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Although function projective synchronization in complex dynamical networks has been extensively studied in the
literature, few papers deal with the problem between two different complex networks with correlated random disturbances.
In this paper, we present some novel techniques to analyze the problem of synchronization. A probability approach is
introduced to obtain an almost sure synchronization criterion. We also present some efficient approaches to analyze the
problem of exponential synchronization. For the problem of synchronization in some complex networks, our approaches
not only can replace the LaSalle-type theorem but also allow improvements of existing results in the literature. Finally,
some numerical examples are provided to demonstrate the effectiveness of the proposed approaches.
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1. Introduction

Many large-scale physical systems usually consist of
large number of interacting individuals, which can be mod-
eled by dynamical networks. Many real networks can be
described by complex networks, which are shown to widely
exist in various fields of the real world, such as the Inter-
net, World Wide Web, biological networks, electric power
grids, and so on. Synchronization processes are ubiquitous
in our lives and there are many kinds of synchronizations,
such as synchronous communication, signal synchronization,
database synchronization, and so on. Not only can network
synchronization explain many natural phenomena but also it
has many potential applications, such as secure communica-
tion, synchronous information exchange over the internet, and
the synchronous transfer of digital signals in communication
networks. There are many kinds of synchronization, such
as generalized synchronization, phase synchronization, partial
synchronization, cluster synchronization, and so on, =281

Function projection synchronization means that the driver
and response systems could be synchronized up to a scaling
function.l'! Du et al.l'! investigated the problem of func-
tion projective synchronization for general complex dynam-
ical networks with time delay. Dai et al.!”! focused on the
adaptive generalized function matrix projective lag synchro-
nization for uncertain complex dynamical network with un-
known parameters and different dimensions of network nodes.

Inner synchronization is concerned with the synchronization
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among the nodes within a network. Outer synchronization
between two or more complex networks>*~12! is one which
means the corresponding nodes of coupled networks could
achieve synchronization regardless of synchronizing the inner
networks. Li e al.l*! investigated a new generalized projec-
tive synchronization phenomenon in a system of two coupled
complex networks with different sizes via linear feedback con-
trol and the adaptive control method. Using stability analysis,
they obtained some of the criteria of the generalized projec-
tive synchronization of the two coupled networks. Chen et
al.'%! presented a new general network model for two complex
networks with time-varying delay coupling. Then they inves-
tigated its synchronization phenomena. The two complex net-
works of the model differ in dynamic nodes, the number of
nodes and the coupling connections.

In the real world, dynamical networks are often subject
to environmental disturbances; especially, the signal transfer
within dynamical networks is always affected by the stochas-
tic perturbations. Lu et al.l*! firstly formulated a switched
stochastic dynamical network model. To reflect more realis-
tic dynamic behaviors, many researchers have recently inves-
tigated the synchronization problem of complex networks with

stochastic effects. Yang et al.l?!!

studied the globally exponen-
tial synchronization of delayed complex dynamical networks
with impulsive and stochastic perturbations.

In particular, Wang et al.'®! regarded the outer synchro-
nization between two delay-coupled complex dynamical net-

works with nonidentical topological structures and a noise per-
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turbation. They assumed that the stochastic effects were driven
by a Brownian motion. Such an assumption is a good first step.

Furthermore, Mao3%! established a LaSalle-type asymp-
totic convergence theorem for the solutions of stochastic dif-
ferential delay equations. For some complex networks with
time day and stochastic effects, the LaSalle-type theorem is
a useful tool to obtain some synchronization conditions, but
it seems that it is not flexible enough to apply in the prob-
lem of synchronization in complex networks with stochas-

tic effects. For example, using the LaSalle-type theorem,

8.10.17] dealt with the problem of synchronization

some authors!
rather than exponential synchronization in complex dynamical
networks with stochastic effects.

Motivated by the above discussion, we will study the
function projective synchronization problem between two dif-
ferent complex networks with correlated random disturbances.
We assume that the stochastic effects are driven by two Brow-
nian motions. The correlation coefficient for stochastic effects
between two complex dynamical networks is general, which
can lead to fruitful results. We present a probability approach
to analyze function projective synchronization between the
two complex networks. We also present some efficient ap-
proaches to analyze the problem of exponential synchroniza-
tion. Using the property of the Martingale and Gronwally in-
equality, we obtain some conditions to guarantee that the drive
network and response network can realize mean square func-
tion projective synchronization. Under a particular assump-
tion, the drive network and response network can almost surely
realize exponential synchronization. For the problem of syn-
chronization in some complex networks, not only can our ap-
proaches replace the LaSalle-type theorem but also allow im-
provements of existing results in the literature.

