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Ponderomotive squeezing and entanglement in
a ring cavity with two vibrational mirrors*
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We investigate the properties of the ponderomotive squeezing and the entanglements in a ring cavity with two vibra-
tional mirrors. In the part about squeezing, we find that the squeezing spectrum of the transmitted field shows a distinct
feature when the two vibrational mirrors have different frequencies. We also study the effects of some external parameters
such as the temperature and the laser power on the degree of squeezing. In the part concerning entanglement, we study the
entanglements between the cavity field and one of the vibrational mirrors, and that between the two vibrational mirrors,
with emphasis focusing on the robustness of entanglements with respect to the environment temperature.
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1. Introduction

The optomechanical system has attracted much atten-
tion because of its potential applications in high precision
measurements!!! and quantum information processing.!”! In a
typical optomechanical system, a movable mirror couples to
the cavity field via the radiation pressure, >#! and this coupling
can lead to many remarkable effects, for example, the optome-

361 the quantum

[7.8]

chanically induced transparency (OMIT),!
ground state cooling of the nanomechanical resonators,
entanglement®% and squeezing.[!!-1?!

Entanglement is one of the most striking properties of
quantum mechanics and has become a significant resource for
quantum information processing. The entanglement beyond
the microscopic level has inspired long-standing interest. It
is widely accepted that this kind of entanglement should ex-
ist if the decoherence induced by the environment can be suf-
ficiently suppressed. So in recent years there has been con-
siderable interest in studying entanglement in mesoscopic and
even macroscopic systems, and cavity optomechanical sys-
tems have become important candidates for generating quan-
tum entanglement at the macroscopic level.[”19 Besides the
basic entanglement between the cavity field and the vibrational
mirror,°! there are also entanglement between the two vibra-
tional mirrors. 13!

The optical squeezing is intimately linked to quantum-
limited displacement sensing,[!! and the optomechanical
method of manipulating the quantum fluctuations has been
named as the ponderomotive squeezing.!'*! Just like the
interaction between electromagnetic radiation and atoms
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which has led to an interesting quantum feature of squeez-
ing, many are devoted to achieving the ponderomotively
squeezed light because of its applications in ultrahigh preci-
sion measurements. 137!

The variations beyond the standard optomechanics are
abundant, such as a semitransparent membrane within a stan-

dard Fabry-Pérot cavity,!®]

nanoelectromechanical systems
formed by a microwave cavity capacitively coupled to a
nanoresonator, %21 and ultracold atoms interacting with an
optical cavity.[?1-23

In this paper, we study the squeezing spectrum of the
transmitted field and the entanglements in a ring cavity with
two vibrational mirrors. This system is similar to that pro-
posed in Ref. [13]. In such a system, the two vibration mir-
rors owning the same or different frequencies will present dis-
tinct features. One of the features is double-optomechanically
induced transparency.!**! Here we study the features of the
squeezing spectrum and show how the degree of squeezing
changes with the external parameters such as the temperature
and the input laser power. As the entanglement between the
two vibration mirrors has been demonstrated in Ref. [13] us-
ing the criterion proposed in Ref. [25], here we mainly study
the degree and the robustness of entanglement with respect to
the environment temperature. (‘]

The organization of this paper is as follows. In Section 2
we describe the model and present the equations of motion
in the frequency domain and in the time domain. We study
the ponderomotive squeezing in the frequency domain in Sec-
tion 3, and the entanglements in the time domain in Section 4,
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respectively. Section 5 presents the conclusions.

