting (VC = 308.1, initial value a1b2, and gc = 0.45), and an
example of chaos-(1, 2) (VC = 309.75, initial value a5a7, and
gc = 0.01) are shown in Figs. 6(a) and 6(b), respectively. The
largest Lyapunov exponents (LEs) of the two firing patterns
are 0.58 and 0.26 greater than 0, respectively. The chaos-(1,
2) bursting manifests behaviors that jump between the two co-
existing attractors, which is similar to the behaviors that jump
between two coexisting chaotic attractors in a previous study.
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Fig. 6. Spike phase synchronization of chaotic bursting. (a) Chaos-2 burst-
ing; (b) chaos-(1, 2) bursting. From top to bottom: spike train of neuron 1,
spike train of neuron 2, and spike phase difference between neurons 1 and
2.

For the chaos-2 bursting, the max(∆φ(t)) is bounded
within 2π due to one-to-one correspondence between spikes
from the two neurons. For the chaos-(1, 2) bursting, bursts
with one spike appear continuously and are interrupted by sin-
gle bursts with two spikes. Bursts with two spikes do not ap-
pear continuously. The max(∆φ(t)) is less than 2π .

4.3. Burst phase synchronization (BS)

Bursting patterns of BS include three types: another kind
of chaos-(1, 2) bursting, chaos-(2, 3) bursting composed of
bursts with 2 and 3 spikes, and chaos-(2, k, k+ 1) (k = 3,4)
bursting composed of bursts with 2, k, and k + 1 spikes. A
chaos-(1, 2) bursting (VC = 309.75, initial value a5a7, and gc =

0.11), a chaos-(2, 3) bursting (VC = 308.1, initial value a1b2,
and gc = 0.82), and a chaos-(2, 3, 4) bursting (VC = 308.1, ini-
tial value a1b2, and gc = 1.70) are shown in Figs. 7(a)–7(c),
respectively.

The three firing patterns show non-spike synchronization,
as shown by the third row of Figs. 7(a)–7(c). As can be seen
from the second burst to the fourth burst of Fig. 7(a), three
spikes appear in neuron 1 and five spikes appear in neuron 2.
A procedure changing from uncoupling to coupling of the be-
haviors of the two neurons is shown in Fig. 7(b). Neurons 1
and 2, when isolated (before t = 0 s), exhibit period-1 burst-
ing and period-2 bursting, respectively. The two neurons are
coupled together at t = 0 s. Then, two coupled neurons im-
mediately exhibit non-spike phase synchronization but burst
phase synchronization of bursting pattern with two or three
spikes. Some bursts with two spikes of one neuron may corre-
spond to the bursts with three spikes of the other neuron. For
example, there are three spikes in the first and fourth bursts of
neuron 1 while there are two spikes in the two bursts of neu-
ron 2. The spike phase difference exceeds 2π . The evolvement
of chaos-(2,3,4) and changes of phase difference with varying
time are illustrated in Fig. 7(c). Different from Fig. 7(b), the
spike phase synchronization lasts about 180 s before chang-
ing to non-spike synchronization but burst synchronization.
Within the 180 s, the spike phase difference less than π lasts
about 150 s at first, and then changed to a value between π and
2π .

For the three chaotic firing patterns, bursts from two fir-
ing trains within the same time span exhibit a one-to-one cor-
respondence, so the max(∆Φ(t)) is less than 2π , as shown in
the lowest row of Figs. 7(a)–7(c).

4.4. Non-burst phase synchronization (NS)

A chaos-(1, 2) bursting when VC = 309.75, initial value
a3b1, and gc = 0.08 is shown in Fig. 8. When time falls be-
tween 2410 and 2480 s (Fig. 8(a)), the number of spikes of
neuron 1 is 18, while that of neuron 2 is 15. When time falls
between 2017 and 2120 s (Fig. 8(b)), there are 17 bursts for
neuron 1 and 19 bursts for neuron 2. Both ∆φ(t) and ∆Φ(t)
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are larger than 2π , showing that the bursting pattern is non-
spike or non-burst phase synchronization.
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Fig. 7. Burst phase synchronization. (a) Chaos-(1, 2) bursting; (b) from
burstings of two isolated uncoupling neurons to chaos-(2, 3) bursting of
coupled neurons; (c) from burstings of two isolated uncoupling neurons to
chaos-(2, 3, 4) bursting of coupled neurons. Dashed lines in (b) and (c)
represent the time of coupling strength changed from 0 to a nonzero value.
From top to bottom: spike train of neuron 1, spike train of neuron 2, spike
phase difference (∆φ(t)), and burst phase difference (∆Φ(t)).

