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In the present paper, a comparison of the performance between moving cutting data-rescaled range analysis (MC-
R/S) and moving cutting data-rescaled variance analysis (MC-V/S) is made. The results clearly indicate that the operating
efficiency of the MC-R/S algorithm is higher than that of the MC-V/S algorithm. In our numerical test, the computer time
consumed by MC-V/S is approximately 25 times that by MC-R/S for an identical window size in artificial data. Except for
the difference in operating efficiency, there are no significant differences in performance between MC-R/S and MC-V/S for
the abrupt dynamic change detection. MC-R/S and MC-V/S both display some degree of anti-noise ability. However, it is
important to consider the influences of strong noise on the detection results of MC-R/S and MC-V/S in practical application

processes.
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1. Introduction

Hurst developed the rescaled range analysis (R/S),!!!
which is a statistical method to analyze long records of natural
phenomena. If we consider the same time series but increase
the number of observations, the rescaled range will generally
also increase. The rescaled range is calculated by dividing the
range of values exhibited in a portion of the time series by the
standard deviation of the values over the same portion of the
time series. The increase in the rescaled range can be charac-
terized by plotting the logarithm of R/S versus the logarithm
of m (where m is the size of subsample data). The slope of
this line gives the Hurst exponent, H. If the time series is gen-
erated by a random walk H has a value of 0.5, i.e., H = 0.5
(http://en.wikipedia.org/wiki/Rescaled range). The Hurst ex-
ponents of many types of time series are greater than 0.5.[>-16]
For example, observations of the height of the Nile River mea-
sured annually over many years provided H = 0.77. The daily
temperature records also have H > 0.5. It is now well known
that a time series with a Hurst exponent greater than 0.5 ex-
hibits a long-range correlation or long-term memory.

Chen et al.'”! and He et al.!'8! found that the Hurst ex-
ponent of a correlated time series, which is generated by one
dynamic system, does not change to a statistically significant
degree when a segment is randomly cut from the correlated
signals. Furthermore, the changes in the Hurst exponent when
some data are removed are mainly caused by an insufficient
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sample size. However, if there is an abrupt change in the dy-
namic equation at a specific moment, the Hurst exponent of the
correlated time series generated by the equation will change
sharply. In view of these characteristics of the Hurst expo-
nent, He et al. presented a novel measure, i.e., moving cutting
data—R/S (MC-R/S),!"® for abrupt dynamic change detection
in a correlated time series. Numerical tests demonstrate that
MC-R/S performs well.

Based on the R/S algorithm, Giraitis et al. presented
an amended method: rescaled variance analysis (V/S).[1"]
According to the V/S and MC-R/S algorithms, Sun et al.
put forward a new method of detecting the abrupt dynamic
change, which is called the moving cutting data—V/S (MC-
V/S) method.?"! They claimed that MC-V/S performs better
than MC-R/S in detecting an abrupt dynamic change in a cor-
related time series, but they did not compare the performances
of the two methods by using either an artificial time series or
the observational data. To facilitate the best application of the
two methods, it is important to quantitatively compare the per-
formances of MC-V/S and MC-R/S. To bridge this gap, the
operational efficiency (namely CPU time consumed), accuracy
of the detection result, and anti-noise ability of the two meth-
ods for observational data are comprehensively compared in
this paper.

The rest of this paper is organized as follows. In Sec-
tion 2, we briefly introduce our methods, including R/S, V/S,
MC-R/S, and MC-V/S, and the model time series used in nu-
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merical tests. In Section 3 our results are compared, particu-
larly focusing on the influences of noise on the detection re-
sults of MC-V/S and MC-R/S. Finally, the conclusions and
discussion are presented in Section 4.