The organization of the remaining part is arranged as fol-
lows. In Section 2, two complex networks with stochastic
effects are introduced, and some preliminaries are given. In
Section 3, the function projective synchronization problem be-
tween two different complex networks with stochastic effects,
is discussed. In Section 4, numerical examples are provided
to demonstrate the effectiveness of the proposed approach. Fi-
nally, this paper ends with a conclusion in Section 5.

2. Problem formulation and preliminaries

Consider a general complex dynamical network consist-
ing of N identical linearly coupled nodes. Each node is an
n-dimensional dynamical subsystem, whose state equation is
described by

N h
dx;(t) = f(xi(f))‘f'zcijrwl/ p(t)xj(t—11)dn
J=1 0

N
+ Z C,'jr(l)zx]'(t — Tz(l)):| dr
=1

+ o0 (t,x(2))dW (¢),
xi(t) = yi(t), t € [-h,0], i=1,2,...,N, (D

where x;(t) = (x;1(¢),x2(t), - .., %in(t))T € R" denotes the state
vector. f : R" — R" is a continuously differentiable vector
function determining the dynamics behavior of the nodes, and
satisfies the global Lipschitz condition with Lipschitz constant
L>0,ie.,

1F (@) = f 2 @) IS L[ y1 (1) = y2(0) [],

for any y; (¢),y2(¢) € R", where || - || is Euclidean norm. p(7;) :
[0,h] — Ry is integrable function with fg'p(’c])d‘cl =1l1is
distributed according to p(7) over the interval [0, /], where & is
the upper bound of the distributed delay. C = [c;;]nxn repre-
sents the outer coupling configuration of the complex network,
in which ¢;; is defined as follows: if there is a connection from
node j to node i (i # j), ¢;j > 0, otherwise ¢;; = 0, and the
entries of matrix [c;j]yxn satisfy the diffusive condition

N

Y @)

J=Lj#i

Cij = —

Inner-coupling matrix I € R™*" is a positive diagonal matrix.
Wi(t), i= 1,2, is a Brownian motion defined on the probability
space (Q,F,{F}i>0,P). o1(t,x(t)) R, i=1,2,...,N, is
the noise intensity function. @;, i = 1,2, is the weight assigned
to the relative term of delay, and @; + @, = 1. To(¢) is a differ-
ential function with 0 < 7,(¢) < € < 1. The initial condition
y;(1) R, i=1,2,...,N,is a continuous vector function.

We take the network given by Eq. (1) as the driving
network, and the response network with an adaptive control
scheme is given by

N h
dy;(r) = g(yi(t))+zdijrﬂ)1/ p(t1)y;(t—m1)dm
= 70
N
+Zd,»j1“w2yj(trz(t))+u,-(t)] dr
=1
+02(t,yi(t)) dWa(2),
yi(t) = ¢i(t), t € [-h,0] i=1,2,...,N, 3)

where y;, ¢;, 02, and g have the same meanings as those in
Eq. (1). D = (d;j)nxn is the coupling configuration matrix. p
is the correlation coefficient for stochastic effects in the driv-
ing network and respond network. u; is the controller for node
i to be designed according to the specific network structures C
and D. We define the error term

ei(t) =yi(t) —o(t)xi(¢), i=1,2,...,N, )

where o(¢) is a continuously differentiable function.

Assumption 1 There exists a constant M satisfying

/0 " at,3:(v)) — pat(v) 1 (v,3:()) |2 dv
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oo

+(1=p?) [ 02(v) || 01(v,5(0) | dv < M,

where i =1,2,...,N.

Assumption 2 p =1, o»(z,y;(t) = Byi(¢), 01(t,x:(t)) =
Bxi(t), i=1,2,... N, where 3 is a constant.

Definition 1 The driving network and the response net-
work are said to achieve function projective synchronization
in mean square, if there exists a continuously differentiable
scaling function a(r) such that

. ) 27 _ 1: ) . , 21
lim E{] ei(r) 2} = lim E{| yi(r) - () (e) [P} =0,
i=1,2,...,N.

In particular, it is said to achieve mean square exponential syn-
chronization, if there exist 1 > 0, M > 0 such that,

E{| ei(r) |’} <Me ™™ sup | e0) ]|, i=1,2,...,N.

