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Augmented Lyapunov approach to H∞ state estimation of static
neural networks with discrete and distributed time-varying delays*
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This paper deals with H∞ state estimation problem of neural networks with discrete and distributed time-varying
delays. A novel delay-dependent concept of H∞ state estimation is proposed to estimate the H∞ performance and global
asymptotic stability of the concerned neural networks. By constructing the Lyapunov–Krasovskii functional and using the
linear matrix inequality technique, sufficient conditions for delay-dependent H∞ performances are obtained, which can be
easily solved by some standard numerical algorithms. Finally, numerical examples are given to illustrate the usefulness and
effectiveness of the proposed theoretical results.
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1. Introduction
In the past decades, many kinds of neural networks,

such as cellular neural networks, Hopfield neural networks,
Cohen–Grossberg neural networks, recurrent neural networks
(RNNs), complex dynamical networks (CDNs), bidirectional
associative memory (BAM) neural networks, chaotic neural
networks (CNNs), and static neural networks (SNNs), have
been studied because they have extensive applications in dif-
ferent fields such as fault diagnosis, pattern recognition, signal
processing, and parallel computation.[1–4] Some of these ap-
plications require the equilibrium points of the designed net-
works to be stable. Since axonal signal transmission delays of-
ten occur in various neural networks, and may also cause un-
desirable dynamic network behaviors such as oscillation and
instability, it is important to study the stability of the neural
networks.[5–8]

Considerable efforts have been dedicated to the stability
analysis of neural networks with delays. Most neural networks
can be classified as either continuous[9,10] or discrete.[11,12]

While, the signal propagation is sometimes instantaneous and
can be modeled with discrete delays, it may also be distributed
during a certain time period so that distributed delays are in-
corporated into the model.[13–15] Therefore, both discrete and
time-varying distributed delays should be taken into account
when modeling a realistic neural network.

On the other hand, a neural network is a highly inter-
connected network with a large number of neurons, and as a
result most neural networks are large-scale and complex net-
works. In fact, only partial information about the neuron states
is available in the outputs of large-scale neural networks. It
is very difficult to obtain the state estimation of the neurons

in neural networks because the neural networks have compli-
cated structures. Therefore, it is important to estimate the neu-
ron states through available measurement outputs, and there
are many remarkable attempts to design state estimators for
various types of neural networks.[16,17] The delay-dependent
H∞ problems for delayed neural networks have received sub-
stantial attention from the control community for the past few
years.[18,19] The H∞ control of switched neutral-type neural
networks was presented in Ref. [20] to estimate the robust ex-
ponential stability. However, to the best of the authors’ knowl-
edge, the H∞ state estimation of static neural networks with
discrete and distributed time-varying delays via augmented
Lyapunov approach has not yet been considered, which mo-
tivates this study.

In this paper, we study the delay-dependent H∞ state es-
timation problem for a class of neural networks with discrete
and distributed time-varying delays. Our main aim is to de-
sign a delay-dependent state estimation gain matrix, such that
the concerned system is globally asymptotically stable with a
prescribed H∞ performance of disturbance attenuation for all
admissible parameters. A sufficient condition for the H∞ state
estimation is presented in terms of linear matrix inequality
(LMI) using the augmented Lyapunov–Krasovskii functional
(LKF) together with the zero function which guarantees the
global asymptotic stability of the concerned neural networks.
Finally, numerical examples are given to illustrate the useful-
ness and effectiveness of the proposed method.

The following notations are used. Throughout this pa-
per, ℛn and ℛn×n denote, respectively, the n-dimensional Eu-
clidean space and the set of all n× n real matrices. The no-
tation * represents the entries implied by symmetry. The ma-
trix transpose and inverse of 𝐴 are denoted as 𝐴T and 𝐴−1,
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respectively. The 𝑋 > 0 means that matrix 𝑋 is real sym-
metric positive definite with appropriate dimensions. The 𝐼

denotes the identity matrix with appropriate dimensions. Let
||𝑓 ||2 =

√∫
∞

0 || f ||2 dt, f (t)∈ L2[0,∞), where ‖𝑓‖ refers to the
Euclidean norm of the function 𝑓(t) at time t, and L2[0,∞) is
the space of square integrable vectors on [0,∞).

2. Problem statement
Consider the following neural network with discrete and

distributed time-varying delays:

𝑥̇(t) = −𝐴𝑥(t)+𝐵𝑔(𝑥(t))+𝑊0𝑔(𝑥(t − τ(t)))

+𝑊1

∫ t

t−d(t)
𝑔(𝑥(s))ds+𝐽 +𝐵1𝑤(t),

𝑦(t) = 𝐶𝑥(t)+𝐷𝑥(t − τ(t))+𝐵2𝑤(t),

𝑧(t) = H𝑥(t),

𝑥(t) = φ(t),∀t ∈ [−max(τ̄, d̄),0], (1)

where 𝑥(t) = [x1(t),x2(t), . . . ,xn(t)]T ∈ ℛn is the state vector
of the network at time t ≥ 0, n is the number of neurons, y(t)∈
ℛm is the network measurement, 𝑧(t)∈ℛq, to be estimated, is
a linear combination of the states, and 𝑤(t) ∈ ℛp is the noise
input belonging to L2[0,∞). Here A = diag{a1, . . . ,an} is a
diagonal matrix with ai > 0, i = 1,2, . . . ,n; 𝐵, 𝑊0, and 𝑊1

represent the connection weight matrix, the discretely delayed
connection weight matrix, and the distributively delayed con-
nection weight matrix, respectively; and, 𝐶, 𝐷, 𝐵1, 𝐵2, and
𝐻 are known real constant matrices with appropriate dimen-
sions. The 𝑔(𝑥(t)) = [𝑔(x1(t)), . . . ,𝑔(xn(t))]T ∈ ℛn denotes
the neuron activation function at time t, and 𝐽 = [J1, . . . ,Jn]