2. Model and equations of motion

The system we considered is shown in Fig. 1, in which
a single mode optical ring cavity consists of two vibrational
perfectly reflecting mirrors (M1 and M2) and two fixed mir-
rors (F1 and F2), one of the fixed mirrors (labeled as F1) is
a partially transmitting mirror and the other (labeled as F2)
is a perfectly reflecting mirror. The vibrational mirrors M1
and M2 are treated as quantum mechanical oscillators with the
same effective mass m, and their frequencies are @ny,; and @y,
respectively. When a classical laser beam with frequency @y is
injected into the cavity through the partially transmitting mir-

ror F1, the Hamiltonian of this system can be described as[13]

o
2

H = ha)caTa—i— Z
i=1,2

+ihE(ate 1™ — gel®!) 1)

(p?+q7) —ha'a(g1q1 + g292)

where the first term is the Hamiltonian of the cavity field,
whose annihilation and creation operators are a and a’, re-
spectively, and @, is the resonant frequency of the cavity in
the absence of the injected laser beam. The second term is
the Hamiltonian of the vibrational mirrors with dimensionless
position operators g; and momentum operators p; (i = 1,2).
The third term describes the nonlinear coupling of the vi-
brational mirrors to the cavity field via radiation pressure,
where g; = (@ /L)+/li/mam;cos®(B/2)(i = 1,2) is the cou-
pling rate, with 3 the angle between the incident light and the
reflected light at the surfaces of the movable mirrors and L the
cavity length in the absence of the intracavity field. The last
term describes the interaction of the cavity field with the pump
field, with E the amplitude related to the input laser power P

by |E| = \/2KkP/hay, here k is the cavity decay rate.

E

F1
M1 M2

F2

Fig. 1. A ring cavity with four mirrors. A laser beam enters into the ring
cavity through the fixed partially transmitting mirror F1. The fixed mirror
F2 and the two vibrational mirrors (M1 and M2) are perfectly reflecting.

A proper analysis of the system must include photon
losses in the cavity and the Brownian noise acting on the mir-
rors. This can be accomplished by considering the following

set of nonlinear Langevin equations, written in the interaction
picture with respect to @y:

G1 = Om1p1, (2
PL=—Omq1 —Ymp1 +81a a+§, (3)
Gr = Omapa, 4)
Pr=—Omgr — Ymp2+ga'a+&, ()

a=—(x+iAp)a+ia(g1q1 + g292) + E + V2kaj,, (6)

where Ag = @ — @y, and Yy; (i = 1,2) is the mechanical damp-
ing rate. gjj is the input vacuum noise operator and its nonzero

correlation function is2®]

(ain(t)al (1)) = 8(t—1"), @)
and & is the thermal Langevin force, resulting from the cou-

pling of vibrational mirrors to the environment, with correla-
tion function!”!

(E(NE)) ~ Y (20 +1)0(t —1"), ®)

where ng, = [exp(h@wy/kgT) — 1]7! is the mean number of
thermal excitation with kg being the Boltzmann constant.

From Eqgs. (2)-(6) we can obtain the following steady-
state mean-values:

Pls = P2s :07 qis :gl|a8|2/wml(l: 172)7
os=E/(x+iA), )

where A is the effective cavity detuning given by A = Ay —
(81915 + 8292)-

We can write each Heisenberg operator as a sum of its
steady-state mean-value and an additional fluctuation opera-
tor with zero mean-value, i.e., a = & + da, q; = qis + 04,
p = pis+ 0p;(i =1,2). When we substitute these expressions
into Eqgs. (2)-(6), and take into account the fact that for gen-
erating optomechanical entanglement the input laser power P
is usually very large, this means |og| > 1, then we can ne-
glect some small quantities and obtain following linearized
Langevin equations:

0q1 = Wn1dp1, (10)
8p1 = —Om1 891 — Y1 6p1 + Gy (Sa+8a") +&,  (11)
0g2 = WOm2 8 pa, (12)

82 = —0m8q> — Ym2p2 +Ga (Sa+8a) + &,  (13)
0a=—(k+1iA)8a+1(G16q1 + G20q2) + V2Kai,, (14)

where G; = g;0(i = 1,2) is the effective coupling strength.