—h<0<0

Lemma 13! For any vectors x,y € R", and positive-
definite matrix Q € R™", the following matrix inequality
holds: 2xTy < xTOx+yTQ~!y.

Lemma 2852

(Gronwally’ inequality) Let 7 > 0 and
u(-) be a Borel measurable bounded non-negative function on

)
0,7]. Tf
15
u(t) gc+v/ u(s)ds, VO<t<T,
0

for some constants c, v, then

u(t) <ce", Vo<t <T.

3. Main results

In this section, using a probability approach, we shall ob-
tain an almost sure synchronization criterion. By the property
of the Martingale and Gronwally inequality, we will show that
the driving network and the response network can realize mean
square exponential synchronization under Assumption 1. Fur-
thermore, we also present a comparison approach to analyze
exponential synchronization under Assumption 2.

Theorem 1 Assume that the following adaptive control
scheme is satisfied

N

h
ui = Z(Cij_dij)rﬂh/o p(t)yj(t—71)dt
j=1

N
+ Y (cij — dij) T oyt —1a(1))
j=1
+a(t)f(xi(t)) —gyi(t)) + a(t)xi(t) — giei(t),
Gi=kill ei(r) |, 5)

where k; is any positive constant for i =1,2...,N. If Assump-
tion 1 holds, then driving network (1) and the response net-
work (3) can realize almost sure synchronization.

Proof By inequality (4), we have that the differentiation
of e;(t) is

de;(t) = dy;(r) — a(t)dx;(t) —x;(¢)de(z), i=1,2,...,N. (6)

Substituting Egs. (1)—(3) into Eq. (6), we have

N h
deit) = [s0s0)+ L asTon [ plenyio - mas
=1

N

+ ) dijT oyt = 1a(1)) — a(1) f (xi(1))
j=1

|
M=

h
oc(t)cijl"a)l/o p(Tl)xj'(t—Tl)d‘L'l

~.
Il
_

|
M=

o(t)eiIanx;(t — w(t)) — &(t)xi(r) +ui(z)| de

+\
91

1,yi(1))dWa (1) — a(r) o (2,x;(t) ) AW (1),
i=1,2,...,N. (7N

Substituting Eq. (5) into Eq. (7), we get

N h
de,-(t) = [Zlcijl“a)l/o p(’l?l)ej(t—f])dﬁ
j=

N
+ Y cijTanej(t — (1)) — qi(t)ei(r) | di
j=1
+0a(t,yi(1)) dWa () — (1) o1 (£,x: (1)) AW (1), (8)

where i = 1,2,...,N. Construct a Lyapunov function as
[ 11 12
V(i) =Y e (f)ei(f)Jr*Zi(qz'(f)—q )
23 25k
N th t -
+Z/ 00117(71)/ e; (x)ei(x)dxdr
i=1" 0 =1
1

+

(1-¢) “ /t—rz(t) ef (x)ei(x)dx,

where ¢* is a positive value to be determined. The differentia-
tion of V(¢) along the state trajectories (8) is

dv = LV (t)dr+ ieiT(t) [02(2,y:(t)) dWa(2)

7a(t)cl(tvxi(t))dwl(t)], 9
where
N h
,CV(Z‘) = ZeiT(t)[Zc,»ijl/ p(Tl)el/‘(tf’Cl)d"L']
i=1 j=1 0

N
+ Z cijlane;(t —1a(t)) _‘Ii(t)ei(t)]

_|_
M= T

—
=2

N
(1) = q")ej (t)ei(r) + ; e (t)ei(r)

h
(D]‘/O p(rl)el-T(tf‘cl)ei(tf‘c])drl

-

Il
—

+
I
—
—
| | =
™
N
o
=~
—~
<
S—
2
~—
=
N~—
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Nol-t g
_i:ZI (1 78) me; (l‘ - Tz(l‘))ei<l — Tz(l))
N
+Z‘i; | (02(t,3i(t)) — pex(t) o1 (2,3:(1)) ||?
¥
+_)_:1 5(1 —pH)o (1) [ o (t,x:(0)) |1* -
By Lemma 1, we have
X;ZZe Jeiilej(t— (1))
< s wcercart)
+2eT(t — 1 (1))e(r — (1)), (10)
where e(t) = (e] (t),e1(t),...,exn(t))T. Note that
N N h
Z Z 26?([)0,’/‘1—‘/ p(Tl)ej(t— Tl)dfl
i=1j=1 0
N N h
= Z Z 2 p(T)el-T(t)cierj(t— 7)dT.
i=1j=1 “/0
Then, by Lemma 1, we have
N N
ZZZE CUF/ p(t)ej(t—7)dT
i=1j=1
< %eT(t)[C@JF][C@F]Te(t)
—|—2/0hp(‘cl)eT(t—’L’l)e(t—z'])d‘cl. (an

