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By virtue of the operator-Hermite-polynomial method, we derive some new generating function formulas of the
product of two bivariate Hermite polynomials. Their applications in studying quantum optical states are presented.
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1. Introduction

In quantum mechanics and mathematical physics, the
special function, the Hermite polynomial, is of fundamental
importance. Physically, it is the eigenfunction of the harmonic
oscillator.!!! In addition, by introducing a convenient complex
form of the a-th two-dimensional fractional Fourier transform
operation, it is found that the bivariate Hermite polynomial
is a new eigenmode that propagates in quadratic graded index
media.!?) Mathematically, the single-variable Hermite polyno-
mial H,(x) can be defined in terms of its generating function,
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In Ref. [3], by combining the operator-Hermite-polynomials
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(OHP) method!¥ and the technique of integration within an
ordered product (IWOP) of operators,®! we derived the gen-
erating functions of even and odd Hermite polynomials
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and these formulas are not only accumulated in mathematical
handbooks but can also be useful in constructing some optical
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quantum states.?! Furthermore, by introducing the Hermite-
polynomial-operator H,(X), where X is the coordinate opera-
tor (or the quadrature operator in quantum optics theory), and
combining the IWOP technique, some new operator identi-
ties about quantum squeezing are derived, which are useful
for studying the squeezed number state.!%! On the other hand,
by replacing the arguments of the special function by quan-
tum mechanical operators, a binomial theorem involving Her-
mite polynomials and a negative-binomial theorem involving
Laguerre polynomials have been derived. These two theorems
will have essential applications in quantum optics calculations,
and the method is concise and helpful in deducing many op-
erator identities, which may become a new branch in mathe-
matical physics theory.[”! Using the entangled state represen-
tation, a two-mode squeezed number state can be converted
into a Hermite polynomial excited squeezed vacuum state.®!
The generalized photon-added coherent state is obtained by
repeatedly acting the combination of Bose creation and anni-
hilation operations on the coherent state. It is found that it
can be regarded as a Hermite excited coherent state due to its
normalization factor related to Hermite polynomials. !

For the bivariate Hermite polynomials H,, ,(x,y) (note
that H,, , is not a direct product of two independent single-

variable Hermite polynomials)!'?]
min[m,n] ' ’(_1)1
m!n!
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with the generating function in the form of
e tm T}’l
Z me‘n(xvy) = exp (Z‘X+Ty7tf). (5)
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The bivariate Hermite polynomials H,, , have their own appli-
cations in studying quantum optics. For example, in reference
to the Weyl ordering
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where X and P are coordinate and momentum operator, re-
spectively. In Ref. [11], we examined the operators’ param-
eterized ordering and its classical correspondence, and found
the fundamental function-operator correspondence
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and its complementary relation
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where the symbol : : denotes normal ordering.
In Ref. [12] we derived
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These two equations are the generating functions of
H, 2 (x,y) and the more complicated one is
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When k£ =1 =0, we have
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In this work we shall derive some new generating func-
tion formula of the product of bivariate Hermite polynomials
(PBHP), and we shall employ the OHP method to realize our

goal. By the OHP method in this work, we aim to replace

the classical Hermite polynomials H,,, (x,y) by the operator
EHm,,, (af a) first, where a’ and a are the Bose creation and

annihilation operator, respectively, obeying [a,a’] = 1, : : de-
notes anti-normal ordering. By using

Hyn(a',a): = a™a", (13)

we can derive some operator identities in definite operator or-
dering (proof is given in Appendix A). Then we convert them
back to the classical case. We also present some applications
of these new generating function formulas of PBHP in quan-
tum optics. Next, we shall briefly review the OHP method and
exhibit its convenience and simplicity.

2. Brief review of the OHP method

One of the fundamental operator identities in the OHP
method is

H( ) on. xn. (14)

where X = (a+a)"/+/2. We can use it to search for the gener-
ating function of the product H,(x)H,(y); namely, we replace
H,(x) by H,(X). By using Egs. (1) and (14), then we have
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Again by using!!?!
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Converting X back to x, we obtain
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Thus, the merit of using the OHP method is fully displayed.
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3. One-index-summation of the product of bi-
variate Hermite polynomials
Now we prove the following one-index-summation of the

product of two bivariate Hermite polynomials:
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In this case, the OHP method we use is to replace Hy, »(x',y")

by Hypn(a',a):.
Proof Rewrite Eq. (5) as
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By comparing the same power term of ¢ /n! on the two sides
we conclude
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Then we employ the OHP method to consider the summation
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where EH,,m(aT,a)f is in the anti-normal ordering form. Not-
ing that ¢ and a' are permuted within the anti-normal order-

ing symbol : : and using Eqs. (13) and (21) we can re-express
Eq. (22) as
Z Hm,, X,y) H _,n(aT,a)f
o tm n
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Then we need to change the right-hand side of Eq. (23) into
anti-normal ordering for comparing with the left-hand side.
Using the identity!!'*] which is responsible for converting an
operator p(a,a’) into its anti-normally ordered form