Sometimes, it is more convenient to work in the frequency
domain because fluctuations of the electric field are more con-
venient to be measured in the frequency domain than in the
time domain. For calculating in frequency domain, we intro-
duce the Fourier transform for an operator u (u = da, dp;, 8¢,
@i, and &) as

1 w ior
u(t):\/TTr/_we u(0) do,
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1a)t 1

m/ (0)do, (15)

in which [u(®)]" = u(—®). Then we rewrite Eqs. (10)—(14)
in the frequency domain, which can be written in matrix form

as
M(w)Z(w)=Y (o), (16)
where
- HT
= (5q1,6p1,5q2,6p2,6a,5a ) ,
T
= (Oaélaoa 523 V2Kain, V 21('(1;) )
and
10—y 0 0 0 0
Omi 10+Ym 0 0 -G, -G,
0 0 10 —Om 0 0
M= . 17
0 0 Om2 10+Ym2 —G2 —Go » A7)
—iGy 0 —iG, 0 O 0
iGq 0 iG> 0 0 6

in which we have defined ®; = K+ i(A + ®) and @, =
K +1i(—A 4+ w). By solving Eq. (16), we obtain

0a = i (®) ain + Lo (w)aiTn—&—m (0) &1+ 14 (w) &, (18)

where the coefficients are given as follows:

(@) = erMG?wgﬂA*& iG) | iGiome
1 A+ d A+ lem1A+£2
(@) = V2k (iGl 0} &+ iG2 G302 omae))
Ha i ’
1 (@) = iGom  (2G3G30},0mA +Gral A_A &)
) GiA g d
x <®+G’éwmzsl>
Ay GlomAL&
m (w) _ _iGZme 2G3 Gza) 1a)m2A
) A8 d
x(“h+w%%ﬁl)
Ay G OmALE

in which we have defined

€12 = O = i0¥mim — O m»
Ar = k+i(otA),
d = —2G1G302, 0m€1A + G101 [—1GT 02 A
+ G1A; 0y (1Giom —A—g)].

In the following two sections we will study, respectively, the
ponderomotive squeezing in the frequency domain, and the en-

tanglements in the time domain.

3. Ponderomotive squeezing

We first analyze the squeezing properties of the transmit-
ted field, which is accessible to experiment and useful for prac-
tical applications.!'>~17] The squeezing spectrum of the trans-
mitted field is given by!?7]

So () = /dw’(éXg‘“(a)) SX3 (), (19)

where SXJ" (@) = e 1% §dgu (@) + €108, (@) and Sdpy =
A 2k8a — Adip . (28]

is used to describe the output quantum field which is the

Here, in the input-output relation, the Sagy

squeezed light in this system and the aj, is the vacuum noise
instead of the input laser. Therefore,

< out( ) out ( )>
<5aout (w)da Out ( ,)> + <5aim (©) Saou (a)/)>
<5a0ut (®) dagut (w’) o210

)
< out<w) out (w/>>62i6
= §(0+0') +2(8aly, () Saou () )
+ ((8aou (@) Saou (@) e 0 ). (20)

By using the results of Eq. (18) and the following nonzero

correlation functions in the frequency domain: (%-2°!

(an(@)d},(0)) =5(2+w), 21

(E(Q)E(0) = m(2nu+1)6 (R +w),  (22)
we can further write Eq. (20) to be

(0X5" (0)8X5" ()

= [142B,1,+ (e 7By +ec)f(@+ ), (23)

in which

2 (|2 (— @) + Yt (21 +1) |13 (—0) >

+ Y2 (2 + 1) | (—0)]%), (24)

2l (@) i (— ) — “Q(;,f’)

+ Y1 (2nnt + 1) 43 (@) p3 (— o)
+ tm2 (2 + 1) s (@) s (—0)]. (25)

Substituting Eq. (23) into Eq. (19), we can obtain the squeez-

Ba+a

B(lll

ing spectrum in a simple form

Se(®) =1+2B,+ (e 9B, +c.c). (26)