By expression (9)-(11) and the assumption that 0 < 7,(¢) <
€ < 1, we can choose a sufficiently large ¢g* such that

+Zf | 02(t.3:()) — pex(t)o (¢, :(0)) |

i= 1
+ Z =
=1
where qo is a positive constant. Therefore,
N
) < —qo Y e} (t)ei(r)dr
i=1

N
£ 2 1l 02(e.3i(0) — peu(t)o o, x(0) | i
i=1

A1) |l o1(e,xi(0) |17,

[\J

=

N
£33 (1-p)0(0) || 01(0.5(0) |P
i=1
N
+Ze 0'2 t y, )sz(t)
-~ alt)o(ros )W (1) (12)

Integrating x on both sides of inequality (12) from O to ¢, we
have

N t -
vmsv@f%;Ae
N ot
3L [ lomtentv)) -

pa(v)oi(v,x(v)) |I* dv

3209 [ @) 01 (v.5(0)) F av
Nf t
+L [ dWloav (o) aws )

—a(v)0oy (£, (v))dWi (v)]. (13)

Let

———Wi(1). (14)
P

By Eq. (14) and the fact that p is correlation coefficient for the
two Brownian motions W, (r) and W5 (z), we have that W; and
W are two independent Brownian motions. By Assumption 1
and Eq. (14), we may obtain

—pa(v)o (t,x;(v)) dWa(v)
—y/1-p2a(v)oy(t,x(v)dW (v)].  (15)

It is well known that if the random variables Y|, Y3,..., V),
are independent and Y; has the normal distribution with mean
,m), then, the sum Y; + Y +
--+Y,, has normal distribution with mean t; + tp+---+ Uy,

u;j and variance 67 (j = 1,2, ...

and variance 67 + 05 + -+ 02. Then, by the definition of
Brownian motion, we can obtain

Y [ el Wl(©:(0.3(v)) - pa(v)o)1.5(0)dW(v) /1 p (V)0 1,5(0)) 4 (v)]

2

= Y xi 01\//

)(o2(v,yi(v ))—poc(v)crl(t,x,'(wu)))z—i—(\/1—pzeiT(v)oc(v)cfl(t,x,'(wu)))2 dv, (16)
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where X;(0, 1) has the standard normal distribution. Note that
/ [<e?<u><
(/11—
/[II ei(v) [Pl 02(v,yi(v)) — pex(v) o1 (v,x:(v)) |
+ [lei(v) > (1-p?) || a(v)o1(v.x(v)) [ ]dv
= /O Fei() 17 [ 02(v.y:(v)) = pa(v) o1 (v,x:(v)) [|*
+(1-p?) || a(v)o1(v.x(v)) * ] dv. (17)

(0,3:(0)) = pa(v) 61 (1,x:(v)))

v)o1(t,x1(v)))*] dv

By Assumption 1, we have that, V € > 0, there exists t; > 0
such that

| 62(2,yi(1)) = pe(t) o1 (¢,x:(1)) ||
+(1=p?) a0 (t,x() [*<e
t>t, i=1,2,...,N, (18)

holds almost everywhere. According to expressions (13)—(18),
we can obtain

N t
Ve < Vo)) /O qoeiT(x)ei(x)dx—i—ng

+Z£X 0,1) /l eT(x)e;(x)dx (19)

|

for t > t1. By inequality (19), we have

P{ﬁ/me?(x)ei(x)dx<W} =1 (20)
i=171

In fact, if equation (20) does not hold, then by inequality (19),
we have

IP’{O < limV(r) <

1—ro0

foo} >0,
which is a paradox. Equation (20) leads directly to

lim || ¢;(¢) ||=0, as., i=1,2,...,N

{—oo

Therefore, the driving network and the response network can

realize almost sure function projective synchronization under

Assumption 1. ]
Remark 1 Under Assumption 1, driving network (1) and

the response network (3) can also realize mean-square expo-

nential synchronization. Note that

i) 2 [T w)lox(vv) aia(v)