2. Methods and model
2.1. Rescaled range analysis

Rescaled range analysis (R/S) is a statistical measure of
the variability of a time series introduced by Hurst.!!) The pur-
pose of R/S is to provide an assessment of how the apparent
variability of a series changes with the length of the time-
period being considered. For a time series {x;, i = 1,2,...,
N}, R/S is calculated as follows:

(i) Consider an m-dimensional sample series {y;, i = 1,
2,...,m}, where m = sN, and s € (0,1);

(ii) Then, compute the mean of the subseries {y;},
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(iii) Calculate the cumulative deviation Z(k) of the series

it

m

Z(k)=Y (y(k)-5), k==12,....m;
k=1

(iv) Determine the range R, = max{Z(k)) —min{Z(k)},
and the rescaled range (R/S), = Ry /Sm, wWhere the S,, is the
standard deviation for the subseries {y;, i =1, 2,..., m}, and is
expressed as

(v) Shift the subseries {y;} with a step size of m without
changing the length of the subseries, namely, {y;, i = 1 4+ m,
2+m, ..., 2m}, and repeat steps (ii) to (iv);

(vi) Estimate the average rescaled range for each sub-
series;

(vii) Change the size m, and repeat the operation from
steps (i) to (vi);

(viii) Create a double logarithm plot of the average of
(R/S)s versus m.

These steps can be summarized in the following equation:

i

(R/Shn= 5 | max X 0095~ min ¥ 009 -5) |- (1)
== — =" k=1

Hurst found that the ratio R/S is very well described for a
large number of natural phenomena by the following empirical
relation:

(R/S)m = am", 2)

where a is a constant and H is the Hurst exponent. If the time
series {x;, i = 1,2,...,N} is generated by a random walk, H

has a value of 0.5, i.e., H = 0.5. If the Hurst exponent is less
than 0.5 and greater than 0, the time series is uncorrelated. If
the Hurst exponent is greater than 0.5, the time series is char-
acterized by long-range correlation. If the Hurst exponent is
1.0, the time series exhibits the behavior of 1/f noise.

2.2. Rescaled variance analysis

In the V/S algorithm, the rescaled variance statistic is de-
scribed by the following equation!!'”!

m L
VIS = g | L (X 60—
s LL= =1
m L
YW e
L=1k=1

where V/S refers to variance, S,,.

2.3. MC-R/S and MC-V/S algorithms

The detailed descriptions of the MC-R/S and MC-V/S al-
gorithms are as follows.

Step 1 Choose a window size M

Step 2 Continuously cut sections of data with a length
of M from the i-th data to the i + M-1th, i=1, 1+ M,...,
1+ (n—1)M, n = [N/M], where the symbol [ ] denotes the
fetching integer and N is the total number of data. For exam-
ple, [1000/30] = 33. Then, stitch the remaining parts together
to obtain a new time series.

Step 3 Calculate the values of Hurst exponent H; of the
new time series (including N-M data) using R/S and V/§, re-
spectively;

Step 4 Slide the window with a fixed size M in the orig-
inal series, and repeat Steps 2 and 3 until reaching the end of
the original series;

Step 5 Obtain a Hurst exponent series {H;, i =
1,2,...,n};

Step 6 Calculate the variance contributions of the Hurst
exponent series in Step 5, and obtain the time-instant of any
abrupt dynamic changes.

2.4. Logistic map

The logistic map is a polynomial map and is often cited as
an archetypal example of how complex, chaotic behavior can
arise from very simple nonlinear dynamic equations. Mathe-

matically, the logistic map is written as follows: (>}

X1 = uxn (1 —xy), x€[0,1]. )

Here, x, is a number between zero and one and it repre-
sents the ratio of existing population to the maximum possible
population in year n. Thus, xo represents the initial ratio of the
population in year 0. The u is a positive number and represents
a combined rate of reproduction and starvation. The relative
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simplicity of the logistic map makes it an excellent point of
entry to the concept of chaos. A rough description of chaos
is that a chaotic system exhibits tremendous sensitivity to the
initial conditions, with most values of u falling in a range be-
tween approximately 3.57 and 4 on the logistic map. In this
study, xo = 0.8, and u = 3.8.