4.5. Lag synchronization (LS)

Period-(k, k) (k = 2,3,4,5,6) and period-(k, k+ 1) (k =

2,3,4,5,6,7) bursting with spike phase synchronization are
also identified as lag synchronization. For instance, the spike

trains of neuron 1 and neuron 2 can overlap if one of the spike
trains is moved along the time axis and the other is fixed, as
shown by the dashed boxes and arrows in Figs. 5(b) and 5(c).
The time difference between two spike trains is also shown in
the figures.

4.6. Summary of the synchronization states

Different synchronization states and the corresponding
firing patterns are summarized in Table 1.
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Fig. 8. Non-burst phase synchronization. Chaos-(2, 3) bursting when
VC = 309.75 mV, initial value a3b1, and gc = 0.08; (a) Time is between
2410 sec and 2480 sec; upper: spike train of neuron 1; middle: spike train
of neuron 2; lower: spike phase difference (∆φ(t)); (b) time is between
2017 sec and 2047 sec; upper: spike train of neuron 1; middle: spike train
of neuron 2; lower: burst phase difference (∆Φ(t)).

Table 1. The correspondence between synchronization states and bursting
patterns.

Synchronization state Bursting pattern Example

CS Period-k (k = 1, 2) Fig. 4

SS(LS) Period-(k, k) (k = 2, 3, 4, 5, 6) Fig. 5(b)

Period-(k, k + 1) (k = 2, 3, 4, 5, 6, 7) Fig. 5(c)

Period-k (k = 2, 3, 4) Fig. 5(a)

SS Chaos-2 Fig. 6(a)

Chaos-(1, 2) (gc = 0.01, 0.02) Fig. 6(b)

BS Chaos-(1, 2) (gc = 0.11) Fig. 7(a)

Chaos-(2, 3) Fig. 7(b)

Chaos-(2, k, k + 1) (k = 3, 4) Fig. 7(c)

NS Chaos-(1, 2) (gc = 0.02, [0.04,0.10]) Fig. 8
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5. Transitions between synchronization states
As gc increases, the two coupled neurons achieve com-

plete synchronization states via a complex processes com-
posed of different synchronization states. For convenience,
the transitions between synchronization states with increasing
gc is called a synchronization transition process in the present
paper. The dependence of parameter VC and the initial values
on the transition processes are investigated. One hundred and
twenty initial values are considered for both VC = 308.1 and
VC = 309.75.

5.1. Synchronization transitions when VC = 308.1VC = 308.1VC = 308.1

5.1.1. Basic structure of the transitions

The transitions with an initial value a1b2 is shown in
Fig. 9. The ISIs of neurons 1 and 2 are shown in Figs. 9(a)
and 9(b), respectively. According to the maximum values of
spike and burst phase difference shown in Figs. 9(c) and 9(d),
the transitions are divided into three parts, as labeled by ver-
tical bold dashed lines. Part 1 exhibits transitions between SS
and BS (gc < 2.19). Part 2 manifests transitions between SS
and CS (gc ∈ [2.19,3.32]). Part 3 is the CS state (gc > 3.32).
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Fig. 9. Transitions with respect to gc, when VC = 308.1 and initial value
a1b2. (a) ISIs of neuron 1; (b) ISIs of neuron 2; (c) maximum spike phase
difference max(∆φ(t)); (d) maximum burst phase difference max(∆Φ(t)).