T ∈
ℛn is a constant external input vector. The 𝜑(t) is the initial
condition. The τ(t) and d(t) denote the discrete time-varying
and distributed time-varying delays, respectively, and are as-
sumed to satisfy

0 ≤ τ(t)≤ τ̄, τ̇(t)≤ µ,0 ≤ d(t)≤ d̄, (2)

where τ̄ , µ , and d̄ are constants.
Assumption 1 Each neuron activation function gi(t),

(i = 1,2, . . . ,n) is continuous and bounded, and satisfies the
following condition:

l−i ≤ gi(k1)−gi(k2)

k1 − k2
≤ l+i , (3)

with 𝐿− = diag(l−1 , l−2 , . . . , l−n ), 𝐿+ = diag(l+1 , l+2 , . . . , l+n ) are
some constants and k1,k2 ∈ℛ, k1 ̸= k2.

We consider the following state estimator for the neural
network (1):

˙̂𝑥(t) = −𝐴𝑥̂(t)+𝐵𝑔(𝑥̂(t))+𝑊0𝑔(𝑥̂(t − τ(t)))

+𝑊1

∫ t

t−d(t)
𝑔(𝑥̂(s))ds+𝐽 +𝐾(𝑦(t)− 𝑦̂(t)),

𝑦̂(t) = 𝐶𝑥̂(t)+𝐷𝑥̂(t − τ(t)),

𝑧̂(t) = 𝐻𝑥̂(t),

𝑥̂(0) = 𝜑(0), (4)

where 𝑥̂(t) ∈ ℛn denotes the estimated state, 𝑦̂(t) ∈ ℛm,
𝑧̂(t) ∈ ℛq denotes the estimated measurements of y(t),𝑧(t),
respectively, and K is the estimator gain matrix to be deter-
mined.

Define the error 𝑒(t)=𝑥(t)−𝑥̂(t) and 𝑧̄(t)= 𝑧(t)− 𝑧̂(t).
Then, based on Eqs. (1) and (4), we easily obtain the error sys-
tem as follows:

𝑒̇(t) = −(𝐴+𝐾𝐶)𝑒(t)−𝐾𝐷𝑒(t − τ(t))

+𝐵𝑓(𝑒(t))+𝑊0𝑓(𝑒(t − τ(t)))

+𝑊1

∫ t

t−d(t)
𝑓(𝑒(s))ds+(𝐵1 −𝐾𝐵2)𝑤(t),

z̄(t) = H𝑥(t), (5)

where 𝑒(t) = [e1(t),e2(t), . . . ,en(t)]T ∈ ℛn is the state
vector of the transformed system and 𝑓(𝑥(·)) =

[𝑓(x1(·)), . . . ,𝑓(xn(·))]T, 𝑓(𝑥(·)) = 𝑔(𝑥(·)+ 𝑥̂(·))−𝑔(𝑥̂(·)).
It follows from Assumption 1 that the neural activation func-
tion satisfies

l−i ≤ fi(k)
k

≤ l+i , (6)

where k ∈ℛ, k ̸= 0.
Definition 1 Given a prescribed level of noise attenuation

γ > 0, the error system (5) is said to be globally asymptotically
stable with a prescribed level of noise attenuation γ , if there is
a proper state estimator (4) such that the equilibrium point of
the result error system (5) with 𝑤(t) = 0 is globally asymptot-
ically stable, and ‖𝑧̄(t)‖2 ≤ 𝛾‖𝑤(t)‖2 under zero-initial con-
ditions for all nonzero 𝑤(t) ∈ L2[0,∞).

Lemma 1 (Schur complement[21]) Let 𝑀 , 𝑃 , 𝑄 be
given matrices such that 𝑄> 0, then[

𝑃 𝑀T

𝑀 −𝑄

]
< 0 ⇔ 𝑃 +𝑀T𝑄−1𝑀 < 0.

Lemma 2[22] For any constant matrix 𝑀 ∈ℛn×n, 𝑀 =

𝑀T > 0, scalar η > 0, vector function 𝑤 : [0,η ] → Rn such
that the integrations concerned are well defined, we have[∫

η

0
𝑤(s)ds

]T

𝑀

[∫
η

0
𝑤(s)ds

]
≤ η

∫
η

0
𝑤T(s)𝑀𝑤(s)ds.

Lemma 3[23] For real matrices P > 0, 𝑀i (i = 1,2,3)
with appropriate dimensions, and τ(t) satisfying Eq. (2), we
have

−
∫ t

t−τ(t)
𝑥̇T(t)𝑃 𝑥̇(s)ds

≤ 𝜉T(t)[τ𝑀T𝑃−1𝑀 +𝑀T𝐼1 +𝐼T
1 𝑀 ]𝜉(t),

where
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ξ
T(t) =

[
𝑒T(t) 𝑒T(t − τ(t)) 𝑒T(t − τ̄) f T(𝑒(t)) 𝑓T(𝑒(t − τ(t)))

(∫ t
t−d(t)𝑓(𝑒(s))ds

)T ]
,

M =
[
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

]
, 𝐼1 =

[
I −I 0 0 0 0

]
.

Lemma 4[24] For any scalar τ(t) ≥ 0 and any constant
matrix 𝑄 ∈ ℜn×n, 𝑄 = 𝑄T > 0, the following inequality
holds:

−
∫ t

t−τ(t)
𝑥̇T(s)𝑄𝑥̇(s)ds

≤ τ(t)𝜉T(t)𝑉 𝑄−1𝑉 T𝜉(t)+2𝜉T(t)𝑉 [𝑥(t)−𝑥(t − τ(t))],

where ξ (t) is defined in Lemma 3 and 𝑉 is a free-weighting
matrix with appropriate dimensions.