3. Results

To compare the performances of the MC-R/S and MC-
V/S, the artificial time series with two abrupt dynamic changes
in Ref. [18] is adopted in this study. In the artificial series,
an abrupt dynamic change case can be designed as follows.
The evolution of a species can be described with a logistic
map. A sudden natural disaster occurs in a certain time pe-
riod and results in a change in the dynamic equation dominat-
ing the evolution of the species; specifically, the logistic map
could be replaced with stochastic behavior from n = 301 to
n = 330 (Fig. 1(c)). Two abrupt dynamic changes clearly oc-
cur at n = 301 and n = 330 in the artificial series.
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Fig. 1. Artificial time series with an abrupt dynamic change from
n =301 to n =330. (a) A time series with length of 1000 generated
by logistic map; (b) Gauss white noises with a length of 30; (c) the
artificial time series with two abrupt dynamic changes, which can be
obtained by replacing the data from n = 301 to n = 330 in the time
series shown in Fig. 1(a) with the data shown in Fig. 1(b). [18]

3.1. Comparing the performances of MC-R/S and MC-V/S
without noise

Figure 2 presents the MC-R/S and MC-V/S results for
the artificial time series shown in Fig. 1(c). The abrupt change
occurring from n = 301 to n = 330 can be identified equally
using either MC-R/S or MC-V/S (Figs. 2(a) and 2(b)). The re-
sults shown in Figs. 2(a) and 2(b) indicate an abrupt decrease
in the Hurst exponent series but fail to quantitatively indicate
the specific time at which the abrupt change occurs. Thus,
identification of the change point is left to the opinion of the
analyst, based on a visual inspection of the Hurst exponent
statistical graph.

In view of the sensitivity of the Hurst exponent to the
data from different dynamic systems, He et al. presented a
quantitative estimation method to identify the time-instants of
abrupt changes based on the variance contribution of Hurst

(181 1t should be noted that the average variance con-

exponents.
tribution procedure was calculated using all Hurst exponents,
and the threshold of the variance contribution was set to be
triple the average. The variance contribution can distinguish
between normal and abnormal fluctuation amplitudes. Normal
fluctuations are primarily caused by the small sample size, and
abnormal fluctuations are primarily caused by the sensitivity
of the calculation method for the Hurst exponent to the data
from different dynamic systems.

Based on the definition of the threshold of variance con-
tribution, it is easy to find that the variance contributions in
the period from n = 301 to n = 330 are clearly greater than
those in other parts in the artificial series for different window
sizes, such as M = 2, 5, 10, and 15. It can therefore be con-
cluded that an abrupt change in Hurst exponent occurs from
n =301 to n = 330 in the artificial series and that the detec-
tion results are robust for different window sizes. However, it
must be noted that false detections for abrupt change points are
more or less likely to be obtained for both MC-R/S or MC-V/S
when the window size M is relatively small, such as M =2 or
5 (Figs. 2(b) and 2(c)). It can be found that the positions of
these false detections depend on the window size (Fig. 2). In
particular, the positions of the false detections vary with win-
dow size, but the true positions of the abrupt change are hardly
affected. The false detections can be clearly identified with
larger window sizes.

Under identical computational conditions (Dell precision
T3400), the computer times for running the MC-R/S and MC-
V/S detection programs are presented in Table 1. In general,
the computer time consumed by MC-V/S is approximately 25
times that of MC-R/S for an identical window size. Therefore,
the operating efficiency of the MC-R/S algorithm is clearly
much higher than that of the MC-V/S algorithm.