5.1.2. Part 1 of the synchronization transitions

Figure 10(a) is an enlargement of part 1 in Fig. 9(a). The
SS and BS transit four times. The four SS states exist in ranges
of gc ∈ [0.01,0.81], [0.83, 1.11], [1.22, 1.67], and [1.73, 2.17],
respectively, and the ranges of the four BS states are gc = 0.82,
[1.12, 1.21], [1.68, 1.72], and 2.18, respectively. According to
the largest Lyaponov exponent (LE) shown in Fig. 10(b), the
BS is identified as chaos synchronization and most of the SS
is period synchronization with exception of the chaos-2 burst-
ing at gc ∈ [0.43,0.49]. The transition between BS and SS is
also the transition between chaos synchronization and period
synchronization.
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Fig. 10. Part 1 of the transitions of neuron 1 when VC = 308.1. (a) The
transitions with initial value a1b2; (b) the largest Lyapunov exponent cor-
respond to the transitions with initial value a1b2; (c) the transitions with
initial value a7a8. The characters “p” and “c” are abbreviations of “period”
and “chaos,” respectively.

As gc increases, the bursting patterns appear in the fol-
lowing order: period-2, chaos-2, period-(2, 2), chaos-(2, 3),
period-(2, 3), period-3, chaos-(2, 3), period-(3, 3), period-(3,
4), period-4, chaos-(2, 3, 4), period-(4, 4), period-(4, 5), and
chaos-(2, 4, 5), as shown in Fig. 10(a). The largest number
of spikes within a burst of bursting patterns of spike and burst
synchronization increases with increasing gc.

The detailed transitions of part 1 in Fig. 9 is not very sen-
sitive to the initial values. The 120 transition processes cor-
responding to different initial values exhibit almost the same
transition processes as shown in Fig. 10(a). For instance, a
transition process with initial value a7a8, exhibit almost the
same process as the one with initial value a1b2, as shown
in Fig. 10(c). The difference between the two processes is
described as follows. As shown in Fig. 10(a), the period-
(3, 3) bursting appears when gc ∈ [1.22,1.45] and period-(3,
4) appears when gc ∈ [1.46,1.66]; figure 10(c) shows that
the period-(3, 3) bursting appears when gc ∈ [1.22,1.48] and
period-(3, 4) appears when gc ∈ [1.49,1.66]. The processes
within the remaining ranges of gc shown in Fig. 10(a) are the
same as those shown in Fig. 10(c).

5.1.3. Part 2 of the synchronization transitions

Part 2 of the process shown in Fig. 9(a) is highlighted in
Fig. 11(a). The right boundary is at gc = 3.32. The transi-
tion between CS state and SS state happens three times. The
ranges of the three CS states are gc ∈ [2.19,2.43], [2.61, 2.84],
and [2.99, 3.23] and of the three SS states are gc ∈ [2.44,2.60],
[2.85, 2.98], and [3.24, 3.32]. As gc increases, ignoring the
period-2 bursting of CS, the following types appear in order:
period-(5,5), period-(5, 6), period-(6, 6), period-(6, 7), and
period-(7, 8) bursting of SS. The period-(7, 8) bursting is the
final bursting. This shows that the largest number of spikes
within a bursting pattern of SS increases with increasing gc.
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Fig. 11. Part 2 of the transitions of neuron 1 when VC = 308.1. (a) The
transitions with initial value a1b2; (b) the transitions with initial value
a7a8; (c) dependence of the 120 initial values. The characters “p” and
“c” are abbreviations of “period” and “chaos,” respectively.

Part 2 of the process with initial values a7b8 is shown in
Fig. 11(b). The right boundary is at gc = 2.60. The transition
between the CS state and SS state happens only once. The
difference between these two transition processes with initial
values a1b2 and a7a8 indicates that the detailed process is sen-
sitive to initial values. The right boundary and times of transi-
tions between SS and CS depend on the initial values.

Figure 11(c) illustrates the dependence of 120 initial val-
ues on the detailed processes. There are 68 processes that
transit three times, and the right boundary of gc is between
3.23 and 3.33. Twenty-three processes transit two times, and
gc of the right boundary is between 2.83 and 3.03. Twenty-
two processes transits one time, and the gc values of the right
boundary are between 2.38 and 2.63. The remaining seven
processes achieve the CS states of period-2 bursting that re-
mains unchanged as gc increases and do not experience transi-
tion.