Lemma 5[25] The inequalities{
𝛥+β𝑊1 < 0,
𝛥+β𝑊2 < 0

are equivalent to the following condition:

𝛥+m𝑊1 +(β −m)𝑊2 < 0,

where 𝑅1, 𝑅2, and 𝛥 are constant matrices with appropriate
dimensions, variable m ∈ [0,β ] ∈ℛ, and β > 0.

3. Main results
Theorem 1 For given scalars τ̄ > 0, d̄ > 0,µ > 0,α > 0

and matrix 𝐾, the error system (5) is globally asymptoti-
cally stable with H∞ performance γ if there exist real matri-
ces 𝑃 > 0, 𝑃11 > 0, 𝑃12, 𝑃22 > 0, 𝑄1 > 0, 𝑄2, 𝑄3 > 0,
𝑅 > 0, 𝑆 > 0, 𝑇1 > 0, 𝑇2 > 0, 𝑍1 > 0, 𝑍2, 𝑍3 > 0, 𝑇 > 0,
and any appropriate dimensions matrices 𝑀l , 𝑁l , 𝑈m, 𝑉m,
(l = 1,2, . . . ,6,m = 1,2), such that the following LMIs hold:

𝛺 𝐵̂ 𝐻̂ 𝛹 ατ̄𝑀T ᾱ(τ̄)𝑈
* −γ2I 0 0 0 0
* * −I 0 0 0
* * * −τ̄𝑆 0 0
* * * * −ατ̄𝑆 0
* * * * * −ᾱ(τ̄)𝑆

 < 0, (7)


𝛺 𝐵̂ 𝐻̂ 𝛹 ατ̄𝑁T ᾱ(τ̄)𝑉
* −γ2I 0 0 0 0
* * −𝐼 0 0 0
* * * −τ̄𝑆 0 0
* * * * −ατ̄𝑆 0
* * * * * −ᾱ(τ̄)𝑆

 < 0, (8)

where

𝛺 = (𝛺i j)8×8,𝐵̂ = 𝑃𝐵1 −𝑃𝐾𝐵2,

𝐻̂ =
[

H 0 0 0 0 0 0 0
]T

,

𝛹 =
[
−τ̄𝑆T(𝐴+𝐾𝐶) −τ̄𝑆T𝐾𝐷 0 τ̄𝑆T𝐵

τ̄𝑆T𝑊0 τ̄𝑆T𝑊1 0 0 τ̄𝑆T(B1 −𝐾𝐵2)
]T

,

M =
[
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

]
,

𝑁 =
[
𝑁1 𝑁2 𝑁3 𝑁4 𝑁5 𝑁6

]
,

𝑈 =
[
𝑈T

1 0 𝑈T
2 0 0 0

]T
,

𝑉 =
[

0 𝑉 T
1 0 𝑉 T

2 0 0
]T

,

𝐼1 =
[
𝐼 −𝐼 0 0 0 0

]
,

𝐼2 =
[

0 𝐼 −𝐼 0 0 0
]
,

with

𝛺11 = 𝑄1 +𝑇1 +𝑇2 + τ̄𝑍1 −𝑃 (𝐴+𝐾𝐶)

−(𝐴+𝐾𝐶)T𝑃 +α𝑀1 +α𝑀T
1 + ᾱ𝑈1 + ᾱ𝑈T

1

+2𝐿+𝑇 −2𝐿−𝛤1𝐿
+,

𝛺12 = −𝑃𝐾𝐷+α𝑀2 −α𝑀T
1 +α𝑁T

1 − ᾱ𝑈1 + ᾱ𝑈T
2 ,

𝛺13 = α𝑀3 −α𝑁T
1 ,

𝛺14 = 𝑃𝐵+𝑄2 + τ̄𝑍2 +α𝑀4 −𝑇 +𝛤1(𝐿
−+𝐿+),

𝛺15 = P𝑊0 +α𝑀5, 𝛺16 = P𝑊1 +α𝑀6,

𝛺17 = 𝑃11, 𝛺18 = 𝑃12,

𝛺22 = −µ̄𝑄1 − µ̄𝑇1 +α𝑁2 +α𝑁T
2 −α𝑀2 −α𝑀T

2

− ᾱ𝑈2 − ᾱ𝑈T
2 + ᾱ𝑉1 + ᾱ𝑉 T

1 −2µ̄𝐿+𝑇 −2𝐿−𝛤2𝐿
+,

𝛺23 = α𝑁3 −α𝑁T
2 −α𝑀3 − ᾱ𝑉1 + ᾱ𝑉 T

2 ,

𝛺24 = α𝑁4 −α𝑀4,

𝛺25 = −µ̄𝑄2 +α𝑁5 −α𝑀5 + µ̄T +𝛤2(𝐿
−+𝐿+),

𝛺26 = α𝑁6 −α𝑀6, 𝛺27 =−µ̄𝑃11,

𝛺28 = −µ̄𝑃12, 𝛺33 =−𝑇2 −α𝑁3 −α𝑁T
3 − ᾱ𝑉2 − ᾱ𝑉 T

2 ,

𝛺34 = −α𝑁4, 𝛺35 =−α𝑁5,

𝛺36 = −α𝑁6, 𝛺37 = 0, 𝛺38 = 0,

𝛺44 = 𝑄3 + τ̄𝑍3 + d̄2R−2𝛤1, 𝛺45 = 0,

𝛺46 = 0, 𝛺47 = 𝑃 T
12, 𝛺48 = 𝑃22,

𝛺55 = −µ̄𝑄3 −2𝛤2, 𝛺56 = 0,

𝛺57 = −µ̄𝑃 T
12, 𝛺58 =−µ̄𝑃22,

𝛺66 = −R, 𝛺67 = 0, 𝛺68 = 0, 𝛺77 =−µ̄𝑍1,

𝛺78 = −µ̄𝑍2, 𝛺88 =−µ̄𝑍3, µ̄ = (1−µ), ᾱ = (1−α).