—pa(v)ai (t,x(v))dWa(v)

_ Ma(v)m (t,xi(U))dWI(v)]v

i=1,2,...,N,isa (P
tations on both sides of inequality (15), we have

,{Ft }+>0)-martingale. Taking the expec-

EV Z/ q()E ))dx+1;]M1

Using Lemma 2 and the fact that YV
can obtain

E{Zé ,Tme,»(r)} < v+ S| e e

el (t)e;(t) <2V (t), we

By inequality (21), we have

, N o
< qot
thrgIE{ E } ;hnolo {V(O)Jr 2M1} e

=0.

Therefore, the driving network and the response network can
realize mean-square exponential synchronization.

Remark 2 We would like to present a comparison ap-
proach to analyze function projective synchronization between
the two dynamical networks under Assumption 2. In the case,
the driving network (1) and the response network (3) can re-
alize almost sure exponential synchronization. Consider the
following stochastic comparison equation

2\ N
a (Zl ;chc,(z)) - —<40—ﬁz> ¥ (s
+Zﬁc

N, is an n-dimensional vector func-

ndwi(r),  (22)

where ¢;(t), i = 1,2,...,

tion. By Assumption 2, inequality (13), Eq. (22), and the fact

that Y, e (t)e;(t) <2V (), we can choose a sufficiently large
A ,T(O) :(0) such that

~

N
el (D)ei(t) < Y cf (t)ei(t). (23)

1

M=

1

Let V(r) = In (XY, 1] (r)ci(r)). The differentiation of V (r)
along the state trajectories (22) is

70 = 2B yar+ BB 00
dv(t) = —2(qo )dr + {vll Ll (t)eir)
Nlﬁ '(Z‘)Ci( ))2 dr

B (c
2(XY, ST (@)eiln)’
2

“2(q0-E)ar2pawie) -

dwi ()

2B%dr.  (24)

IN

Note that

it . X;i(0,1
lim Wi(r) = lim ©,0)
f—oo  f f—voo \ﬁ

=0, as., i=1,2...,N. (25
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Put Egs. (24) and (25) together, we have

N T . 2
}L%Supln(zj:lc; (t)cl(t)) S_z(qo_i_ﬁz), a.s. (26)

From inequalities (23) and (26), we see that if Assumption 2
holds, then the driving network and the response network can
realize almost sure function projective exponential synchro-
nization.

Remark 3 For the proof of Theorem 1, to the best of
our knowledge, we are the first to introduce such a proba-
bility approach for dealing with the problem of synchroniza-
tion in complex dynamical networks. For the problem of syn-
chronization in some complex networks, not only can our ap-
proaches replace the LaSalle-type theorem but also allow im-
provements of existing results in the literature. In some papers
(see, e.g., Refs. [8], [10], and [17]), the authors only present
some synchronization rather than exponential synchronization
criteria. In particualr, the study also presents an equivalent
way of regarding Itd’s integral. The techniques presented by
us may hopefully shed some light on the theoretical analysis of
synchronization in a variety of complex dynamical networks
with stochastic effects.

4. Examples

In this section, we present several numerical examples to
show the effectiveness of the theoretical results. The Lorenz
system is represented by

alxy —x1)
&= | cx; —x1x2(t) —x3(¢) |,
X1X2 — b)C3

which has a chaotic attractor when a = 10, b = 8/3, ¢ = 28.
Lorenz equations may describe such different systems as laster
devices, disk dynamos, and several problems related to con-
vection. The Chen system has wide application potential in
secure communications, and it has a more complication topo-
logical structure. The Chen system can be described as

alx; —x1)
= | (c—a)x; —xx3(t) +cex(t) |,
X1X2 — b)C3

which has a chaotic attractor when a =35, b =3, ¢ =28. We
consider the following driving network and response network:

3 h

dxi(t) = f(xi)+ Zcijrwl/ p(t)xj(t —71)d7

Jj=1 0
3

+ Z c,-ja)zij(t — Tz(l‘)) + 0 (I,xi(l‘))dwl (I),
=1

3 h
dyi(?) = g(vi) + Zdijrwl/o p(m)y;(t—m)dn
=1

3
+ Z diiTonyi(t — (1)) +ui(t) + oa(t,yi(t)) dWa(t),

j=1
i=1,2,3,
where

—35x;1 (l‘) + 35x2(1)

f(x,') = —7x,<1 (t) — X1 (t)x,g (t) — 28)6,'2 (t) s
xi1 (£)xi2(t) — 3xi3(t)