3.2. Comparing the performances of MC-R/S and MC-V/S
under different signal noise ratios

Noise is inevitable in observational data. In this subsec-
tion, the effects of noise on the performances of MC-R/S and
MC-V/S are investigated. First, the performances of MC-R/S
and MC-V/S are tested for detecting abrupt change in the arti-
ficial time series with a signal-to-noise ratio (SNR) of 30 dB.
Similar to what has been done in Fig. 2, the abrupt change
occurring from n = 301 to n = 330 can be identified equally
well using either MC-R/S or MC-V/S (Figs. 2(a) and 2(b)) for
different window sizes. When the window size is relatively
small, e.g., M =2 or M =5, false detection results exist for
both MC-R/S and MC-V/S. The false detection results disap-
pear for MC-R/S after increasing the window size (Figs. 3(e)
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and 3(f)). Most of the false detection results also disappear
for MC-V/S after increasing the window size, but very few
false detection results remain, such as M = 10 and M = 15
(Figs. 3(e) and 3(f)). When the window size M is 30, both MC-
R/S and MC-V/S can exactly detect the abrupt Hurst exponent
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change (the relevant figures are omitted here). When the val-
ues of SNR are 25 dB and 20 dB, showing that both noises are
stronger than SNR = 30, similar results can be obtained and are
therefore not discussed here in detail (see Appendices A and
B).
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Fig. 2. MC-R/S and MC-V/S results for artificial time series and variance contributions of Hurst exponents. The results of (a) MC-R/S and (b)
MC-V/S under different window scales, including M =2, 5, 10, 15, and 30; variance contributions for detection results using MC-R/S (denoted
by empty circles) and MC-V/S (denoted by solid circles), with window sizes M =2 (c), 5 (d), 10 (e), and 15 (f). The dashed line represents the

tripled average variance contribution of the Hurst exponent series.

Table 1. Computer running times of MC-R/S and MC-V/S for different window sizes (in units of s).

‘Window size M=2 M=5 M=10 M=15 M =30
MC-R/S 1.6703x 1073 6.656x10~* 3.313x10* 2.156x 10~ 1.047x10~4
MC-V/S 4.13922x1072 1.611234x1072 8.0485%x1073 5.275x1073 2.5172%x1073

When SNR is 15 dB, it can be observed from Figs. 4(a)
and 4(b) that the Hurst exponents abruptly decrease when the
data from n = 301 to n = 330 are removed. This abrupt de-
crease is mainly due to the different influences of the data from
different dynamics on the calculation of Hurst exponents. The
largest variance contribution is still roughly located between
n = 301 and n = 330 for window sizes M = 2, 5, 10, 15, and
30 (Fig. 4). In addition, an abrupt increase in the Hurst expo-
nent can be observed when the window size is relatively large,
such as M = 10, 15, and M = 30. Comparing these results
with the detection results shown in Figs. 2(a) and 2(b), it is

easy to conclude that the noise in the artificial series with SNR
of 15 dB causes the abrupt increases in Hurst exponent in some
time periods. Variation analyses of the MC-R/S and MC-V/S
results indicate that some false detections still exist when the
window size is increased, unlike in the samples without noise.
Particularly for some large window sizes, the variance contri-
bution of false detection could approximate that of the actual
abrupt change period as observed in Fig. 4(g). These results
demonstrate that the strong noise can result in false detections
for both MC-R/S and MC-V/S.
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3.3. Comparing the performance of MC-R/S and MC-V/S  analyzed. The evolutionary curves of the variance contribu-

for daily surface air pressure records

In addition to the above comparisons where an artifi-
cial time series is used, it is important to compare the per-
formances of the MC-R/S and MC-V/S methods in detecting
abrupt change in observational data. Here, the daily surface air
pressure records are selected to further test the performances
of the two methods. The records are from the Huma mete-
orological station in the Heilongjiang province, China. The
detection results are shown in Fig. 5. It can be observed
that the evolutionary trends of the Hurst exponents shown in
Fig. 5(a) are similar to those in Fig. 5(b). They all reach a
maximum value in 1964, which has significantly higher Hurst
exponents compared with in the other years. To detect the
exact moment of abrupt dynamic change in the air pressure