Proof Define the Lyapunov functional candidate as fol-
lows:

𝑉 (xt) = 𝑒T(t)𝑃𝑒(t)+η
T(t)𝑃̄η(t)+

∫ t

t−τ(t)
𝑒T(s)𝑇1𝑒(s)ds

+
∫ t

t−τ̄

𝑒T(s)𝑇2𝑒(s)ds

+
∫ t

t−τ(t)
𝜒T(s)𝑄𝜒(s)ds
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+ d̄
∫ t

t−d̄
[s− (t − d̄)]𝑓T(𝑒(s))𝑅𝑓(𝑒(s))ds

+
∫ t

t−τ(t)
[s− (t − τ(t))]𝜒T(s)𝑍𝜒(s)ds

+
∫ t

t−τ̄

[s− (t − τ̄)]𝑒̇T(s)𝑆𝑒̇(s)ds

+
n

∑
i=1

∫ t

t−τ(t)
2ti[l+i ei(s)− fi(ei(s))]ei(s)ds, (9)

where

𝜂(t) =

[ ∫ t
t−τ(t)𝑒(s)ds∫ t

t−τ(t)𝑓(𝑒(s))ds

]
, 𝑃̄ =

[
𝑃11 𝑃12
* 𝑃22

]
,

𝜒(t) =
[

𝑒(s)
𝑓(𝑒(s))

]
, 𝑄=

[
𝑄1 𝑄2
* 𝑄3

]
,

𝑍 =

[
𝑍1 𝑍2
* 𝑍3

]
.

By calculating the time derivative of 𝑉 (𝑥t), we obtain

𝑉̇ (𝑥t) ≤ 2𝑒T(t)P[−(𝐴+𝐾𝐶)𝑒(t)−𝐾𝐷𝑒(t − τ(t))

+𝐵𝑓(𝑒(t))+𝑊0𝑓(𝑒(t − τ(t)))

+𝑊1

∫ t

t−d(t)
𝑓(𝑒(s))ds+(𝐵1 −𝐾𝐵2)𝑤(t)]

+𝜂T(t)𝑃̄ η̇(t)+ η̇
T(t)𝑃̄η(t)+𝑒T(t)[𝑇1 +𝑇2]𝑒(t)

−(1−µ)𝑒T(t − τ(t))𝑇1𝑒(t − τ(t))

−𝑒T(t − τ)𝑇2𝑒(t − τ)+𝜒T(t)𝑄𝜒(t)

−(1−µ)𝜒T(t − τ(t))𝑄𝜒(t − τ(t))

+ d̄2𝑓T(𝑒(t))𝑅𝑓(𝑒(t))

− d̄
∫ t

t−d̄
𝑓T(𝑒(s))𝑅𝑓(𝑒(s))ds+ τ̄𝜒T(t)𝑍𝜒(t)

−(1−µ)
∫ t

t−τ(t)
𝜒T(s)𝑍𝜒(s)ds+ τ̄𝑒̇T(t)S𝑒̇(t)

−
∫ t

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds+2𝑒T(t)𝐿+𝑇𝑒(t)

−2𝑓T(𝑒(t))T𝑒(t)−2(1−µ)𝑒T(t − τ(t))

×𝐿+𝑇𝑒(t − τ(t))+2(1−µ)𝑓T(𝑒(t − τ(t)))

×𝑇𝑒(t − τ(t)). (10)

By using Lemma 2, we obtain

−d̄
∫ t

t−d
𝑓T(𝑒(s))𝑅𝑓(𝑒(s))ds

≤ −d(t)
∫ t

t−d(t)
𝑓T(𝑒(s))𝑅𝑓(𝑒(s))ds

≤ −
(∫ t

t−d(t)
𝑓(𝑒(s))ds

)T
𝑅
(∫ t

t−d(t)
𝑓(𝑒(s))ds

)
. (11)

From LMI (10), we have

−
∫ t

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds

= −α

∫ t

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds− ᾱ

∫ t

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds

= −α

∫ t

t−τ(t)
𝑒̇T(s)𝑆𝑒̇(s)ds−α

∫ t−τ(t)

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds

− ᾱ

∫ t

t−τ(t)
𝑒̇T(s)𝑆𝑒̇(s)ds

− ᾱ

∫ t−τ(t)

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds, (12)

where ᾱ = 1−α . By using Lemma 3, we obtain

−α

∫ t

t−τ(t)
𝑒̇T(s)𝑆𝑒̇(s)ds

≤ α𝜉T(t)[τ(t)𝑀T𝑆−1𝑀 +𝑀T𝐼1 +𝐼T
1 𝑀 ]ξ (t), (13)

−α

∫ t−τ(t)

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds

≤ α𝜉T(t)[(τ̄ − τ(t))𝑁T𝑆−1𝑁 +𝑁T𝐼2 +𝐼T
2 𝑁 ]ξ (t), (14)

where

𝜉T(t) =
[
𝑒T(t) 𝑒T(t − τ(t)) 𝑒T(t − τ̄) 𝑓T(𝑒(t)) 𝑓T(𝑒(t − τ(t)))

(∫ t
t−d(t)𝑓(𝑒(s))ds

)T ]
,

M =
[
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

]
, 𝐼1 =

[
𝐼 −𝐼 0 0 0 0

]
, 𝐼2 =

[
𝐼 0 −𝐼 0 0 0

]
.