—10yi1 (t) + 1Oyi2(t)
gvi) = | 28y (1) =y ()yia(t) — yia(t)

yir(1)yin(t) — 8xi3(1)/3
We assume that p(7) = 1/h. The controller u;(¢) can be de-
signed by Theorem 1 as follows:

3 h
u, = Z(cij—dij)l“wl o p(Tl)yj(t—Tl)d"L'l

3
+ Y (cij—dij)Tany;(t — (1))

+ou(t) f(xi(2)) — g(i(t)) + u(t)xi(t) — giei(?),
Gi = kill ei() |17,
where i = 1,2,3. The two coupling matrices are

~10 1 32 1
c=|1-10}|, D=|1 =3 2].
0 1 —1 2 1 -3
We take ¢;(0) = 1, k; = 0.1, i = 1,2,3, a(t) = 1 + sint,
7(t) =1/(1+¢€"), h=0.8, @ = @ = 0.5. The inner cou-
pling matrix is given by I' = diag{1,1,1}.

€11

— €12
€13
0 1 2 3 4 5
Time t
3
(b) |
iy — €11
€12

€13

Time t

Fig. 1. (color online) The trajectories of the synchronization error e un-
der two different correlation coefficients. In panel (a), p = 0; in panel
(b),p=1
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Figures 1-3 show the trajectories of the synchronization
errors ¢;, i = 1, 2, 3, under two different correlation coeffi-
cients. In Figs. 1-3, we assume that

T
).

3 3 3
mUm@D=<
T
), i=1,2 3.

T+ 141471 4+14

6 6 6
T4+47 14147 1414

®0m0»=(

Time t

b
(a) | (b) |

\
\
|

— €21 2 \ — €21

— €22 ~ \ €22

€23 ©

From the diagrams, we see that the correlation coefficient sig-
nificantly affects the convergence to synchronization. Fig-
ures 4-6 show the trajectories of the synchronization errors
ej, i =1, 2, 3, under two different volatility processes. In
Figs. 4-6, we assume that p = 1. From the diagrams, we see

that the volatility process significantly affects the convergence
to synchronization.

2
Time t

Fig. 2. (color online) The trajectories of the synchronization error e, under two different correlation coefficients. In panel (a),

p =05 in panel (b), p = 1.
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Fig. 3. (color online) The trajectories of the synchronization error e3 under two different correlation coefficients. In panel (a), p = 0;

in panel (b), p = 1.
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Fig. 4. (color online) The trajectories of the synchronization error e; under two different volatility processes. In panel (a), 02 (¢, yi(r)) =
8i(1), o1 (t,xi(r)) = 8x;(t); in panel (b), 02 (1, yi(1)) = yi(t), o1 (1, (1)) = xi(t), i =1, 2, 3.
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Fig. 5. (color online) The trajectories of the synchronization error e, under two different volatility processes. In panel (a), 62 (t,yi(f)) =
8yi(t), o1(,xi(t)) = 8x;(z); in panel (b), 02 (,yi(r)) = yi(t), 01 (t,x:(¢)) = x;(¢), i =1, 2, 3.
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Fig. 6. (color online) The trajectories of the synchronization error e3 under two different volatility processes. In panel (a), 02 (¢, yi(f)) =
8yi(t), o1(,xi(t)) = 8x;(1); in panel (b), 02 (,yi(r)) = yi(t), 01 (t,x:(¢)) = x;(2), i =1, 2, 3.
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. . Lo L [8]
In this paper, the function projective synchronization

191
problem for two complex networks with correlated stochastic [10]
effects has been investigated. By a probability approach, we 1]
obtain some conditions to guarantee that the driving network [12]
and the response network can be almost surely synchronized. [13]
Furthermore, using some efficient techniques, we also obtain ﬁg
some conditions to guarantee that the driving network and the [16]
response network can realize exponential synchronization. Fi- [17]
nally, some numerical examples are provided to demonstrate (18]
the effectiveness of the proposed approaches. The effects of
stochastic disturbances are illustrated through numerical ex- [19]
. . . . . 20
periments. Through numerical experiments and simulations, (201
we demonstrated that stochastic disturbances significantly af- [21]
fect the convergence to synchronization. [ii]
[23]
[24]
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