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We propose an arbitrary controlled-unitary (CU) gate and a bidirectional quantum teleportation (BQTP) scheme. The
proposed CU gate utilizes photonic qubits (photons) with cross-Kerr nonlinearities (XKNLs), X-homodyne detectors, and
linear optical elements, and consists of the consecutive operation of a controlled-path (C-path) gate and a gathering-path (G-
path) gate. It is almost deterministic and feasible with current technology when a strong coherent state and weak XKNLs are
employed. Based on the CU gate, we present a BQTP scheme that simultaneously teleports two unknown photons between
distant users by transmitting only one photon in a path-polarization intra-particle hybrid entangled state. Consequently, it
is possible to experimentally implement BQTP with a certain success probability using the proposed CU gate.
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1. Introduction

Quantum teleportation (QTP) is a quantum information

1461 through which an unknown quan-

processing protocol!
tum state is teleported from a sender to a receiver using
an entangled state, which is employed as a quantum chan-
nel between distant users. In QTP, the sender does not di-
rectly transmit the unknown photon; therefore, the receiver
has to reconstruct its state using appropriate unitary oper-
ators. Since the first unidirectional quantum teleportation
(UQTP) was introduced by Bennett et al.,12! many modi-

10-22,34-39

fied QTP schemes have been proposed! I and imple-

mented experimentally, [13-17-3439]
Recently, bidirectional quantum controlled teleportation
(BQCTP) schemes using a five-qubit Brown state,] five-

qubit cluster state,**! five-qubit composite GHZ-Bell state, [>]

(261 and six-qubit cluster state/?’! have been

five-qubit state,
proposed. These are simultaneous teleportation schemes that
are used for teleporting two unknown quantum states between
users who regain the initial states. In these schemes, a user si-
multaneously becomes both the message sender and the mes-
sage receiver.

Some of the aforementioned schemes!!=%! employ inter-
particle entangled states, which are entangled states with the
same degrees of freedom in two or more particles, such as
spin. In contrast, hybrid entanglement is a correlation be-
tween different degrees of freedom, such as path, polariza-

tion, linear momentum, and spin. [47.48] An even more inter-
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esting phenomenon is the intra-particle hybrid entanglement,
which is the hybrid entanglement within a single particle. The
possibilities of the involvement of various types of degrees of
freedom, such as the polarization and linear momentum, #%->]
the polarization and angular momentum>!! of a single photon,
and the path and spin[>?! of a single neutron, have been theo-
retically and experimentally investigated. Intra-particle hybrid
entanglement has an advantage of efficiency over inter-particle
entanglement because intra-particle hybrid entanglement is a
correlation within a single particle. Thus, it can be more eas-
ily preserved against dissipative effects. Consequently, the
quantum information processing protocols using intra-particle
hybrid entanglement are less influenced by noise and con-
sume fewer resources than those using inter-particle entan-
glement. Recently, various quantum information processing
protocols using intra-particle hybrid entanglement, such as en-
tanglement swapping, [*3! quantum key distribution (QKD), 44!
UQTP,!*! and unidirectional quantum direct transmission, 4!
have been demonstrated. However, bidirectional quantum
teleportation (BQTP) protocols using intra-particle hybrid en-
tanglement have not so far been demonstrated by transmitting
only one photon.

For the experimental realization of BQTP (and QTP) with
a certain success probability, quantum controlled-unitary (CU)
gates play a very important role. Accordingly, the determin-
istic CU gates must be realized with experimental feasibil-
ity. The cross-Kerr nonlinearity (XKNL) effects have been
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well studied, both experimentally and theoretically. In prin-
ciple, the XKNL effect can induce efficient photon interac-
tions with which photonic gates can be implemented, us-
ing far fewer physical resources than linear optical schemes.
For the giant nonlinearity, the strong XKNL can be used di-
rectly to implement multi-qubit gates.!33*1 Although consid-
erable progress has been made, the experimental implemen-
tation of strong XKNL is still difficult.[>>! For this reason,
later works endeavored to obtain multi-qubit gates by utiliz-
ing the weak XKNL.15-641 Nemoto et al. proposed nearly
deterministic controlled gates using an ancilla photon, linear
optical elements, and quantum non-demolition (QND) detec-
tors based on weak XKNLs, X-homodyne detectors, and feed-

(561 This indicates that controlled gates can be ex-

forwards.
perimentally realized by the weak XKNL with a large am-
plitude of the probe beam in coherent state. In 2009, Lin et
al. presented an almost deterministic controlled-path (C-path)
gate and probabilistic controlled gates, such as controlled-cy
(CNOT), Fredkin, Toffoli, and arbitrary CU gates, using the
coherent states, XKNLs, and no ancilla photon.[57] There-
after, similar schemes for implementing photonic gates were

[58-64] Quantum communications and quantum en-

developed.
tanglement based on the implementation of CU gates via weak
XKNLs 8921 have been also investigated.