By using Lemma 4, we have

− ᾱ

∫ t

t−τ(t)
𝑒̇T(s)𝑆𝑒̇(s)ds

≤ ᾱτ(t)𝜉T(t)𝑈𝑆−1
4 𝑈T

ξ (t)

+2ᾱ𝜉T(t)𝑈 [𝑒(t)−𝑒(t − τ(t))], (15)

− ᾱ

∫ t−τ(t)

t−τ̄

𝑒̇T(s)𝑆𝑒̇(s)ds

≤ ᾱ(τ̄ − τ(t))𝜉T(t)V [𝑄−1
4 +𝑄−1

5 ]𝑉 T
ξ (t)+2ᾱ𝜉T(t)V

× [𝑒(t − τ(t))−𝑒(t − τ̄)]. (16)

In addition, for positive diagonal matrices 𝛤1 > 0,𝛤2 > 0, the

following equations hold based on formula (6):

0 ≤ −2𝑓T(𝑒(t))𝛤1𝑓(𝑒(t))+2𝑒T(t)𝛤1(𝐿
−+𝐿+)𝑓(𝑒(t))

−2𝑒T(t)𝐿−𝛤1𝐿
+𝑒(t), (17)

0 ≤ −2𝑓T(𝑒(t − τ(t)))𝛤2𝑓(𝑒(t − τ(t)))

+2𝑒T(t − τ(t))𝛤2(𝐿
−+𝐿+)𝑓(𝑒(t − τ(t)))

−2𝑒T(t − τ(t))𝐿−𝛤2𝐿
+𝑒(t − τ(t)). (18)

By combining inequality (10) to inequality (18), we obtain

𝑉̇ (xt) ≤ ζ
T(t)𝛺ζ (t)

+𝜉T(t)
{

τ(t)[α𝑀T𝑆−1𝑀 + ᾱ𝑈𝑆−1𝑈T]
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+(τ̄ − τ(t))[α𝑁T𝑆−1𝑁 + ᾱ𝑉 𝑆−1𝑉 T]
}

ξ (t)

+γ
−2𝑒T(t)𝐵̂𝐵̂T𝑒(t)+ γ

2𝑤T(t)𝑤(t), (19)

where the inequality

2𝑒T(t)𝑃𝐵1 −𝐾𝐵2)𝑤(t)

≤ γ
−2𝑒T(t)𝑃 (𝐵1 −𝐾𝐵2)× (𝐵1 −𝐾𝐵2)

T𝑃𝑒(t)

+γ
2𝑤T(t)𝑤(t) (20)

is used, 𝜁(t) is defined by 𝜁T(t) =
[
𝜉T(t) 𝜂T(t)

]
, and 𝛺

is defined the same as in LMI (7). Under the zero initial con-
ditions and 𝑉 (xt)|t=∞ → 0 for system (1), we have

𝐽∞ =
∫

∞

0
[𝑧T(t)𝑧(t)− γ

2𝑤T(t)𝑤(t)]dt,

𝐽∞ =
∫

∞

0
[𝑧T(t)𝑧(t)− γ

2𝑤T(t)𝑤(t)+ 𝑉̇ (xt)− 𝑉̇ (xt)]dt

≤
∫

∞

0
[𝑧T(t)𝑧(t)− γ

2𝑤T(t)𝑤(t)+ 𝑉̇ (xt)]dt,

𝐽∞ ≤
∫

∞

0
𝜁T(t)𝛺̃𝜁(t)dt, (21)

where

𝛺̃ = 𝛺+ τ(t)[α𝑀T𝑆−1𝑀 + ᾱ𝑈𝑆−1𝑈T]

+(τ̄ − τ(t))[α𝑁T𝑆−1𝑁 + ᾱ𝑉 𝑆−1𝑉 T]

+γ
−2𝐵̂𝐵̂T +𝐻̂T𝐻̂. (22)

Obviously, if 𝛺̃ = 𝛺 + τ(t)[α𝑀T𝑆−1𝑀 +

ᾱ𝑈𝑆−1𝑈T] + (τ̄ − τ(t))[α𝑁T𝑆−1𝑁 + ᾱ𝑉 𝑆−1𝑉 T] +

γ−2𝐵̂𝐵̂T + 𝐻̂T𝐻̂ < 0, then 𝑉̇ (xt) < 0. Based on Lemma
5, the matrix inequality 𝛺̃ is equivalent to the following ma-
trix inequalities:

𝛺+ τ̄[α𝑀T𝑆−1M+ ᾱ𝑈𝑆−1𝑈T]

+γ
−2𝐵̂𝐵̂T +𝐻̂T𝐻̂ < 0, (23)

𝛺+ τ̄[α𝑁T𝑆−1N + ᾱ𝑉 𝑆−1𝑉 T]

+γ
−2𝐵̂𝐵̂T +𝐻̂T𝐻̂ < 0, (24)

when τ(t)→ τ̄ and τ(t)→ 0, respectively. By applying Schur
complement lemma to inequalities (23) and (24), we obtain
LMIs (7) and (8), respectively. Now it is easy to see that
||𝑧̄||2 ≤ γ||𝑤||2, for any nonzero 𝑤(t) ∈ L2[0,∞) is satisfied.
When 𝑤(t)≡ 0, the error system (5) is globally asymptotically
stable.

4. The H∞ performance analysis
In this section, we present a delay-dependent sufficient

condition for the solvability of the H∞ performance of the con-
cerned neural network.