5.1.4. Part 3 of the synchronization transitions

Part 3 of the process is in the CS state and is also sensitive
to the initial values. The left boundary of gc for part 3 depends
on the right boundary of part 2. Out of the 120 processes 109
exhibit CS of period-2 bursting, which remains unchanged as
gc increases, as shown in Fig. 9(a); the remaining 11 processes
manifest a transition from period-2 bursting to period-1 burst-
ing of CS, which remains unchanged as gc increases. This is
shown in Fig. 12. Table 2 summarizes the details of how the

Table 2. The number of bursting patterns of complete synchronization
when VC = 309.75.

Total number Number of CS1 Number of CS2

Initial value aib j 64 55 9

Initial value aia j 28 21 7

Initial value bib j 28 21 7

Sum 120 97 23
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Fig. 12. Part 3 of the transitions when VC = 308.1 and initial value a8b7.

bursting patterns of CS depend on the initial values. The re-
sults show that most initial values lead to period-2 bursting of
CS, while only a few lead to period-1 bursting.

5.2. Synchronization transitions when VC = 309.75VC = 309.75VC = 309.75

5.2.1. Basic structure of transitions

A detailed transition processes with initial value b5b6 can
be divided into four parts labeled by the bold vertical dashed
lines in Fig. 13. Part 1 is almost in the non-burst synchroniza-
tion (NS) state. Part 2 exhibits transitions between SS and BS
states. Part 3 manifests transitions between SS and CS states.
Part 4 is the CS state.
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Fig. 13. Transitions with respect to gc, when VC = 309.75 and initial value
b5b6. (a) ISIs of neuron 1; (b) ISIs of neuron 2; (c) maximum spike phase
difference max(∆φ(t)); (d) maximum burst phase difference max(∆Φ(t)).

5.2.2. Part 1 of the synchronization transitions

Part 1 exhibits the NS state of chaos-(1, 2) bursting
(Fig. 8) when gc < 0.12, with three exceptions: gc = 0.01,
0.03, and 0.11. When gc = 0.01 and 0.03, the chaos-(1, 2)
bursting is in the SS state (Fig. 6(b)). When gc = 0.11, the
chaos-(1,2) bursting exhibit BS (Fig. 7(a)). This part is insen-
sitive to the initial value.

5.2.3. Part 2 of the synchronization transitions

Figures 14(a) and 14(b) are enlargement of part 2 from
Fig. 13(a) as well as the largest Lyapunov exponent (LE) of
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neuron 1. The transition between SS and BS states happen
three times when gc ∈ [0.12,1.70]. These transitions also rep-
resent the transitions between chaos and period synchroniza-
tions. The ranges of the three SS states are gc ∈ [0.12,0.82],
[0.84,1.12], and [1.22,1.69], and those of the three BS states
are gc = 0.83, [1.13,1.21], and 1.70. As gc increases, period-
2, chaos-2, period-(2, 2), chaos-(2, 3), period-(2, 3), period-3,
chaos-(2, 3), period-(3, 3), period-(3, 4), period-4, and chaos-
(2, 3, 4) bursting appear in order.
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Fig. 14. Part 2 of the transitions of neuron 1 when VC = 309.75. (a) The
transitions with initial value b5b6; (b) the largest Lyapunov exponent cor-
respond to the transitions with initial value b5b6; (c) the transitions with
initial value a3b1. The characters “p” and “c” are abbreviations of “period”
and “chaos,” respectively.

The process with initial value a3b1 is shown Fig. 14(c).
This exhibits almost the same process as that shown in
Fig. 14(a), showing that the detailed process of part 2 is in-
sensitive to the initial values. The small difference between
the processes shown in Figs. 14(a) and 14(c) is not addressed
in this paper. All 120 transition processes exhibit almost the
same process.

5.2.4. Part 3 of the synchronization transitions

Part 3 of the process shown in Fig. 13(a) and that of neu-
ron 1 with initial value a3b1 are shown in Figs. 15(a) and 15(b),
respectively. The gc values of right boundary and the times
of transition between SS and CS are different. For example,
the right boundary of Figs. 15(a) and 15(b) are gc = 2.96 and
gc = 3.30, respectively.

