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The formal series symmetry approach (FSSA), a quite powerful and straightforward method to establish infinitely
many generalized symmetries of classical integrable systems, has been successfully extended in the supersymmetric frame-
work to explore series of infinitely many generalized symmetries for supersymmetric systems. Taking the 𝒩 = 1 super-
symmetric Boiti–Leon–Manna–Pempinelli system as a concrete example, it is shown that the application of the extended
FSSA to this supersymmetric system leads to a set of infinitely many generalized symmetries with an arbitrary function
f (t). Some interesting special cases of symmetry algebras are presented, including a limit case f (t) = 1 related to the
commutativity of higher order generalized symmetries.
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1. Introduction
Symmetry is an essential issue for nonlinear differential

equations. However, compared with classical integrable sys-
tems, there is quite limited progress on symmetries of super-
symmetric systems. As is known, many effective methods
have been established to study various symmetries of classi-
cal nonlinear differential systems, for instance, the famous Lie
group approaches[1,2] and the direct method[3–5] have been
developed to study Lie point symmetries of partial differen-
tial equations. These methods can also be utilized to study
symmetries of the SUSY equations. Recently, the classical
Lie group approach has been used to find Lie symmetries,
symmetry reductions and similarity solutions of the (2+1)-
dimensional supersymmetric Boussinesq equation.[6] This ap-
proach has also been applied to the coupled bosonic system
of the supersymmetric system obtained by the bosonization
approach through introducing some fermionic parameters in
the expansion of the superfield.[7] In addition, the nonlocal
symmetry related to the Bäcklund transformation, also called
residual symmetry, has been studied for the supersymmetric
KdV equation and related interesting interacting wave solu-
tions have been found.[8] Earlier symmetry related studies in-
clude the discrete symmetries of the 𝒩 = 2 supersymmetric
modified nonlinear Schrödingier (NLS) hierarchy[9] and the

𝒩 = 2 supersymmetric generalized NLS hierarchies,[10] the
hidden symmetries of the 𝒩 = 4 supersymmetric Yang–Mills
equations,[11] and the additional (non-isospectral) symmetries
of the supersymmetric integrable hierarchies of Kadomtsev–
Petviashvili type models.[12]

The formal series symmetry approach (FSSA) is famous
for finding infinitely many generalized symmetries of inte-
grable systems.[13,14] It has been revealed that many famous
(2+1)-dimensional physical models, such as the Kadomtsev–
Petviashvili equation,[13] the Toda field equation,[14] disper-
sive long wave equations,[15] the Burgers system,[16] etc., ad-
mit one or more sequences of infinitely many generalized sym-
metries obtained by means of the FSSA. In this paper, tak-
ing an 𝒩 = 1 supersymmetric Boiti–Leon–Manna–Pempinelli
system as an illustration, we for the first time intend to demon-
strate that the FSSA can be extended in the supersymmetric
framework to explore infinitely many generalized symmetries
of supersymmetric systems.

The 𝒩 = 1 supersymmetric Boiti–Leon–Manna–
Pempinelli (SUSY BLMP) system was given in a recent paper
written by Delisle and Mosaddeghi[17]

D2
yΨt +D2

yD6
xΨ −3DxDy(D3

xΨDyDxΨ) = 0, (1)

where Di (i = x,y) denotes the supercovariant derivative de-
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fined as Di = ∂θ +θ∂i. It is an 𝒩 = 1 extension of the classical
BLMP equation[18]

uyt +uxxxy −3uxuxy −3uyuxx = 0, (2)

obtained as usual by extending the space (x,y, t) to the su-
perspace (x,y, t;θ), where θ is a Grassmann variable satisfy-
ing θ 2 = 0. In addition, the bilinear form, multisolitons and
bilinear Bäcklund transforms for the SUSY BLMP equation
have been obtained.[17] It has also been pointed out that the
BLMP equation is strongly related to the Korteweg-de Vries
(KdV) equation, and naturally, the SUSY BLMP can be re-
duced to the SUSY KdV equation. The 𝒩 = 1 SUSY exten-
sion of the KdV equation was first formulated by Manin and
Radul.[19] Similar to the role of the classical KdV equation in
two-dimensional quantum gravity,[20,21] it has been indicated
that the 𝒩 = 1 SUSY extensions of the KdV equation might be
relevant in the study of SUSY 2D quantum gravity.[22,23] Such
a significant role of the SUSY KdV equation has prompted
ongoing theoretical investigations and a number of interest-
ing properties have been established, for instance the bi-
Hamiltonian structures,[24] the Painlevé property,[25] the Dar-
boux transformation,[26] the Bäcklund transformation[27] and
bilinear forms.[28,29]

To apply the FSSA to the SUSY BLMP equation (1), let
us first take the following finite Taylor expansion:

Ψ(x,y, t;θ) = ξ (x,y, t)+θu(x,y, t)≡ ξ +θu, (3)

where ξ is a fermonic (odd) function and u is a bosonic (even)
function, to transform the SUSY BLMP equation (1) into a
system of two equations

ξt +ξxxx −3uxξx = 0, (4)

uyt +uxxxy −3(uxuy)x +3ξxξxxx = 0. (5)

It is evident that in the fermionic limit (ξ = 0), the above sys-
tem is reduced to the classical BLMP equation (2). In Section
2, a set of infinitely many generalized symmetries of the SUSY
BLMP system of Eqs. (4) and (5) is obtained. The related sym-
metry algebras in some interesting special cases are presented
in Section 3. The last section is devoted to the summary and
discussion.

2. Infinitely many generalized symmetries
A symmetry

σ =

(
Φ

U

)
(6)

of the SUSY BLMP system is defined as a solution of its lin-
earized system by assuming that equations (4) and (5) are form
invariant under the following infinitesimal transformation:

ξ → ξ + εΦ , u → u+ εU, (7)

where ε is an infinitesimal parameter, Φ is a fermionic func-
tion, and U is a bosonic function. Substituting the infinitesimal
transformation (7) into Eqs. (4) and (5) and picking up coef-
ficients of ε arrive at the linearized equations that symmetries
Φ and U should satisfy

Φt +Φxxx −3ξxUx −3uxΦx = 0, (8)

Uyt +Uxxxy −3(uyUx +uxUy)x

−3ξxxxΦx +3ξxΦxxx = 0. (9)

Applying the formal series symmetry theory[13,14] in the
SUSY framework, we can expand symmetries Φ and U in the
form of

Φ =
∞

∑
k=0

f (n−k)
Φn[k], (10)

U =
∞

∑
k=0

f (n−k+1)Un[k], (11)

respectively, where the fermionic function Φn[k] and the
bosonic function Un[k] are functions of x, y, u, ξ and their ar-
bitrary derivatives, but not t dependent explicitly, f is an arbi-
trary function of t, and f (n−k) denotes the (n−k)-th derivative
of f with respect to t.

The substitution of Eqs. (10) and (11) into Eqs. (8) and
(9) leads to

∞

∑
k=0

f (n−k+1)(Φn[k]−3ξxUnx[k])

+ f (n−k)(Φnt [k]+Φnxxx[k]−3uxΦnx[k]) = 0, (12)
∞

∑
k=0

f (n−k+2)Uny[k]+ f (n−k+1)(Unyt [k]

+Unxxxy[k]+3(uyUnx[k]+uxUny[k])x)

+3 f (n−k)(ξxΦnxxx[k]−ξxxxΦnx[k]) = 0. (13)

Keeping the function f arbitrary requires the coefficients of
different derivatives of f in the above two equations vanish
identically. Therefore, by setting to zero all the coefficients of
different derivatives of f , we obtain the following overdeter-
mined equations:

Uny[0] = 0, Un[0] = g(x)≡ g, (14)

Uny[1] = 3(uyUnx[0])x, Un[1] = 3(ugx)x,

Vn[1] = 3ξxUnx[0] = 3ξxgx, (15)

Φn[k−1] = −Φnt [k−2]−Φnxxx[k−2]

+3uxΦnx[k−2]+3ξxUnx[k−1], (16)

Uny[k] = −Unyt [k−1]−Unxxxy[k−1]

+3(uyUnx[k−1]+uxUny[k−1])x

+3ξxxxΦnx[k−2]−3ξxΦnxxx[k−2], (17)

for k = 2,3, . . . ,n+1, and we have defined ∂y∂−1
y = ∂−1

y ∂y =

1.
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It is noted that Un[k − 1] and Vn[k] can be solved recur-
sively from Eqs. (14)–(17) for a given g. The results can be
expressed in the matrix form as(

Φn[k−1]
Un[k]

)
= −

(
∂t +∂ 3

x −3ux∂x −3ξx∂x
A ∂t +∂ 3

x −B

)
×
(

Φn[k−2]
Un[k−1]

)
= −3

(
∂t +∂ 3

x −3ux∂x −3ξx∂x
A ∂t +∂ 3

x −B

)k−1

×
(

gxξx
(gxu)x

)
, (18)

for k = 2,3, . . . ,n+ 1, where the operators A and B are given
by A = 3∂−1

y (ξx∂ 3
x − ξxxx∂x), and B = 3∂−1

y ∂x(uy∂x + ux∂y),
respectively.