In this paper, for the first time, we propose a determinis-
tic and experimentally feasible CU gate, which is composed
of the consecutive operation of a C-path gate and a gathering-
path (G-path) gate via weak XKNLs, X-homodyne detectors,
and feed-forwards. Subsequently, we present a BQTP scheme,
in which Alice and Bob simultaneously teleport their unknown
photon states by transmitting only one photon, using linear op-
tical devices and CU gates. This bidirectional quantum com-
munication scheme was developed based on unidirectional
quantum communication!®! (using intra-particle hybrid en-
tanglement) and UQTP, which utilizes deterministic Bell-state

[34 S [35

measurements via XKNLs!**! and optical cavities!*! that use

inter-particle hyperentanglement. This paper is organized as
follows. In Section 2, we propose a CU gate performed by the
e’ and a G-path gate

via XKNLs, X-homodyne detectors, and feed-forwards. Fur-

consecutive operation of a C-path gat

thermore, we demonstrate that this gate is almost determin-
istic and experimentally feasible if we choose weak XKNLs
and a large amplitude of the coherent states. In Section 3, we
present a BQTP scheme that simultaneously teleports two un-
known photons between Alice and Bob. In this scheme, we di-
rectly transmit only one photon T, which is entangled between
the path and polarization (path-polarization intra-particle hy-
brid entanglement), and use optical elements, such as beam
splitters (BSs), polarizing beam splitters (PBSs), spin flip-
pers (SFs), wavelength plates (WPs), polarizing detectors (P-
Ds), and CU (two CNOT, a CZ: controlled-oz, and a CY:
controlled-ioy) operations by CU gates, as described in Sec-

tion 2. Finally, we discuss the success probability and experi-
mental implementation of the proposed CU gate and BQTP in
Section 4.

2. Controlled-unitary (CU) gate with cross-Kerr
nonlinearity (XKNL)

Let us consider two types of photon polarization: linear-
polarization (|H) is horizontal and |V') is vertical) and circular-
polarization (|R) is right- and |L) is left-circular). The relation-
ships between the two types are given by

1 1

\H>E\0>=%(IR>+|L>), |V>E\1>=E(IR>—IL>),
o L — =gy —
\R>=|+>—ﬁ(lH>+IV>), L) = >—ﬂ(|H> V). (D
Thus, the linearly polarized states correspond to

the eigenstates of oz : {|H)=|0),|V)=|1)} and the
circularly polarized states to the eigenstates of oy :
{|IR) =|+),|L) =|—)}. In order to explain the CU gate, we
introduce the XKNL. The Hamiltonian of the XKNL is given
by

Hgerr = R N1 N2, 2

where N; is the photon number operator and ¥ is the strength of
nonlinearity of the Kerr-medium. Let us assume that |n), rep-
resents a state of n photons (signal), and the probe beam is in
a coherent state |) j- After passing through the Kerr-medium,
the state of the signal-probe system is given by

Ukerr ) |0t), = '™ [n), @), = |n), ’aeine>2’ 3)

where 6 = xt and ¢ is the interaction time. During this interac-
tion, the signal photon is unaffected, and the phase of the probe
beam |at), is shifted to ‘(xei"9>2 according to the number of
photons 7 in the state |n),.

Now, we propose a deterministic CU gate that is com-
posed of consecutively performing C-path!®’! and G-path
gates, an arbitrary unitary operator U, XKNLs, X-homodyne
detectors, feed-forwards, and linear optical elements, such as
PBSs and BSs, as shown in Fig. 1. Suppose that the initial

state of two photons is

|9)ine = @ |H)¢ [H); +BH)e V)] +7[V)e [H); +8 V) V),

4)
where the superscripts describe photon paths, and the sub-
scripts ¢ and t represent the control and target photon, respec-
tively.

In the C-path gate,’”! as shown in Fig. 1, both the control
photon ¢ and target photon t pass through a PBS and a BS.
When passing through the PBS, |H) is transmitted and |V) is
reflected. The action of 50:50 BS is described by

af = = (i tab). ab = s (af—ap). )

V2

E_
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Fig. 1. (color online) The CU gate (black box) is comprised of the consecutive operation of a C-path gate (red box) and a G-path gate (blue box)
using XKNLs, X-homodyne detectors, and feed-forwards. The CU gate is composed of three parts, the C-path gate, U operator, and G-path
gate. First, in the C-path gate,[”) the two photons (c and t) in the input state induce the controlled phase shifts 6 and —8 in the probe beam

(coherent state: |a)) by the interaction of XKNLs. Then, we measure the coherent state with the X-homodyne detector,

X) (X|, which can

discriminate the coherent state |a) from the other coherent states, )ae“9> and ‘Oze’i9>. According to the measurement outcome X of the

X-homodyne detector, we determine whether or not to operate the phase shifters (¢ (X), —¢ (X)) and the path-switch S on the target photon t
by feed-forward. After passing the C-path gate, the path of the target photon is split according to the polarization of the control photon. The
target photon goes through path 3 (or 4) when the control photon is |H) (or |V')). In the second step, the unitary operator U on path 4 is applied
to the target photon. In the third step of the G-path gate, the XKNLs induce a phase shift —68 and 6 in the probe beam in the coherent state
|’} according to the photons ¢ and t. To gather the target photon on the split-path, we finally apply the unitary operator —o and the phase
shifter ¢ (X) to the control photon, and the path-switch S to the target photon via the feed-forward, depending on the measurement outcome of
the X-homodyne detector on the probe beam. Consequently, the CU gate performs a controlled-unitary operation on the input state.

where a; is a creation operator of a photon on path i (U is an
up path and D is a down path). After the interaction of the
XKNLs between the two photons (c and t) and with the probe
beam in a coherent state | ), the control photon passes through
a PBS. By the interaction of XKNLs, the control photon c in-
duces a controlled phase shift 6 in the probe beam | o) and the
target photon t induces a controlled phase shift —0 in |a), as
described in Eq. (3). Then, the photon state is transformed to

|@)cp given by
1
(9hce = 5 (@lH)H) + BIH)VY +71V i H);
+V)IV)Y) )

5 ()l + BV le?)