Figure 15(c) shows how part 3 of the 120 processes de-
pends on initial values. The gc values of the right boundary
of 70 processes are between 3.26 and 3.34, and transit 4 times
between SS and CS. Seventeen processes transit three times,
and gc of the right boundary is between gc = 2.86 and 3.01.
Twenty-five processes transit two times, and the gc value cor-
responding to the right boundary is between 2.26 and 2.63.
Six processes transit one time, and gc of the right boundary is
between 1.89 and 2.19. The remaining two processes achieve

the CS of period-2 bursting that remains unchanged as gc in-
creases and do not transit.
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Fig. 15. Part 3 of the transitions of neuron 1 when VC = 309.75. (a)
The transitions with initial value b5b6; (b) the transitions with initial value
a3b1; (c) dependence of the 120 initial values. The characters “p” and “c”
are abbreviations of “period” and “chaos,” respectively.

5.2.5. Part 4 of the synchronization transitions

Part 4 of the process is the CS state. This part is also
sensitive to the initial value. Ninety-five out of the 120 pro-
cess transit from period-2 bursting to period-1 bursting of CS,
which remains unchanged as gc increases. One example of this
case is shown in Fig. 13(a). Two processes manifest the CS of
period-1 bursting, which remains unchanged as gc increases.
The remaining 23 initial values lead to CS of period-2 burst-
ing, which also remains unchanged as gc increases, as shown
in Fig. 16.
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Fig. 16. Part 4 of the transitions when VC = 309.75 and initial value a3b1.

The number of initial values that lead to unchanged
period-1 bursting and period-2 bursting of CS is shown in Ta-
ble 3. When VC = 309.75, most initial values lead to period-1
bursting of CS, while only a few lead to period-2 bursting,
which is just the opposite of the result when VC = 308.1. This
is consistent with attraction domains to a certain extend. When
VC = 308.1, the attraction domain of period-2 bursting is much
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bigger than that of the period-1 bursting. When VC = 309.75,
the attraction domain of period-1 bursting increases.

Table 3. Number of bursting patterns of complete synchronization when
VC = 308.1.

Total number Number of CS1 Number of CS2

Initial value aib j 64 5 59

Initial value aia j 28 5 23

Initial value bib j 28 1 27

Sum 120 11 109

5.3. Difference between processes with different parame-
ter values of VCVCVC

Three differences are extracted by comparing the transi-
tion processes of VC = 308.1 and 309.75. First, a NS state ex-
ists in the transition process of VC = 309.75; while no NS state
exist in the transition process of VC = 308.1. Second, the min-
imum coupling strength for CS of network with VC = 309.75
(gc = 1.71) is lower than that of network with VC = 308.1
(gc = 2.19). Third, when VC = 308.1, the network is more
likely to achieve the CS of period-2 bursting that corresponds
to large gc. When VC = 309.75, the network is more likely to
achieve CS of period-1 bursting.

5.4. Cause of the increase in the number of spikes within a
burst

The increase in the maximum number of spikes within
a burst with gc increasing can be interpreted by the coupling
item. For example, the number of spikes within a burst of
neuron 1 when VC = 308.1 and initial value a1b2 is shown in
Fig. 17(a). Correspondingly, the maximum values (Fig. 17(b))
of the coupling item of neuron 1 increase and the minimum
values (Fig. 17(c)) decrease as gc increases. This is consistent
with the fact that the stronger the stimulus (i.e., the coupling in
this condition) to the neuron, the more spikes there are within
the burst.
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Fig. 17. (a) The transitions of neuron 1 when VC = 308.1 and initial value
a1b2; (b) maximum value of the coupling item of neuron 1; (c) minimum
value of the coupling item of neuron 1. The characters “p” and “c” are
abbreviations of “period” and “chaos,” respectively.

6. Conclusions and discussion

Recently, the spike and burst synchronization and the
transition from the burst synchronization to the spike synchro-
nization have been widely investigated.[17–22] In this paper,
the Chay model shows that period-1 bursting and period-2
bursting coexist within a parameter range, and the coexist-
ing behavior lies between mono-stable period-1 and period-2
bursting. As VC increases, the attraction domain of period-
1 bursting increases while that of the coexisting period-2
bursting decreases. Various synchronization states, includ-
ing complete synchronization, spike phase synchronization,
burst phase synchronization, lag synchronization, and non-
synchronization, are simulated in a network constructed by
two bi-directionally coupled Chay model neurons with coex-
isting period-1 and period-2 bursting. The burst phase syn-
chronization is identified as chaos synchronization and spike
phase synchronization as synchronization of periodicity.