Similar to the classical case, the truncate conditions
should be introduced so that meaningful generalized symme-
tries can be obtained, which are

Φnt [n]+Φnxxx[n]−3uxΦnx[n]−3ξxUnx[n] = 0, (19)

Unyt [n+1]+Unxxxy[n+1]

−3(uyUnx[n+1]+uxUny[n+1])x

−3ξxxxΦnx[n]+3ξxΦnxxx[n] = 0. (20)

Equivalently, Φ =Φn[n] and U =Un[n+1] satisfy the symme-
try definition equations (8) and (9). Then in order to deduce
explicit generalized symmetries, one has to fix an exact ex-
pression of the x-dependent function g in Eq. (18). Similarly,
with the help of the dimensional analysis, one can find that the
only possible selection of g is

g =
xn+1

3n+1(n+1)!
. (21)

Consequently, with this particular g given in Eq. (21), ex-
plicit generalized symmetries can be produced for the SUSY
BLMP system of Eqs. (4) and (5). In principle, one can derive
infinitely many generalized symmetries explicitly from the re-
cursion equation, however, due to the difficulty in determining
the integration functions, it is troublesome to write down ex-
plicit generalized symmetries for n > 2. Therefore, here we
just present the first three explicit generalized symmetries, ob-
tained by taking g = x/3, x2/18, and x3/162, respectively,

σ0( f ) =

 f ξx

1
3

ḟ x+ f ux

 , (22)

σ1( f ) =


1
3

ḟ x+ f ξt

1
18

f̈ x2 +
1
3

ḟ (xu)x + f ut

 , (23)

and

σ2( f ) =
(

Φ2
U2

)
, (24)

with

Φ2 = − 1
18

f̈ x2
ξx +

1
3

ḟ (xξt −ξxx +uξx)

+ f
{

ξxxxxx −5
[
(uxξxx)x +

(
uxxx −

3
2

u2
x

)
ξx

+ξx∂
−1
y (ξxξxxx −uxxuy)

]}
,

U2 =
1

162

...
f x3 − 1

18
f̈ (x2u)x

+
1
3

ḟ [xut −2uxx +uux −∂
−1
y (ξxξxx −uxuy)]

+ f
{

uxxxxx +10uuxuxx +
5
2

u3
x

−5[uxuxx +u∂
−1
y (ξxξxxx −uxxuy)]x

+5∂
−1
y [(ξxξxxxx −uxxxuy)x

+u(ξxξxxx −uxxuy −2uxuxy)x

−2uxξxξxxx −3uxxξxξxx]

}
,

where the dot over the function denotes the derivative of the
function with respect to t.

It is remarkable that in the derivation of symmetries (22)–
(24), one can utilize the following tips to avoid the compli-
cated computation caused by the anti-commuting fermionic
functions. First, restrict the lower-order x-derivative of ξ

placed in front of its higher orders, for instance, the term like
ξxxxξx should be rewritten as −ξxξxxx. Second, to prove that
the first one of the positive flow (taking f = 1 in σ2( f )) also
satisfies the symmetry definition equations (8) and (9), it is
convenient to use the substitutions

ξxξxx = F1, ξxξxxx = F2, ξxξxxxx = F3, (25)

where F1, F2, and F3 are all bosonic functions. Thus, σ2(1)
can be reformed as

σ2(1) =
(

Φ

U

)
=

(
Φ2[2]
U2[3]

)
, (26)

with

Φ2[2] = ξxxxxx −5
[
(uxξxx)x +

(
uxxx −

3
2

u2
x

)
ξx

+ξx∂
−1
y (F2 −uxxuy)

]
,

U2[3] = uxxxxx +10uuxuxx +
5
2

u3
x

−5
[
uxuxx +u∂

−1
y (F2 −uxxuy)]x

+5∂
−1
y [(F3 −uxxxuy)x

+u(F2 −uxxuy −2uxuxy)x

−2uxF2 −3uxxF1

]
.

With the substitution (25), equation (5) becomes

ut =−uxxx +3∂
−1
y (uxuy)x −3∂

−1
y F2. (27)

050202-3



Chin. Phys. B Vol. 24, No. 5 (2015) 050202

Hereafter, we mainly need to consider the anti-commuting re-
lations involving the x-derivatives of the bosonic functions F1,
F2, and F3, while other anti-commuting relations can be read-
ily verified, when equations (26) and (27) are inserted into the
symmetry definition equations (8) and (9).

3. Symmetry algebra
The symmetries of the SUSY BLMP system can be given

in a compact form by substituting Eq. (21) into Eqs. (10) and
(11), that is

σn( f ) =

 ∑
n
k=0 f (n−k)Φn[k]

f (n+1)xn+1

3n+1(n+1)!
+∑

n+1
k=1 f (n−k+1)Un[k]

 ,

n = 0,1,2, . . . , (28)

with(
Φn[k−1]

Un[k]

)
= − 1

3nn!