1
V2

The probe beam in the coherent state is then measured

= (VI + 8IV)IV)Y )l ™). (6)

by an X-homodyne detector, which cannot distinguish the
states |ae ~19) from |are T1?), but does discriminate |ot) from
|aet19) (or |awe~1?)). If no phase shift is induced in the co-
herent state |a), then the collapsed state |@) ¢ is given by

10) o = a[H)LH)] + BIH)LV)! +¥IV)E )Y +8[V)e V)
(N
If a phase shift is induced in the coherent state |cce*?), then
the phase shifters (¢(X), —¢(X)) and path-switch S may be
applied to the target photon through feed-forward, depending
on the measurement result X. Consequently, the final state
will be the same as the state |¢)y. This C-path gate, using
weak XKNLs and a strong coherent state, is nearly determinis-
tic with a certain success probability (PSP, = 1), as mentioned
in Ref. [57]. After passing the C-path, the path of the target
photon is split, as shown in Eq. (7).
In the second step, the target photon in the state |@),
passes through an arbitrary unitary operator U on path 4. The
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transformed state | @)y, is represented as

9)y = (U){10)4
= alH)! [H); +BIH)LVY +7Iv)e (U B);)
+3 V)L (Um)). ®)
For example, if U is oy, 0z, or ioy, then the state |@); will
be given by
19)0x = (0x)( [9),
_ 1 3 1 3 1 4 S 1 4
= a[H) H)[+B[H) V)i +7IV) V) +6 V) [H)(,
10)6, = (02); 9)q

= a|H)L [H);+B[H) V) +y V) H) =8 [V) V),
10)i6, = (107)[0)
= a|H)y [H); +B[H) V), =y V)L V)
+8|V)H) ©)

These are the output states of the unitary operation of CNOT,
CZ, or CY on the initial state of the two photons (Eq. (4)), re-
spectively. Since the path of the target photon is divided into
two paths, 3 and 4, in Eq. (9), we use the G-path gate to merge
the split-path of the target photon into a single path.

In the G-path gate of the third step, as described in Fig. 1,
the target photon in |@), passes through a BS. By the inter-
action of XKNLs, the control photon c induces a controlled
phase shift —0, and the target photon t induces a controlled
phase shift 6 in the probe beam in the coherent state |a'), as
in Eq. (3). Then, the transformed state |@)p is given by

Olr = 5 [kl i1t B VY1 V)! (v

+8 W) (V)] o)
+ = [alm =B LV )y (1))
+8|v)! <U\V)t3)} ‘a’e*19>. (10)

In Eq. (10), unlike Eq. (9), the path of the target photon and
the phase state of the coherent probe beam are entangled with
each other. Subsequently, the X-homodyne detector>® mea-
sures the probe beam in the coherent state. When o is real, the
projection of |@)p onto an eigenstate |X) of the observable X

is given by
[@)x = (X |@)p
_ 1 ' LEY vyt
= 5/ (x.a) (o[ H)L )+ BIH)E V),

+yv)e (Uia)) + )i (UIviy)]

+ \%f (X,0/ cos 0) e 10X) {—Oﬂ|H>i H)?

—BIE)LIV) +yIV)! (U )]

+3V) (UIvy)): an
where we use[03]

. 1
X /i19>: |:
(Xlae S Pla

+i{o/sin6 (X —a’cos0) }},

(X —2a’ cos 0)2

f(X,0) = \4/% exp| 5 (X 2077,

¢ (X)=a'sinf (X — o' cos§) [mod 27]. (12)

As shown in Eq. (12), the square of f (X,a’) or f (X,acos )
in Eq. (11) is a Gaussian distribution. The Gaussian curves
have peaks at 2a’ and 20’ cos 0, and the midpoint of the two
peaks is Xo = o (1+cos0), as shown in Fig. 2. When the
distance Xy between these peaks is sufficiently large, there is
little overlap between the two curves and it is possible to dis-
tinguish |a’) from ‘OC/ e‘i9> with a nearly certain probability
by an X-homodyne measurement. For example, if we obtain
the measurement result X, which is larger than X, we can con-
strue the state of the two photons ¢ and t as

14 4

9)xsx, = ClH)e[H) +BIH) V)
YV (UlE) +8 v (vIvy). a3)
The state [@) - x, is the output of the CU operations in the C-
and G-path gates on the initial state |@);,, of the two photons
of Eq. (4). The target photon in the state |@)y. x is in the sin-
gle path 4. This means that the split-path of the target photon
in Eq. (8) is merged to the single path 4 by the G-path gate. If

the measurement result X is smaller than Xy, then the state of
the two photons (c, t) will be

= e W [—a|m)! |H)} - BIH) V)]
+rIvie (VIR ) +8Wie (UIvy)]- as)

Subsequently, according to the feed-forward, which depends

|(p>X<X()

on the measurement result X, a —o, operation and a phase
shifter ¢ (X) are performed on the control photon c, and the
path-switch S can change the path of the target photon t from
path 3 to path 4. The final state |@)g, will be

feed-forward

Q) = a|H)LH)! +BH) |V);
vy (vIs);)
w3y (uvi),  as)

|(p>X<X()

where the state |@)g, is the same as the state [@)y.x in
Eq. (13). Consequently, the state [@)y_y, is converted to the
state |@)y -y, . which is the output of the CU operation on the
initial state |@),,, of the two photons in Eq. (4) using feed-
forward.