Theorem 2 Consider the neural network (1) and let γ > 0
be a prescribed scalar. The H∞ state estimation problem is
solvable if there exist matrices 𝑃 > 0, 𝑃11 > 0, 𝑃12, 𝑃22 > 0,

𝑄1 > 0, 𝑄2, 𝑄3 > 0, 𝑅> 0, 𝑆 > 0, 𝑇1 > 0, 𝑇2 > 0, 𝑍1 > 0,
𝑍2, 𝑍3 > 0, 𝑇 > 0, and any appropriate dimensions matri-
ces 𝑀l , 𝑁l , 𝑈m, 𝑉m, (l = 1,2, . . . ,6,m = 1,2), such that the
following LMIs hold:

𝛯 𝐵̃ 𝐻̂ 𝛷 ατ̄𝑀T ᾱ(τ̄)𝑈
* −γ2I 0 0 0 0
* * −𝐼 0 0 0
* * * 𝛴 0 0
* * * * −ατ̄𝑆 0
* * * * * −ᾱ(τ̄)𝑆

 < 0, (25)


𝛯 𝐵̃ 𝐻̂ 𝛷 ατ̄𝑁T ᾱ(τ̄)𝑉
* −γ2I 0 0 0 0
* * −𝐼 0 0 0
* * * 𝛴 0 0
* * * * −ατ̄𝑆 0
* * * * * −ᾱ(τ̄)𝑆

 < 0, (26)

where

𝛯 = (𝛯i j)8×8,𝐵̃ = 𝑃𝐵1 −𝐺𝐵2, 𝛴 =−2τ̄𝑃 + τ̄𝑆,

𝐻̂ =
[
𝐻 0 0 0 0 0 0 0

]T
,

𝛷 =
[
−τ̄(𝑃𝐴+𝐺𝐶) −τ̄𝐺𝐷 0 τ̄𝑃𝐵

τ̄𝑃𝑊0 τ̄P𝑊1 0 0 τ̄(𝑃𝐵1 −𝐺𝐵2)
]T

,

with

𝛯11 = 𝑄1 +𝑇1 +𝑇2 + τ̄𝑍1 −𝑃𝐴−𝐴T𝑃 −𝐺𝐶

−𝐶T𝐺T +α𝑀1 +α𝑀T
1 + ᾱ𝑈1 + ᾱ𝑈T

1

+2𝐿+𝑇 −2𝐿−𝛤1𝐿
+,

𝛯12 = −𝐺𝐷+α𝑀2 −α𝑀T
1 +α𝑁T

1 − ᾱ𝑈1 + ᾱ𝑈T
2 ,

𝛯13 = α𝑀3 −α𝑁T
1 ,

𝛯14 = 𝑃𝐵+𝑄2 + τ̄𝑍2 +α𝑀4 −𝑇 +2𝛤1(𝐿
−+𝐿+),

𝛯15 = 𝑃𝑊0 +α𝑀5, 𝛯16 = P𝑊1 +α𝑀6,

𝛯17 = 𝑃11, 𝛯18 = 𝑃12,

𝛯22 = −µ̄𝑄1 − µ̄𝑇1 +α𝑁2 +α𝑁T
2 −α𝑀2 −α𝑀T

2 − ᾱ𝑈2

− ᾱ𝑈T
2 + ᾱ𝑉1 + ᾱ𝑉 T

1 −2µ̄𝐿+𝑇 −2𝐿−𝛤2𝐿
+,

𝛯23 = α𝑁3 −α𝑁T
2 −α𝑀3

−ᾱ𝑉1 + ᾱ𝑉 T
2 ,

𝛯24 = α𝑁4 −α𝑀4,

𝛯25 = −µ̄𝑄2 +α𝑁5 −α𝑀5 + µ̄T +2𝛤2(𝐿
−+𝐿+),

𝛯26 = α𝑁6 −α𝑀6, 𝛯27 =−µ̄𝑃11,

𝛯28 = −µ̄𝑃12, 𝛯33 =−𝑇2 −α𝑁3 −α𝑁T
3 − ᾱ𝑉2 − ᾱ𝑉 T

2 ,

𝛯34 = −α𝑁4, 𝛯35 =−α𝑁5, 𝛯36 =−α𝑁6,

𝛯37 = 0, 𝛯38 = 0, 𝛯44 =𝑄3 + τ̄𝑍3 + d̄2R−2𝛤1,

𝛯45 = 0, 𝛯46 = 0, 𝛯47 = 𝑃 T
12, 𝛯48 = 𝑃22,

𝛯55 = −µ̄𝑄3 −2𝛤2, 𝛯56 = 0, 𝛯57 =−µ̄𝑃 T
12,

𝛯58 = −µ̄𝑃22, 𝛯66 =−R, 𝛯67 = 0, 𝛯68 = 0,

𝛯77 = −µ̄𝑍1, 𝛯78 =−µ̄𝑍2, 𝛯88 =−µ̄𝑍3,

µ̄ = (1−µ), ᾱ = (1−α).
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Proof Define 𝐾 = 𝑃−1𝐺, then pre and post multi-
plying LMIs (7) and (8) by diag{ 𝐼, . . . ,𝐼︸ ︷︷ ︸

(10 times)

,𝑃𝑆−1,𝐼,𝐼} and

diag{
(10 times)︷ ︸︸ ︷
𝐼, . . . ,𝐼 ,𝑆−1𝑃 ,𝐼,𝐼} respectively. By using the in-

equality (see Ref. [26]) −2τ̄P+ τ̄𝑆 ≥−τ̄𝑃𝑆−1𝑃 , we obtain
LMIs (25) and (26). This completes the proof.

Remark 1 In order to show the reduced conservatism
of our stability criteria, we consider the following systems as
a special case of the system (1) reduced to a neural network
with time-varying delays described by

𝑥̇(t) =−𝐴𝑥(t)+𝐵𝑓(𝑥(t))+𝑊0𝑓(𝑥(t − τ(t))). (27)

Using the same method in Theorem 1, we can obtain the fol-
lowing results.