As the phase angle 0 is an adjustable parameter, we choose
appropriate 6 by solving dSg(®)/(d6) = 0, then we obtain
Buq (@)

|Bua (@)

here we choose the minus sign to optimize the degree of

e?ifr = 4 27)

squeezing. Then the optimal squeezing spectrum can be writ-
ten as

Sopt (@) = 1+ 2(B,t, — |Baal)- (28)
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In order to obtain squeezing, the term (B, — |Baa|) in
the right-hand side must be negative,?’! i.e., Sopi (@) < 1. To
illustrate the numerical results, we use the following set of ex-
perimentally realizable parameters throughout the paper:2%-3]
A =27c/wy = 1064 nm, &y, =27 x 107 Hz, k = 7 x 107 Hz,
Ym1 = Ym2 = T X400 Hz, L = 6 mm, m = 12 ng and we set the
detuning and the angle as Ay = 27 x 10’ Hz and 8 = /3,
respectively. Then we show how the squeezing spectrum
changes with respect to the external parameters.

Figure 2(a) shows that when the frequencies of the two
vibrational mirrors are the same, the squeezing spectrum
presents one peak at the frequencies @ = wp, which is similar
to the spectrum of a typical optomechanical cavity. However,
once we set the frequencies of the two vibrational mirrors with
a difference, the original one peak splits into two peaks at the
frequencies @ = ) and Wy, as shown in Fig. 2(b). This fre-
quency difference also leads to a split in the optomechanically
induced transparency window, as reported in Ref. [24].

1.0 T T
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1.0 T

0.91 1

0.7¢ 1

Sopt(w)

0.6f 1

0.4L . . . .
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Fig. 2. (color online) The squeezing spectrum with (a) @m; = Om2 = OR;
(b) Oy = Oy +0.1 X 27 x 107 Hz, 0y = @y — 0.1 x 27 x 107 Hz. The
other parameters are P =6 mW, 7} =T =3 mK, A =27c/ @y = 1064 nm,
On =27 x 10" Hz, k = £ X 107 Hz, Y1 = Y2 = 7 X 400 Hz, L = 6 mm,
m =12 ng and we set the detuning and the angle as Ay = 27 x 107 Hz and
B = /3, respectively.

From the expressions of the squeezing spectrum, it is easy
to find that the degree of squeezing is related to the mean ther-
mal phonon number ny,; (i = 1,2), which means that the envi-
ronment temperature has important effects, and we show how
the temperatures change the degree of the squeezing in such
a system in Fig. 3. In Fig. 3(a), compared with Fig. 2(b), if
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Fig. 3. (color online) The squeezing spectrum with (a) 77 = 10 mK,
T, =3 mK; (b) T} =20 mK, 75 = 3 mK; (¢) 7} =20 mK, 7» = 10 mK;
(d) T = 20 mK, 7> = 20 mK. The other parameters are P = 6 mW,
A = 2mc/ay = 1064 nm, @y, = 27 x 107 Hz, k = & x 107 Hz, ¥ =
Ym2 = T x 400 Hz, L = 6 mm, m = 12 ng and we set the detuning and the
angle are Ag = 27 x 10’ Hz and 8 = 7/3, respectively.

we increase the temperature of mirror 1 from 3 mK to 10 mK
and keep the temperature of mirror 2 at 3 mK, we find that the

degree of squeezing at frequency ® = @y, decreases while
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there is no effect on the frequency ® = wp. In Fig. 3(b),
when we increase the temperature of mirror 1 to 20 mK and
still do not change the temperature of mirror 2, the frequency
at ® = wp will present no squeezing. Then we change the
temperature of mirror 2 and keep the temperature of mirror 1
at 20 mK, and show the squeezing spectrum in Figs. 3(c) and
3(d). In this case, only the degree of squeezing at frequency
@ = W changes. We can discuss the above phenomena phys-
ically as follows. As the noise reduction is a result of me-
chanical motion,*”! there is no squeezing when the coupling
gi(i = 1,2) is zero. Once the squeezing emerges, it occurs
at the frequency corresponding to the mechanical frequency
which we have shown in Figs. 2 and 3. In other words, each
vibrational mirror has a direct effect on the degree of squeez-
ing related to its own frequency.