For the nearly deterministic CU gate, which is composed
of the consecutive operation of the C- and G-path gates, the
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overlap between the two curves, f (X,a’) and f(X,a cos8),
in the G-path gate should be small. This means that the two
coherent states |a') and ’a' e’i9> are deterministically distin-
guishable by an X-homodyne measurement. We can obtain the
error probability of the G-path gate with the same method as
that in Ref. [64]. The small overlap between the two Gaussian
curves allows the calculation of the error probability, which is

determined as follows:

1 X,
-t e(2)]

where erf (x) is a Gauss error function and Xy is the distance
between the two peaks, as shown in Fig. 2. PSP is smaller
than 107> when X3 = 2¢’ (1 —cos0) ~ «’'6% > 9. This indi-

cates that if we can choose the amplitude o of the probe beam

(16)

(X, w)

X4 = 2a/(1—cosb)

2a/cosf : 20/ X
Xo = a/(14-cosb)

Fig. 2. (color online) Gaussian probability distribution of the mea-
surements of the probe beam in a coherent state, acquired by an
X-homodyne measurement: the black and red curves correspond to
f(X,o) and f(X,0 cos 0), respectively. X is the midpoint of the two
peaks and Xj is the distance between them.

to be sufficiently large, then the weak XKNL (6 < 1) can also
be utilized for the G-path gate. Consequently, the CU gate can
be composed of the consecutive operations of the C- and G-
PCP PGP

succ?® * succ

path gates, and its probabilities ( ) of success for the
C-pathP”! and G-path gate approach 1 when strong coherent
states and weak XKNLs are employed. Thus, this CU gate
is nearly deterministic. Furthermore, the XKNL is not nec-
essarily very large because it can be compensated by using a
coherent state with very large amplitude. Owing to the use of
weak XKNLs, the proposed CU gate is potentially available

for experimental implementation.

3. BQTP using intra-particle hybrid entangle-
ment and CU gates

Figure 3 shows the configuration of the BQTP for the
simultaneous teleportation of the unknown photon states be-
tween Alice and Bob using intra-particle hybrid entanglement,
linear optical elements, and CU operations (by CU gates),
which are composed of consecutive operations of C-path and
G-path gates, as described in Section 2. Let us assume the two
unknown states |y), and |@)p of photons A and B, respec-
tively, which Alice and Bob want to teleport to each other

(WA =alH)s+BV)a, @) =x[H)g+8[V)g, (17)

where |a|*+ |B|* = |x|* +|8]* = 1. For simultaneous tele-
portation, Alice prepares the transmission photon T in the hor-
izontal polarization state |H ) and sends it to Bob along path
P. This initial photon state |®); . is given by

D) = [H)T (18)

int —

Py Py Py .P-DOI

P-D02

<
w
a.I
)
5

: P-D03
1
i
P-D04
1
. Q2 P ian Q Q
I assssmmnnnat CLLLEY
Ali CZ gate ! CY gate CNOT gate Bob
[lice] 0% Bue CNOT gate PO oNOTee oo 2]

Fig. 3. (color online) Schematic diagram of the BQTP scheme between Alice and Bob using intra-particle hybrid entanglement and CU gates:
Alice wants to teleport an unknown state |y), of photon A to Bob, and Bob wants to teleport an unknown state |@)y of photon B to Alice. To
implement our simultaneous teleportation scheme, Alice prepares the transmission photon |H ) and generates photon T to the path-polarization
intra-particle hybrid entangled state using a BS and an SF. After performing a CZ and a CNOT gate between the two photons T and A (|y) 5 ),
Alice transfers photon T to Bob. Subsequently, Bob performs a CY and CNOT gate between the two photons T and B for the teleportation
of his unknown photon state |@)p to Alice. Consequently, Alice and Bob can simultaneously teleport the unknown states |y), and |@)g to
each other through BSs, PBSs, SFs, WPs, and CU operations (Alice’s side: a CZ gate and a CNOT gate, Bob’s side: a CY gate and CNOT
gate). Then, Bob measures the path and polarization of the transmitted photon T through P-Ds (01-04). These measurement results and the
information on the initial path of photon T are shared through a classical channel in order to reconstruct the teleported states of photons to
obtain the initial unknown photon states, |y)4and |@)g, by applying the appropriate unitary operators Ux and Ug. Consequently, Alice and
Bob achieve simultaneous teleportation by transmitting only a single photon T, in which the states of photons A and B are converted to the

unknown states |@) and |y), of Bob and Alice, respectively.
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Fig. 4. (color online) (a) Alice’s side in Fig. 3, when the CU (CZ, CNOT) operations are performed between the control photon T (the
transmission photon) and the target photon A (Alice’s unknown state |y),). (b) Schematic illustration of the CU gate, in which the C-path
and G-path gates are consecutively performed by XKNLs, X-homodyne detectors, and feed-forwards, as described in Section 2. If the unitary
operator U in the middle between the C-path and G-path gates is 0z or Oy, then the CU gate will become a CZ gate or a CNOT gate. The
PBS in front of the C-path gate and the PBS at the rear of the G-path gate in path P-Q refer to the split-path of control photon T. The details
are presented in Appendix A. (c) A detailed description of the operations on Alice’s side, using a CZ gate and CNOT gate (the consecutive
operation of a C-path gate and a G-path gate) via XKNLs, X-homodyne detectors, and feed-forwards.

Figure 4(c) shows a detailed description of the operations
on Alice’s side. After the initial photon state |®), . passes
through a BS and an SF on path Q, it is transformed to a path-
polarization intra-particle hybrid entangled state |®), given by

1 P Q
— (|H)E+ v ) ,
75 (5 +V)f
where the SF flips the linear polarization of the photon state,
[H) — |[V),|V) — |H) (Use=|H)(V|+|V)(H]|). Subse-
quently, Alice performs the CZ gate, in which the state |P),

|D), = (19)

is used as the control photon, and the unknown photon |y) ,
of Eq. (17), which would be teleported from Alice to Bob, is
used as the target photon. Then the polarizations of photon T
are converted by two WPs, which are similar to the Hadamard
operator, (|H) — |R),|V) — |L)), along paths P and Q. After
Alice performs the CNOT gate, in which the state of photon
T is used as the control photon and photon A is used as the
target photon, photon T passes through the SF on path Q. Con-
sequently, Alice’s final state |P) ;.. is given by

CZ gate (photons T-A) 1

V2
+ V)L (a|H)x = BIV)A)

[IR)T (@|H)\ +BIV))

[P),

[1H)T (@ |H) s +BIV).)