2
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where |B) = exp(—|B|*/2+Ba’)|0) is a coherent state,
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where in the last step we have used the integration formula

d2
/ {z’"z*” exp (— 2>+ Ez 4 nz*)
= (=)™ e H,y . (in,i&). (26)
Substituting Eq. (25) into Eq. (23) we obtain
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Since both sides in Eq. (18) are in anti-normal ordering and a",

a are commutable within : :, we can replace a’ — x’,a — y/,

leading to Eq. (19).
Based on the relation to the Laguerre polynomials
Hypn (x,5) = (=1)" m!Ly (xy) , (28)
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4. Summation formula of Y

m,n=0
Hyp(¥,Y)

By using the generating function of Laguerre polynomi-
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This formula can be used to derive
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On the other hand, using Eq. (13) it is equal to
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we obtain a new operator identity which links normal ordering
to anti-normal ordering
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5. Generating function of Hy 1) nk(x,y)

Next we examine the summation
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Using the binomial theorem regarding the bivariate Hemite
polynomials!!!
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Thus, equation (29) becomes
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Since the both sides are in anti-normal ordering, we have
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This is another type of generating function of bivariate Her-
mite polynomials.

6. Applications in analyzing quantum optical
states

As an application of Eq. (30), we consider the two-mode
photon-subtracted squeezed vacuum state a”b™S,(A)|00),
where S»(4) = exp[A(a’h’ — ab)] is the two-mode squeezing
operator, with A being a real squeezing parameter. The two-

mode squeezed state is!!!

S>(1)|00) = sech A e®'?"tanh% |00) . 43)
Using

a"a™ = (—i)"": Hy, (ia',ia) (44)

its derivation is shown in Appendix A. From Eq. (30), we ob-
tain

Tty
a'b" et b" tanh A
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> tanh™ A
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Thus, the two-mode photon-subtracted squeezed vacuum state
can be expressed as

[A), = d"b"S2(1)]00)
= sechAa"b" e " tanh2 |00
= (sechA)n!tanh” A e @™ A1, (— 4T b7 tanh A |00)
= n!tanh” AL, (—a'b’ tanh 1) $>(1) |00) . (46)
Therefore, |1), is equivalent to Laguerre polynomial excita-

tion on the two-mode squeezed vacuum state. In Ref. [16], we
calculated its normalization factor

<00‘ eabtanh/laTnb'}'nanbn etﬂLbT tanh A |00>
= (n!)*sinh® AP, (cosh2A), (47)

where P,,(x) is the Legendre polynomial
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Using Eqs. (46) and (47) as well as the coherent state’s com-
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which is a new integration formula.
As an application of Eq. (33), we obtain
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Then we turn to an application of Eq. (42) in quantum op-
tics. We consider the following state vector which is generated
by operating Hx (§ — b",&* —a') on the entangled state |&),

where
&) =exp (—; &P +aTE+ED —aw> 100y, (53)

which takes the bivariate Hermite polynomials H,, ,(§,&*) as
its expansion function in the two-mode Fock space
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In comparison with Eq. (42) we see
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where |m,n) = a™b™|00) /+/m!n!, so
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It follows the Fock space wave function of

Hig (& —bT,E* —al) |E) that
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Voln! o

7. Conclusion

In summary, by virtue of the OHP method and the IWOP
technique, we have derived some new generating function for-
mulas about the bivariate Hermite polynomials. Their appli-
cations in studying quantum optics are presented as well.
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Appendix A

By noticing

Z Tl Hyp(a',a)
mun=0 """

= texp (—st +sa’ +ta):
_ ot
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so we have the operator identity as in Eq. (13)

Hpn(a'a) =a™ma"=: a™d": =: d"a

On the other hand, from
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then we have the operator identity in Eq. (44).
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