At last, we show the effects of the power of laser on the
degree of squeezing in Fig. 4. To clearly see these effects, we
set the temperature of mirrors at 71 = T, = 15 mK. In Figs. 4(a)
and 4(b), we can find that as we increase the power of the laser,
the degree of squeezing at both frequencies is enhanced. This
is because the laser interacts with the two vibrational mirrors
at the same time and a larger power will input more photons,

which will effectively overcome the effects of thermal noise.

1.2

1.1f

1.0F

0.9F

Sopt(w)

0.8F

0.7

0.6

1.2
1.1f
1.0
0.9

Sopm(w)

0.8f
0.7
0.6f

0.6 0.8 1.0 1.2 1.4
w/wn

Fig. 4. (color online) The squeezing spectrum with (a) P = 8 mW; (b)

P =20 mW. The other parameters are 7} = T = 15 mK, A =27c/wy =

1064 nm, @y, = 27 x 107 Hz, ¥ = 7 x 107 Hz, %1 = Jm2 = 7 X 400 Hz,

L =6 mm, m = 12 ng and we set the detuning and the angle as Ay =

27 x 107 Hz and B = 7/3, respectively.

4. Entanglements

In this section we discuss the entanglement between one
of the vibrational mirrors and the cavity field (the mirror—
cavity entanglement), and the entanglement between the two
vibrational mirrors (the mirror—mirror entanglement). We
define the cavity field quadratures 8X = (8a + 8a')/\/2
and 8Y = (8a — 8a')/iv/2, and the corresponding Hermi-
tian input noise operators Xj, = (ain—i—ajn) / V2 and Y, =
(ain — a;) /i V2, then equations (10)—(14) can be rewritten as
the matrix form

o) =Af(t) +x), (29)
in which the transposes of the column vectors f(¢) and x(¢)
can be expressed as

fO)T = (8q1,8p1,842,8p2,8X.8Y), x(t)"
= (0751707627\/§Xin7myin)a

respectively, and the matrix A is

0 w, O 0O 0 O

| o 0 0 o, 0 0
A= 0 0 —0n % G O (0)

0 0 0 0 —-x A

G 0 G 0 —A —x

Here, we have introduced the effective optomechanical cou-
pling G = gocs\ﬁ, and assumed Wy = Wy = O, and Yy =
Ym2 = Ym for simplicity. The solution of Eq. (29) is f(¢) =
M(1)£(0) + [oM (")t —t')dt’, here M(t) = e, The sys-
tem reaches its steady state as t — oo only if the real parts of
all the eigenvalues of matrix A are negative so that M (o) = 0.
The stability conditions for the system can be found by em-
ploying the Routh—Hurwitz criterion.>!! When the system
is stable, it reaches a unique steady state. Owing to the
quantum noises, & and a;, are zero-mean quantum Gaussian
noises and the dynamics is linearized, thus the quantum steady
states for the fluctuations are a zero-mean tripartite Gaussian
state, which is completely determined by the 6 x 6 correla-
tion matrix Vi; = ( fi(00) £ (20) -+ f5(e0) fi(e2) ) /2. here £ (e0) =
(641(),8G2(%), 6p1(>0), 8pa(>), X (o), 8Y (o)) is the vec-
tor of continuous variables fluctuations operators at the steady
state (f — o).
the steady-state correlation matrix (CM) satisfies a Lyapunov

When the stability conditions are satisfied,

equation
AV +VAT = —D, 31

where D = Diag|0, Y (27 + 1),0, ¥m (27 + 1), x, K] is a di-
agonal matrix and 71y, is the mean thermal excitation number.
In order to investigate the behavior of the continuous
variables (CV) entanglement between the elements of the tri-
partite system, we consider the logarithmic negativity En, a
quantity which has already been proposed as a measure of
entanglement, *?! to measure the entanglement between the
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cavity field and one of the mirrors (here we choose the left
mirror of this system). We define??!