WP (pathP,Q) 1

2

+IL)F (@ |H) s = BIV)a)
CNOT gate (photons T-A), SF (path Q)

B)tce = 5 [HI% (@H) + B1V),0)
F VIR (@), +BlH) )
— )R (@[V)s— BIH),)

+ V)R (alH) s =B IV))]. 20)

where the CZ and CNOT gates on Alice’s side are described in
Appendix A. Only photon T is directly transmitted and photon
A in the final state |®) 5 ;.. remains with Alice.

Figure 5(c) shows a detailed description of the operations
on Bob’s side. After Bob receives photon T in state | D) xjice.
he transmits it through the PBSs along paths P and Q. It then
passes through the SFs along paths P, and Q,. Subsequently,
Bob performs the CY gate, in which the state of photon T is
used as the control photon and the unknown photon |@)y of
Eq. (17), which would be teleported from Bob to Alice and
used as the target photon. Then, photon T passes through the
SFs along paths P, and Q,. Finally, after Bob performs the
CNOT gate, in which the state of photon T is used as the con-
trol photon and photon B is used as the target photon, photon
T passes through the SF on paths Q; and Q,. Consequently,
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(b)

Pilppy P, Bl B
P, P, P,
—IPBS| C-path gate G-path gate B

Q1 Q; Q
Qs Qs Q2

C-path| Qi |G-path

Q>

C-pathl Qi |G-path|

Q>

=

3

CNOT gate

Fig. 5. (color online) (a) Bob’s side in Fig. 3, when the CU (CY, CNOT) operations are performed between the control photon T (the trans-
mission photon) and the target photon B (Bob’s unknown state |@)g). (b) Schematic depiction of the CU gate, in which the C-path gate and
the G-path gate are consecutively performed by XKNLs, X-homodyne detectors, and feed-forwards, as described in Section 2. If the unitary
operator U in the middle between the C-path gate and the G-path gate is ioy or Oy, then the CU gate becomes a CY gate or CNOT gate.
Furthermore, the PBSs in front of the C-path gate and at the rear of the G-path gate in the paths P;—P, and Q;—Q; refer to the split-path of the
control photon T. The details are presented in Appendix B. (c) Detailed description of the operations on Bob’s side, using a CY gate and CNOT
gate (the consecutive operation of C-path gate and G-path gate) via XKNLs, X-homodyne detectors, and feed-forwards.

the transformed state |¥), is given by

PBSs (path P, Q), SF (path P2, Q2)

|(p>Alice

ik @i+ B1v))

+H) (a|V) o+ BIH) )
— V)P (a|V)s—BIH) )
+V)Q (a|H) 5 —BIV)A)

CY gate (photons T-B), SF (path P>, Q2)

D ) BIVYA) (e H)g + 61))
+ V)R (a[V)p+BIH) ) (x [H)p+81V)p)
+H)E (@|V)s—BIH) ) (X]V)g — 8|H)p)
— V)R (@lH) s = BIV)A) (V)5 — 8 |H)g)]

CNOT gate (photons T-B), SF (path Qy, Q2)

@)y = 5 [IH0% (@lH) o+ BIV) ) (e IE)s +81V))

FIV)R (0 [V +BIH)A) (X |V)+ 6 |H)p)
FIV)R (V) —BIH) ) (X|V)s — 8 |H)p)
— )Y (alH) = BIV)) (X 1H)g — 81V)p)], 21)

where the CY gate and CNOT gate on Bob’s side are described
in Appendix B. Photon T in the state |¥), passes through
the BSs (path P;—P;, and path Q;—Q>), and then through the
BSs (path P1—Q; and path P,—Q;). Finally, the output photon
state |¥)g,.p» i Which photon T is expressed as the circular-
polarization states |R)y and |L)y of Eq. (1), is given by

BSs (path P;—P; and path Q;-Q)

¥),
ﬁ “Hﬁl (|H)A+BV)a) (X |H)g+8[V)g)
Py

V) (V) +BIH)A) (X |V)g+6|H)p)
+H)Y (a[H) o+ BIV)A) (x |H)g +8|V)p)
— (V) (V) +BIH) ) (X]V)5+ 8 H)p)
— ) (ot |H) 5~ BIV)A) (X |H)p — 8 |V)g)
) )

T
H VIS (@|V)p —BIH)A) (X [V)g — 8 |H)p)
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—|H)$? (a|H) 5 —
— P (a|V),—

BIVia) (x|H)g —6|V)p)
BlH)A) (2|V)g—06|H)g)

BSs (path P;—Q; and path P,—-Q,), photon  T:{|H)1,|V)1}={|R)T,|L)1}

¥sare = 575 [IRIF V) +8H)5) (B )y + V)

+ L)Y (XV)a—81H),) (B|H)g — |V)g)

+[R)F (X |[H)p+8[V)p) (@ |H)g+B|V)g)

Jr|L>T (X |H)p—8[V)a) (at|H)g =B [V)g)

+IR)Y (X V)a —8|H)A) (BIH)g —et|V)p)

+ L7 (XIV)A+81H)) (BIH)g +a|V)p)

+IR)E (X |H) o~ 81V)A) (a|H)y —BIV)p)
+ID)F (X [H)p+8[V),) (a|H)g +B1V)p)|.22)
If Alice sends photon T (|H)p) to Bob along
path Q, |H>$, and Alice (Bob) wants to simultane-

ously teleport an unknown photon |y), = o|H), +
BIVya(l@)g =x|H)g+8|V)g) to Bob (Alice), then the out-
put photon state |‘P>Bob>Q is expressed as follows:

) 3onq = ; f (IR (1) s+ 81V)a) ([ H)p + BIV)p)
+ LT (X [H) o — 8[V) ) (|H)g — B|V)g)
+|R> (XIV)A+6[H) ) (B|H)g+a|V)g)

+ 1) (X IV)a — 81H) ) (B H)p — e [V)g)
+ R (X |H) 5 — 8IV) ) (0| H) — B|V)g)
+ LR (X [H) o +81V) ) (@ |H)g + B V)g)
+ R (XIV)a—81H),) (BIH)s — a|V)p)
I (V) a8 1H) ) (BIH)p+at]V))] 23)

Now, Bob measures the path and the polarization of pho-
ton T on the basis of {|R) = |+),|L); = |—)} using the P-Ds
(P-D01~04). After this measurement is carried out, Alice’s
photon A and Bob’s photon B are simultaneously collapsed to
Bob’s and Alice’s photons B and A, respectively, as shown in
Table 1. Through subsequent classical communication, Alice
and Bob share information on the initial path, the measured
path, and the polarization of photon T. To reconstruct the two
simultaneously teleported unknown photons, Alice and Bob
perform the appropriate unitary operations Ua and U on pho-
tons A and B, respectively, according to the shared information
shown in Table 1. Consequently, Alice and Bob achieve the
BQTP of two unknown photons using path-polarization intra-
particle hybrid entanglement (by transferring a single photon
T) and CU gates, which are composed of the consecutive op-
eration of the C-path gate and the G-path gate via XKNLs.

Let us assume that Alice wants to teleport an unknown
photon |y), = a|H), + B|V),, and Bob wants to teleport
an unknown photon |@)g = x |H)g + 0 |V)p
photon T along path P (|H>1P~>

. Alice transmits

. Subsequently, if Bob obtains

the measurement outcomes |L>¥2 of photon T, then photons A
and B are collapsed to (y [V), + 6 |H),)® (B |H)g + ¢|V)p).
After the information on the initial path, the measured path,
and the measured polarization (P, P, and [L);) of T is
shared through classical communication, Alice and Bob per-
form Up = G? and Ug = G}? on photons A and B, respec-
tively. Consequently, Alice and Bob can simultaneously re-
construct each other’s unknown photons x |[H), + 6 [V), and
a|H)g+B[V)g.

Table 1. The collapsed output photon states of A and B (the simultaneously teleported photons) and the unitary operators Up and Ug
used to reconstruct the simultaneously teleported photons A and B, depending on Alice’s path and Bob’s measurement outcomes.

Initial Measured Measured . Unitary operators Up,Up
Simultaneously teleported
path path polarization of Bob to reconstruct photons

of Alice of Bob in photon T photons A and B Aand B
P, IR) XV)a+81H) )@ (B|H)g+alV)p) of ®of

L) (x|V)a—8|H),)®(B|H)g —a|V)p) iop @ —ioy
Q [R)t (X [H)A+6|V))) @ (a|H)g+B[V)p) nerr
P IL)r (X|H)A=8V)a)® (a|H)g —B|V)g) oy ®0y

P, IR) (XV)a—81H),) @ (B|H)g—alV)p) iof ®—ioyp
L) (xV)a+8IH) )@ (BIH)g+0|V)p) oy ® oy
® IR) (X|H)pA=8V)a) @ (a|H)g =B |V)g) oy oy
L)t (X |H)a+8V)a) @ (a|H)g+B|V)g) mer
P, IR)r (X [H)A+8V)a) @ (a|H)g +B[V)g) mer
IL)r (X|H)Aa—8V)a) @ (a|H)g —B|V)g) oy oy
Q [R)x (XV)a+8|H)A)®(B|H)g+0|V)g) oy © 0y

Q L)t (XV)aA—81H)p) @ (B |H)g—alV)p) iof ®—ioy
P, IR) (X|H)a =8 V)a) @ (a|H)g =B |V)g) oy oy
L) (x[H)A+81V)y) @ (a|H)g+B[V)g) mor

Q IR)x (x|V)a—8|H),)®(B|H)g —a|V)p) iof @ —ioy
L)t XV)aA+81H),) @ (B|H)g+a[V)p) of ® oy
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For this scheme, we discuss two types of noise in the
quantum channel. Such noise occurs when only a single pho-
ton T in state |P) ;.. (as given in Eq. (20)) is directly trans-
mitted to Bob, while photon A remains with Alice. For the first
type of noise, while Alice stores photon A and transfers photon
T to Bob (who stores this photon), the photons in the entan-
gled state (inter-particle entanglement between A and T) may

be subject to noise. Oh et al.!3°]

investigated the QTP scheme
in noisy channels by analytically and numerically solving a
master equation in the Lindblad form Ref. [66]. Subsequently,
they examined the average fidelity’s characteristic dependence
on noise that occurred during QTP. Thereafter, various stud-
ies involving QTP protocols investigated noise.*”-3*! For the
second type of noise, when photon T (a single photon) is trans-
ferred from Alice to Bob, this photon is influenced by unavoid-
able absorption and scattering (noise) in a quantum channel.
Amplifying the signal can, in principle, compensate for in-
evitable transmission losses. One of the most effective ways
to overcome the difficulty associated with exponential fidelity
decay is photon noiseless linear amplification.®’~"?l Conse-
quently, photon amplifiers promise to extend the applicability
of quantum information processing protocols***?! and to im-
prove the feasibility of our BQTP scheme.