With increasing coupling strength gc, the coupled neu-
rons can achieve complete synchronization states via com-
plex processes. The process depends on the parameter val-
ues within the coexisting parameter region and on the initial
values. When the coexisting behavior is near period-1 burst-
ing, the process can be divided into four parts. Part 1 is the
non-synchronization. Part 2 represents the transitions between
burst phase and spike phase synchronization. The processes
of part 1 and part 2 are insensitive to initial values. Part 3
represents the transitions between spike phase and complete
synchronization. The transit times and range of gc depend
on initial values. Part 4 represents complete synchronization.
Most initial values lead to complete synchronization of period-
1 bursting and fewer initial values lead to complete synchro-
nization of period-2 bursting when gc is large enough. When
the coexisting behavior is near the period-2 bursting, three
parts similar to parts 2, 3, and 4 are simulated. Most initial
values lead to complete synchronization of period-2 bursting
and fewer initial values lead to complete synchronization of
period-1 bursting when gc is large enough. The increase of
the probability that CS of period-1 bursting will be achieve is,
to a certain extent, consistent with the increase of attraction
domain of period-1 bursting. The dependence of the transi-
tions on the parameter values is consistent with the results of a
previous study.[37] The synchronization transitions of this pa-
per show more complex characteristics than those in previous
works.[31–38] The most important finding of this paper is the
sensitivity of the process to the initial values, especially for
those transitions between spike phase and complete synchro-
nization and for the complete synchronization. The depen-
dence of the process on initial values was given little atten-
tion in previous works.[31–38] The synchronization processes
that are complex, show a dependence on the initial values and
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parameters, contain transitions between spike and burst syn-
chronization and between phase and complete synchroniza-
tion, and chaos synchronization are all helpful to understand
the complex spatiotemporal behaviors of networks[45–51] and
synchronization transitions in the nervous system.[31–38]

The burst synchronization was found to be a chaos syn-
chronization. This shows that chaos synchronization can be
caused by cooperation between neurons with periodic behav-
iors. The transition between spike and burst phase synchro-
nization states also illustrate the transition between chaos syn-
chronization and synchronization of periodic behaviors. When
the coexisting behavior is near mono-stable period-1 burst-
ing, we simulate the non-synchronization of bursting pat-
tern at small coupling strength. The behavior of the non-
synchronization state jumps between the coexisting attractors,
which is similar to the asynchronous synchronization reported
in a previous work.[31]

The number of spikes per burst of non-complete syn-
chronous bursting increases with increasing coupling strength.
This shows that bursting with multiple spikes per burst can be
caused by the cooperation between neurons with one or two
spikes per burst. Physiologically, bursting patterns with mul-
tiple spikes per burst can often be recorded by neurons of the
central nervous system.[12–16] The results in this paper indicate
that the physiologically recorded bursting with multiple spikes
per burst may originate from cooperation between neurons.

From the results of the related investigations[31–38] and
this paper, we conclude that the transitions from non-
synchronization to complete synchronization with increasing
coupling strength, which depends on parameter values and ini-
tial values, can be simulated in the coupled systems. These
systems show multi-stable or coexisting behaviors when iso-
lated. Various detailed characteristics are shown for specific
networks with coexisting behaviors.[31–38] In the future, more
investigations should be performed to reveal more general dy-
namics of network with coexisting behaviors. The structure of
the attraction domain may be helpful to understand the com-
plex transitions. In Ref. [37], the attraction domain is con-
tinuous and no chaos synchronization appears. In the present
paper, the attraction domain shows a discrete structure or pos-
sible fractal structure. In addition, the transitions in Ref. [37]
looks simpler than those in the present paper. Combining the
trajectory of the coupled system and the attraction domain may
be helpful to further identify the dynamics of the complex tran-
sitions.
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