(
∂t +∂ 3

x −3ux∂x −3ξx∂x
A ∂t +∂ 3

x −B

)k−1

×
(

xnξx
(xnu)x

)
, (29)

for k = 1,2, . . . ,n+1.
It is interesting to observe that the presence of the arbi-

trary function f in the generalized symmetries leads to a closed
infinite-dimensional Lie algebra

[σn( f1),σm( f2)]

= −1
3

σn+m−1

[
(2m+1) ḟ1 f2 − (2n+1) f1 ḟ2

]
. (30)

Actually, it is not surprising that σn( f ) constitutes the
algebra (30), because the symmetries of the classical BLMP
equation constitute the same algebra. We also note that this
algebra is isomorphic to those of the (2+1)-dimensional mod-
ified KdV type systems.[30,31] Three interesting subalgebras
of Eq. (30) are listed as follows.

Case 1 f1 = f2 = 1. In this particular case, generalized
symmetries with the presence of an arbitrary function f (t) de-
grade to t-independent symmetries

σn ≡ σn(1) = − 1
3nn!

(
∂t +∂ 3

x −3ux∂x −3ξx∂x
A ∂t +∂ 3

x −B

)n

×
(

xnξx
(xnu)x

)
, (31)

which constitute a commuting algebra

[σn,σm] = 0. (32)

Such algebra implies the commutativity of the positive flow.
Case 2 f = t. In this case, σn(t) = τn, called τ symme-

tries, linearly depend on the variables x, y, and t. The set of
symmetries constitutes a centerless Virasoro algebra

[σn(t),σm(t)] =−2(m−n)
3

σn+m−1(t). (33)

It is well known that the Virasoro algebra of the asymptotic
symmetry plays an important role in understanding the quan-
tum nature of black holes.[32]

Case 3 f = tr, and r ̸= 1 is an integer. In this case, we
find that the general algebra reduces to w∞ type algebra

[σ r
n , σ

s
m] =−1

3
[r(2m+1)− s(2n+1)]r+s−1

n+m−1,

σ
r
n ≡ σn(tr), (34)

which contains all the conformal spins and plays a crucial role
in some areas of physics, such as the sl(∞) Toda theory,[14,33]

integrable systems,[13,34] membrane theory,[35] W string and
W gravity theories.

4. Summary and discussion
In this paper, we have demonstrated that the 𝒩 = 1

SUSY BLMP equation admits a set of infinitely many gener-
alized symmetries with an arbitrary function f (t). It has also
been shown that these symmetries constitute a closed infinite-
dimensional Lie algebra which is a generalization of the w∞

type algebra. Thus we conclude that the SUSY BLMP equa-
tion is integrable in the sense of symmetry.

In addition, one can obtain in a similar way that the SUSY
BLMP equation also admits a special simple symmetry with
an arbitrary function p = p(y),

Y0(p) =

 pξy +
1
2

pyξ

puy

 , (35)

which is commuting with the generalized symmetries σn( f )
by

[σn( f ), Y0(p)] = 0, n = 0,1,2, . . . (36)

Furthermore, from Eqs. (22), (23), and (35), one can find the
SUSY BLMP possesses the following infinite-dimensional Lie
point symmetries of the form

X(h) = σ0(h), T ( f ) = σ1( f ), Y (p) = Y0(p), (37)

where f and h are arbitrary functions of t, and p is an arbi-
trary function of y. In such a special selection, it is effortless
to check that the nonzero commutation relations of these sym-
metries are

[T ( f1), T ( f2)] = T ( f1 ḟ2 − ḟ1 f2), (38)

[T ( f ), X(h)] = X
(

f ḣ− 1
3

h ḟ
)
, (39)

[Y (p1), Y (p2)] = Y (p1 ṗ2 − ṗ1 p2), (40)

which constitute an infinite-dimensional Kac–Moody–
Virasoro–type algebra.
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The additional properties of the SUSY BLMP equation,
and what we know about the SUSY extensions of (2+1)-
dimensional classical integrable systems are worthy of fur-
ther study. As mentioned above, it has been confirmed that
the equations of motions and symmetries in the quantum 2D
gravity and the noncritical string theory at least c < 1 can
be formulated in the KdV type equations.[20,21] Similarly, it
has also been indicated that the 𝒩 = 1 supersymmetric ex-
tensions of the KdV equation might be relevant in the study
of the supersymmetric 2D quantum gravity.[22,23] In the view-
point of physics, the (2+1)-dimensional field theory is particu-
larly interesting since the theory is simple yet possesses a rich
asymptotic symmetry and provides us with a deeper insight in
general.[36] Consequently, it is significant to study supersym-
metric extensions of the KdV equation, especially those in 2+1
dimensions.
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