4. Conclusion

We propose an arbitrary CU gate and a BQTP scheme.
Our BQTP scheme (in Section 3) uses path-polarization intra-
particle hybrid entanglement to simultaneously teleport two
unknown photons between users Alice and Bob. For simulta-
neous teleportation, Alice directly transmits only one photon
T to Bob, which is in an intra-particle hybrid entangled state of
the path and polarization. Such an entangled state is achieved
through a BS and an SF. Subsequently, two unknown photons
A and B from Alice and Bob, respectively, are teleported by
using linear optical devices and performing CU gates (using
XKNLSs) on photon T.

In addition to

intra-particle  hybrid

ment (which is utilized in our scheme),

entangle-
inter-particle
hyperentanglement!”3-7>! (a different type of hybrid entan-
glement) is composed of a tensor product with correlations
between the two photons’ various degrees of freedom. Such
degrees of freedom include polarization, momentum, time

bin, spatial modes, and energy-time. Inter-particle hyper-

entanglement can be exploited in a diverse range of quantum
information processing protocols, such as photonic quantum

computation,[zg] deterministic Bell-state measurements, [29:30]

entanglement purification and concentration schemes,31-33]
and quantum communications (UQTP schemes)[**331 via lin-
ear optical devices,?*3!1 XKNLs, 334 and quantum dots in
optical micro cavities. [28-30-3]

Compared with existing BQTP schemes?*>7! (in which
the inter-particle entanglement of five or more particles is pre-
shared among users of a quantum channel), our BQTP scheme
constructs the quantum channel during the teleportation pro-
cedure by transmitting only one photon T (intra-particle hy-
brid entanglement). For the quantum channel, our scheme
(using intra-particle hybrid entanglement) does not require a
preliminary process in which the entangled state is shared
between users. From the perspective of a quantum channel,
UQTP schemes that use inter-particle hyperentanglement via
XKNLs** and optical cavities!*! require the pre-sharing of
the entangled state (inter-particle hyperentanglement). Fur-
thermore, compared with UQTP schemes using inter-particle

hyperentanglement, 34331

our scheme provides a bidirectional
communication process in which Alice and Bob can simulta-
neously teleport two unknown photons by transmitting only a
single photon. Consequently, Alice and Bob simultaneously
become both message senders and message receivers. The
comparison with these QTP schemes is summarized in Ta-
ble 2.

Because the BQTP scheme is based on the CU gate, the
success probability and feasibility of realization of the pro-
posed scheme (BQTP) strongly depend on the determinis-
tic performance and the experimental implementation of the
CU gate. Thus, we propose a nearly deterministic CU gate,
which can be operated by the consecutive performance of C-
pathP7 and G-path gates via weak XKNLs, X-homodyne de-
tections, and feed-forwards, as described in Section 2. The er-
ror probability of the single CU gate is PSY = PSP 4 PSP
(PCP - PSP ), where Peor = % [1 —erf (Xd / Zﬁ)

error ~ L error } is the er-

ror probability induced by the overlap between the two Gaus-

sian curves f (X,B) and f (X,B cos 0). If both the C-path gate

and the G-path gate employ the same amplitudes (strong and

o = o) of the coherent states and the same phase shift (weak)

of the XKNLs, then PSP is equal to PSP in Eq. (16). Thus,
CU GP GP )2 -6

the CU gate has PSS, = 2PSF — (PSF.)” < 6.8 x 107° (nearly

Table 2. Comparison with the UQTP and BQTP schemes.

Unidirectional QTP (UQTP)

Bidirectional QTP (BQTP)

Sheng et al.’* Ren et al.3! Ref. [23]-[27] Our scheme
Entanglement inter-particle hyperentanglement inter-particle entanglement  intra-particle hybrid entanglement
Quantum gates XKNLs Cavities - XKNLs
Quantum channel pre-shared pre-shared pre-shared during procedure

Particles for quantum channel two photons two photons

more than five qubits one photon
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deterministic) for o 6% > 9. However, natural XKNLs are ex-
tremely weak.!7®! Hence, it is difficult to discriminate the two
overlapping coherent states, which decreases the success prob-
ability PCY. of the CU gate. Fortunately, much progress has
been made on the subjects of the Kerr nonlinearity and homo-
dyne detection.[”7-781 In 2003, Hofmann et al.!””) showed that
a phase shift of 7 can be achieved with a single two-level atom
in a one-sided cavity and the displacement-controlled photon-
number-resolving (PNR) detector used in Ref. [78]. Conse-
quently, it is possible to achieve deterministic distinguishabil-
ity between the shifted and non-shifted phases in the coher-
ent state, when the requirement 062 > 1 is satisfied. This
means that a weak XKNL 6 < 1 with a sufficiently large am-
plitude of the probe beam (coherent state) would be applica-
ble. Additionally, the best XKNL created by electromagneti-
cally induced transparency (EIT) techniques is in the range of
weak nonlinearities, > and the nonlinearity magnitude could
be largely improved with the help of EIT, in the region of

6 ~ 1072.17I Thus, the CU gate can be experimentally imple-

Appendix A: CU gates (CZ gate and CNOT gate)
on Alice’s side

In Section 2, both the control photon and the target pho-
ton in the initial state are in a single path of the CU gate, as
shown in Eq. (4). However, on Alice’s side of the BQTP, the
path of the control photon T is divided into two paths, P and
Q, when path-polarization intra-particle hybrid entanglement
is generated, as shown in Fig. 4(a). In our BQTP scheme, we
use a modified CU gate, such as in Fig. 4(b), which contains
a split-path of the control photon T. The details are shown in
Fig. Al.