records, the variance contributions of the Hurst exponents are
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tions in Figs. 5(c) and 5(d) are similar. The maximum values
of the variance contributions are 41.2% and 41.4%, respec-
tively, which are both far greater than the variance threshold
(approximately 6.52%). Moreover, the variance contributions
in 1992 and 1993 are slightly greater than the thresholds in
both the MC-R/S and MC-V/S results.
racy of the detection results, we use the MC-detrended fluc-
tuation analysis (MC-DFA)[?>23] to detect the abrupt change
in the records and find that cutting data from any year other

To ensure the accu-

than 1964 has very little effect on the Hurst exponents (the
relevant figures are omitted here). Observational daily surface
air pressure records from nearby stations have also been tested
using MC-R/S, MC-V/S and MC-DFA, and the detection re-
sults similarly indicate that there is an abrupt dynamic change
in 1964 in Huma.
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Fig. 5. The MC-R/S and MC-V/S results of Hurst exponents for daily surface air pressure records for the period from January 1, 1960 to December
31, 2006 at the Huma meteorological station in China, and the variance contribution analysis of the Hurst exponents with a one-year subseries length.
Panel (a) shows the MC-R/S results, panel (b) the MC-V/S results, panel (c) the variance contribution analysis of the MC-R/S results, and panel (d) is
the same as panel (c) but for the MC-V/S results. The dashed line represents the tripled average variance contribution of the Hurst exponent series.
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4. Conclusions and discussion

A comparison of performance between MC-R/S and MC-
V/S demonstrates that the operating efficiency of MC-R/S is
clearly higher than that of MC-V/S. In general, the computer
time consumed by MC-V/S is approximately 25 times greater
than by MC-R/S. For the case without noise, false detection
results occur for both MC-R/S and MC-V/S when the window
size is relatively short. However, these false detection results
disappear with an increase in the window size for both MC-
R/S and MC-V/S. The influence of weak noise on the detection
result is relatively small for each of the methods, but the influ-
ence of strong noise cannot be ignored, particularly for larger
window sizes. To mitigate the influence of strong noise on the
detection result, certain filter technologies can be applied prior
to using MC-R/S and MC-V/S, such as the Vondrak Filter. [24]

The detection results of MC-R/S and MC-V/S for daily
surface air pressure records show similar evolutionary trends
of the Hurst exponents, and both indicate an abrupt dynamic
change in 1964 at the Huma station. The time of the abrupt
change is identical to in a previous study.?>%3! Notably, how-
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ever, the computer times consumed by MC-R/S and MC-V/S
are 8.172 min and 1267.164 min, respectively. Thus, the com-
puter time consumed by MC-V/S is approximately 155 times
greater than by MC-R/S.

In summary, MC-R/S and MC-V/S perform similarly for
abrupt dynamic change detection, except for the difference in
operating efficiency. Moreover, we find that the detection re-
sults of both MC-R/S and MC-V/S could depend on the defi-
nition of the variation threshold of the Hurst exponent to some
extent. Particularly for the case in which the variation contri-
bution of the Hurst exponent obtained using MC-R/S or MC-
V/S is slightly greater than the threshold, it is very difficult to
justify the authenticity of the abrupt change point. Therefore,
further investigation is necessary to determine how to define a
rational variation threshold in future studies.

Appendix A

MC-R/S and MC-V/S results for artificial time series and
variance contributions of Hurst exponents with SNR =25 dB.
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Fig. Al. The same as Fig. 2, but for the artificial time series with SNR =25 dB.
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Appendix B
MC-R/S and MC-V/S results for artificial time series and variance contributions of Hurst exponents for M = 30 and with
SNR =20 dB.
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Fig. B1. Panels (a)—(f) being the same as Fig. 2, panel (g) being the same as Fig. 2(c) but for M = 30 and the artificial time series with SNR =20 dB.
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