Epne = max|[0, —In27)], (32)

where 1 = 27V2{5(I)— [£(I)? —4detT']*}V2  with
X(I') = detLy, +det Ly — 2 det Ly, and we have used the 2 x 2
block form of the correlation matrix

re ( L{n me> .

L.¢ Lt
Here, I' is obtained by tracing out the mirror—mirror mode,
i.e., removing the rows and columns of V corresponding to
mirror-mirror. Ly, L¢, and Lys are 2 X 2 matrices, where Ly,
corresponds to the mechanical mode, L refer to the field mode
and L describes the correlation between these two modes.
Similarly, we can quantify the bipartite entanglement of the
mirror—mirror subsystem. To illustrate the numerical results,
we choose the realistic parameters of the entanglement sys-
tems to be the same as in Section 3.

0.30
— — — - P=10 mW
0.25¢ P=5mW
020._ - ~ 7 - P=1mW
5
0.8
N, ——— P=10mW
0.6 F N T P=8mW
Nomomee P=6 mW
AN
£ N
3 + AN
m 0.4 -
N
~
0.2 > ~
S ~
~ ~
(b) < <
1 1 1 1 \l
0 0.2 0.4 0.6 0.8 1.0
T(k)/107°

Fig. 5. (color online) (a) Plot of the logarithmic negativity Ep,c versus the
environment temperature. The red-dot-dashed, solid, blue-dashed curves
refer to P =1 mW, 5 mW, 10 mW, respectively. (b) Plot of the logarithmic
negativity Eqmm versus the environment temperature. The red-dot-dashed,
solid, blue-dashed curves refer to P = 6 mW, 8 mW, 10 mW, respectively.
The other parameters are A = 2mc/wy = 1064 nm, oy = 27 X 107 Hz,
Kk =m x 107 Hz, Yl = Ym2 = T x 400 Hz, L = 6 mm, m = 12 ng and
we set the detuning and the angle are Ay = 27 x 107 Hz, and 8 = /3,
respectively.

In Fig. 5(a) we plot the mirror—cavity entanglement Ep
with respect to the environment temperature 7. It can be seen
that (i) Eny decreases with the increase of T'; (ii) Ep,c increases

with the increase of the laser power P; (iii) Ey, disappears at
almost the same temperature (about 0.4 mK) for different laser
powers. The third point is an interesting phenomenon, which
means there is nearly the same critical temperature for dif-
ferent powers. This is because when the temperature reaches
the critical temperature, the effect of thermal noise on Eyy is
greater than that of increasing the laser power.

The mirror—mirror entanglement Ey,, as a function of the
environment temperature is shown in Fig. 5(b). It can be seen
that Eqym has the features that are similar to the first two points
of Ey,.. However, the robustness of Ey, against 7' can be re-
markably improved when we increase the laser power, this is
very different from Epc. That is to say, for the mirror—mirror
entanglement Ep,,, when the laser power is larger than 8 mW,
it can effectively overcome the effect of thermal noise com-
pared to Fig. 5(a).

5. Conclusion

In conclusion, we have studied the properties of the pon-
deromotive squeezing and the entanglements in a ring cavity
with two vibrational mirrors. We have found that we can ob-
tain a two-mode squeezed light in this system and can control
the degree of squeezing flexibly by adjusting the related tem-
perature or the laser power. We have also shown that the ro-
bustness of the mirror—mirror entanglement E,, with respect
to the temperature is enhanced obviously when we increase
the laser power. However, the mirror—cavity entanglement Ey,¢
has no such feature.
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