For example, let us assume that the control photon is in
a state % <|H>¥ + |V>$) and the target photon in |V),. The
initial state @), is given by
1
V2

where the target photon A is in path 3. When passing through
the PBS and the C-path gate, the state is changed to |@)p

9w =5 (FVIA+EVA), @D

. . . PBS (Control photon) 1
mented with present techniques. In conclusion, our scheme |9):ne o e, \ﬁ (\H >$ |V>i+|V>$ |V>i)
(BQTP) is experimentally applicable with a certain success Covath oz 1
-path gate o Q 3 Q 4 A2
probability. |¢>CP—% H)T V)A+IVITIV)a ). (A2)
X-Homodyne
‘ « > 0 10 R0HX)(X] sfeed-forwa
P P, \\‘\‘\\\
Pl prs P, P, \‘\‘ N
—] P, W \
@ .
@ i
Qo i
Qo I‘Ql :: I} I'I
Q.= ,: H :
A Mo
3 5 ey
,4,\(5“
4 |
P_IPBS P PBs|_P
XX [0
_pPX XX
Q C-path gate Q G-path gate Q CU gate on Alice's side
4
—t
3 4 A

Fig. Al. (color online) The CU gate on Alice’s side (Fig. 4(b)): two PBSs, in front of the C-path gate and at the rear of the G-path gate, are
utilized to merge and split the path of the control photon T. If the unitary operator U in the middle of the C-path and G-path gates is o7 or oy,

then the CU gate becomes a CZ gate or CNOT gate.
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After the application of the unitary operator U, G-path gate,
and PBS, the state |¢) p is finally transformed to |9) g,

U (target photon : path 4) 1

9)cr [V +)R (Uv))]

V2
G-path gate i Q 4 Q 4
s, SRt vg (v i)
PBS (control photon)
_
1
D=5 [EWA+IR (UIV)L)] (A3)

If the unitary operator U is 0z or Oy, then the CU gate
becomes a CZ gate or CNOT gate

L
V2

U=0x=10)n=—= (I} VIA+IVIRIH)}) . ONOT gate,

(A4)
- . 1 P13 Q)3
where the initial state is |¢), = 7 (|H>T V)a+ V)7 |V>A)
in Eq. (A1).

Appendix B: CU gates (CY gate and CNOT gate)
on Bob’s side

On Bob’s side of the BQTP, the path of the control photon
T is divided to four paths, P1,P>,Q, and Q», as described in
Fig. 5(a). In our BQTP scheme, we use a modified CU gate,

1 Priond Qond such as Fig. 5(b), which contains a split-path of the control
U=0z=9)5= \ﬁ (|H>T V)a—IV)s |V>A) , CZ gate, photon T. The details can be seen in Fig. B1.
X-Homodyne X-Homodyne
o) —{e}{e]le] e} R o) —felfelfelbe e HZ X
| \\\ A feed-forwangd
\ oy
) AN A
\ oy N
P, 1 P, ll VY [ ' \
1 _PBs b PRI
= e
1 1 _ o ! \
— P | T P Y g ?Ef [ N\ P
P, A 2 L N P,
2 feed-forwgrdi ) SR PBS T—
P by bt \
1 : 1 P N
1 1 [ =
p Py, 1! RSO —
. o 1| P, P, G Ps
P = ] ¢ -
.............. S ) U Y N A O 6
by R
Q Q ] : | )
1 ! 1 A
1 T
2l pBs by P
Qs Q ! : A
@ Q1 Ity
— 9) ® i B ® I—ozl-r(lf(
Qo Qs 2 : ! ! \ Q
o oo PBS T
1 ! \
o b L
1 ! 1 : r‘f
Q4 Q3 1 ! 1 ' @(Xl [~
1 : 1 Q2 . Q, ' I Qq
L + t . z
Q =y '.
p(X ) 4
B
4 3 3
Pi lpBs P, pBs| i
Py Py P,
~IpBs
Q | & PBS| &
Q, C-path gate Q, G-path gate Q, CU gate on Bob's side
B—5 4 T —
B
3 4

Fig. B1. (color online) The CU gate on Bob’s side (Fig. 5(b)): four PBSs in front of the C-path gate and at the rear of the G-path gate are
utilized to merge and split the path of the control photon T. If the unitary operator U in the middle of the C-path gate and the G-path gate is ioy

or Oy, then the CU gate becomes a CY gate or CNOT gate.

050304-11



Chin. Phys. B  Vol. 24, No. 5 (2015) 050304

For example, let us assume the control photon state
i <|H)¥l + |V>¥2 + |H>$1 + |V>$2) and the target photon state
|H)g. The initial state )

int 1S given by

1 P 3 P 3 3
9 =5 (DS 3 4+ V)82 [H)3 + 1 1)

+ V) H). B1)

where the path of the target photon B is path 3. Passing
through the PBSs and the C-path gate, the state is changed
to

PBSs (control photon : path P;—P», path Q;—-Q>)

int

1 Py 3 Py 03 3 3
5 (EDR DRV DR+ )R (13 -+ V) 1H)3)

|0)

C-path gate 1 P, 3 P, 4
ERES 19)cp = 5 (IR IHDR + V)T [H)

+ )P H)+V)E [H)E). B2)

After the unitary operator U, G-path gate, and the PBSs, the
state |0)cp is finally transformed to

U (Target photon : path 4)

Ber
Sy + ik (0 g) + 1 )
+ V) (viEs)]
crtes, R g+ (vimi)

+IP )+ VR (Ul

PBS (control photon : path P;—P5, path Q;—Q2)

an = 5 [ 108 1S 41V (U133
) HY+ V) (V)] ®3)

If the unitary operator U is 0z or oy, then the CU gate be-
comes a CZ gate or CNOT gate as follows:

U =iy = [B)g, =5 (1H)R [HY§ V)8 Vg + ) )
~VE[V)3), CY gate,

U =0 = (95, =5 (1R 1H)S + V) V) + 110 )
+ )@ \v>;§), CNOT gate, (B4)

where the initial state is

=5 (5 BV D3+ Y+ V)% [11)3)

in Eq. (B1).
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