Corollary 1 For given scalars τ̄ > 0, d̄ > 0, µ > 0, α > 0
and matrix 𝐾, the neural network (27) is globally asymptot-
ically stable with H∞ performance γ if there exist real matri-
ces 𝑃 > 0, 𝑃11 > 0, 𝑃12, 𝑃22 > 0, 𝑄1 > 0, 𝑄2, 𝑄3 > 0,
𝑅 > 0, 𝑆 > 0, 𝑇1 > 0, 𝑇2 > 0, 𝑍1 > 0, 𝑍2, 𝑍3 > 0, 𝑇 > 0,
and any appropriate dimensions matrices 𝑀l , 𝑁l , 𝑈m, 𝑉m,
(l = 1,2, . . . ,6,m = 1,2), such that the following LMIs hold:

𝛺 𝛹 ατ̄𝑀T ᾱ(τ̄)𝑈
* −τ̄𝑆 0 0
* * −ατ̄𝑆 0
* * * −ᾱ(τ̄)𝑆

 < 0, (28)


𝛺 𝛹 ατ̄𝑁T ᾱ(τ̄)𝑉
* −τ̄𝑆 0 0
* * −ατ̄𝑆 0
* * * −ᾱ(τ̄)𝑆

 < 0, (29)

where

𝛺 = (𝛺i j)8×8, 𝐵̂ = 𝑃𝐵1 −𝑃𝐾𝐵2,

𝛹 =
[
−τ̄𝑆T(𝐴+𝐾𝐶) −τ̄𝑆T𝐾𝐷 0 τ̄𝑆TB

τ̄𝑆T𝑊0 τ̄𝑆T𝑊1 0 0 τ̄𝑆T(B1 −𝐾𝐵2)
]T

,

with

𝛺11 = 𝑄1 +𝑇1 +𝑇2 + τ̄𝑍1 −𝑃𝐴−𝐴TP+α𝑀1

+α𝑀T
1 + ᾱ𝑈1 + ᾱ𝑈T

1 +𝐿+𝑇 −2𝐿−𝛤1𝐿
+,

𝛺12 = α𝑀2 −α𝑀T
1 +α𝑁T

1 − ᾱ𝑈1 + ᾱ𝑈T
2 ,

𝛺13 = α𝑀3 −α𝑁T
1 ,

𝛺14 = 𝑃𝐵+𝑄2 + τ̄𝑍2 +α𝑀4 −𝑇 +2𝛤1(𝐿
−+𝐿+),

𝛺15 = P𝑊0 +α𝑀5, 𝛺16 = α𝑀6,

𝛺17 = 𝑃11, 𝛺18 = 𝑃12,

𝛺22 = −µ̄𝑄1 − µ̄𝑇1 +α𝑁2 +α𝑁T
2 −α𝑀2 −α𝑀T

2 − ᾱ𝑈2

− ᾱ𝑈T
2 + ᾱ𝑉1 + ᾱ𝑉 T

1 −2µ̄𝐿+𝑇 −2𝐿−𝛤2𝐿
+,

𝛺23 = α𝑁3 −α𝑁T
2 −α𝑀3 − ᾱ𝑉1 + ᾱ𝑉 T

2 ,

𝛺24 = α𝑁4 −α𝑀4,

𝛺25 = −µ̄𝑄2 +α𝑁5 −α𝑀5 + µ̄T +2𝛤2(𝐿
−+𝐿+),

𝛺26 = α𝑁6 −α𝑀6, 𝛺27 =−µ̄𝑃11,

𝛺28 = −µ̄𝑃12, 𝛺33 =−𝑇2 −α𝑁3 −α𝑁T
3 − ᾱ𝑉2 − ᾱ𝑉 T

2 ,

𝛺34 = −α𝑁4, 𝛺35 =−α𝑁5, 𝛺36 =−α𝑁6,

𝛺37 = 0, 𝛺38 = 0, 𝛺44 =𝑄3 + τ̄𝑍3 + d̄2R−2𝛤1,

𝛺45 = 0, 𝛺46 = 0, 𝛺47 = PT
12, 𝛺48 = 𝑃22,

𝛺55 = −µ̄𝑄3 −2𝛤2, 𝛺56 = 0,

𝛺57 = −µ̄𝑃 T
12, 𝛺58 =−µ̄𝑃22,

𝛺66 = −R, 𝛺67 = 0, 𝛺68 = 0, 𝛺77 =−µ̄𝑍1,

𝛺78 = −µ̄𝑍2, 𝛺88 =−µ̄𝑍3, µ̄ = 1−µ, ᾱ = 1−α.

Remark 2 Recently, the H∞ state estimation of static
neural networks with time-varying delays was studied in
Ref. [27]. Furthermore, the delay-dependent H∞ state estima-
tion of neural networks with discrete and distributed delays
was investigated in Ref. [28]. The H∞ cluster synchronization
and state estimation for delayed complex dynamical networks
were presented in Ref. [29]. In Theorem 2, we present a suf-
ficient condition to ensure that the error system (5) is globally
asymptotically stable with an H∞ performance index γ > 0.
The delay-dependent condition is derived by constructing an
augmented Lyapunov–Krasovskii functional with Lemmas 3
and 4.

5. Numerical examples
Example 1 Consider the neural network (27) with the

following matrix parameters:

𝐴=

[
0.5 0
0 0.5

]
, 𝐵 =

[
0.25 0.15
−0.1 −0.1

]
,

𝑊0 =

[
0.2 0.1

0.15 0.1

]
, 𝐿1 = 02, 𝐿2 = diag{0.4,0.6}.

By solving LMI in Corollary 1 with τ̄ = 0.5,α = 0.5, and
µ = 0.3, and using LMI toolbox,[30] the feasible solutions are

𝑃 =

[
397.9919 63.1214
63.1214 562.5621

]
,

𝑃11 =

[
32.7117 −1.1855
−1.1855 41.3612

]
,

𝑃22 =

[
37.1651 −2.8795
−2.8795 41.9140

]
,

𝑄1 =

[
38.7991 −7.5516
−7.5516 77.2229

]
,

𝑄3 =

[
118.9035 10.5324
10.5324 79.2774

]
,

𝑆 =

[
356.8931 7.2200

7.2200 366.3974

]
,

𝑇 =

[
45.5158 −8.1013
−8.1013 70.5854

]
,
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𝑇1 =

[
38.7991 −7.5516
−7.5516 77.2229

]
,

𝑇2 =

[
76.6367 0.6630
0.6630 99.0732

]
,

𝑍1 =

[
111.0964 −3.6275
−3.6275 155.1648

]
,

𝑍3 =

[
156.7643 −15.1108
−15.1108 166.5630

]
,

𝐹1 =

[
166.8183 0

0 166.8183

]
,

𝐹2 =

[
87.6165 0

0 87.6165

]
.

Example 2 Consider the neural network (1) with the
following matrix parameters:

𝐴=

[
1.2 0
0 1.2

]
, 𝐵 =

[
0.2 −0.5
−0.4 1.2

]
,

𝑊0 =

[
−0.5 0.2
−0.2 0.5

]
, 𝑊1 =

[
0.5 0.2
0.3 0.2

]
,

𝐶 = diag{0.1,0.5}, 𝐷 = diag{−0.5,0.5},
𝐵1 = diag{−0.4,0.4}, 𝐵2 = diag{0.8,0.4},
𝐻 = diag{0.1,0.1}, 𝐿1 = 02, 𝐿2 = 𝐼.

By solving LMI in Theorem 2 with τ̄ = 0.6, d = 0.5, µ = 0.5,

and α = 0.3, and using the LMI toolbox, the feasible solutions
are

𝑃 =

[
0.4066 −0.0047
−0.0047 0.2876

]
, 𝑃11 =

[
0.0490 0.0110
0.0110 0.0103

]
,

𝑃22 =

[
0.0226 0.0076
0.0076 0.0056

]
, 𝑄1 =

[
0.0642 0.0254
0.0254 0.0162

]
,

𝑄3 =

[
0.0818 0.0098
0.0098 0.0084

]
, 𝑅=

[
0.4501 0.1720
0.1720 0.1060

]
,

𝑆 =

[
0.2998 −0.0200
−0.0200 0.1380

]
, 𝑇1 =

[
0.0642 0.0254
0.0254 0.0162

]
,

𝑇2 =

[
0.3233 −0.0133
−0.0133 0.3431

]
, 𝑍1 =

[
0.1638 0.0348
0.0348 0.0319

]
,

𝑍3 =

[
0.1151 0.0329
0.0329 0.0204

]
, 𝐹1 =

[
0.2270 0

0 0.2270

]
,

𝐹2 =

[
0.0870 0

0 0.0870

]
, γ = 0.5748.

The state estimator gain matrix is then obtained as

𝐾 =

[
−0.0168 0.3063
0.3930 2.4271

]
.

The minimum H∞ performance index γ with different (τ̄,µ)
and fixed d = 0.5 and µ = 0 is listed in Table 1.

Table 1. Minimum H∞ performance index γ with different (τ̄,µ) and fixed d = 0.5 and µ = 0 for Example 2.

Method α (1, 0.3) (0.9, 0.5) (0.9, 0.3) (0.8, 0.5) (0.8,0.3)
γ in Ref. [28] 0.15 1.3784 1.3475 1.3148 1.2846 1.2451
γ in Thm 2 1.2086 1.1807 1.1649 1.1456 1.1278

γ in Ref. [28] 0.25 1.3278 1.2973 1.2611 1.2314 1.1952
γ in Thm 2 1.1797 1.1584 1.1337 1.1151 1.0952

Example 3 Consider the neural network (1) with the fol-
lowing matrix parameters:

𝐴=

[
1.2 0
0 1.2

]
, 𝐵 =

[
1 0.3

−0.4 0.2

]
,

𝑊0 =

[
−0.5 0.4
−0.2 0.15

]
, 𝑊1 =

[
−0.3 0.2
−0.1 0.2

]
,

𝐻 =

[
1 1
0 −1

]
, 𝐶 = diag{−1.1,0},

𝐷 = diag{0.4,0}, 𝐵1 = diag{−0.2,0.2},
𝐵2 = 0.2, 𝐿1 = 02, 𝐿2 = 0.8I.

Table 2. Minimum H∞ performance index γ with different (τ̄, µ) and
fixed d = 0.5 for Example 3.

Method (0.9,0.3) (1,0.5) (1,0.4) (1,0.3)
α = 0.5 0.6830 0.8207 1.0349 1.1456
α = 0.7 0.6776 0.8017 1.0237 1.1351

By solving LMI in Theorem 2 with τ̄ = 1, d = 0.5, µ = 0.5,
and α = 0.5, and using the LMI toolbox, the state estimator
gain matrix is obtained as

𝐾 =

[
−1.1084
0.6975

]
.

The result is presented in Table 2.

6. Conclusion
In this work, we have studied the H∞ state estimation

control of neural networks with discrete and distributed time-
varying delays. Some improved delay-dependent H∞ state es-
timation analyses have been established in terms of linear ma-
trix inequality by constructing an appropriate type of LKF for
delayed neural networks. It is shown that a desired state es-
timation controller gain matrix can be constructed when the
given linear matrix inequalities are feasible. Numerical exam-
ples are given to demonstrate the effectiveness and the useful-
ness of the proposed method. The results are also compared
with existing methods. In this paper, we have considered aug-
mented LKFs to show the less conservative results. However,
we construct the augmented LKFs with single integral terms.
We would like to point out that it is possible to extend our main
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results to a more general discrete-time uncertain neutral with
interval time-varying and distributed delays by using the aug-
mented LKF approach with triple integral terms. The results
will appear in the near future.
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