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Numerical simulation and analysis of complex patterns
in a two-layer coupled reaction diffusion system∗
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The resonance interaction between two modes is investigated using a two-layer coupled Brusselator model. When
two different wavelength modes satisfy resonance conditions, new modes will appear, and a variety of superlattice patterns
can be obtained in a short wavelength mode subsystem. We find that even though the wavenumbers of two Turing modes
are fixed, the parameter changes have influences on wave intensity and pattern selection. When a hexagon pattern occurs in
the short wavelength mode layer and a stripe pattern appears in the long wavelength mode layer, the Hopf instability may
happen in a nonlinearly coupled model, and twinkling-eye hexagon and travelling hexagon patterns will be obtained. The
symmetries of patterns resulting from the coupled modes may be different from those of their parents, such as the cluster
hexagon pattern and square pattern. With the increase of perturbation and coupling intensity, the nonlinear system will con-
vert between a static pattern and a dynamic pattern when the Turing instability and Hopf instability happen in the nonlinear
system. Besides the wavenumber ratio and intensity ratio of the two different wavelength Turing modes, perturbation and
coupling intensity play an important role in the pattern formation and selection. According to the simulation results, we
find that two modes with different symmetries can also be in the spatial resonance under certain conditions, and complex
patterns appear in the two-layer coupled reaction diffusion systems.
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1. Introduction
Patterns are widely observed in the chemical, nonlinear

optical, biological, and physical systems. Although the spe-
cific physics mechanisms for pattern formation in different
systems are different, the morphology and evolution of pat-
terns have their common characteristics, and they usually re-
sult from symmetry breaking of nonlinear systems. In 1952,
Turing[1] first used the reaction–diffusion mechanism to ex-
plain that a homogeneous state can lose its stability and de-
velop a spatially stationary pattern in an organism, when in-
stability of the homogeneous equilibrium is triggered by ran-
dom disturbances. In recent years, the complex patterns have
attracted much attention, and a rich variety of complex pat-
terns have been obtained in experiment research, including
the white-eye and black-eye pattern, the honeycomb hexagon
pattern, the vibrating hexagonal pattern, and the grid state
pattern.[2–9]

Since Banrrio et al.[10] first proposed that the superlat-
tice pattern may originate from the interaction between two
modes in 1999, research on the complex patterns has become
a challenging topic by the two-layer coupled model, and scien-
tists have obtained plentiful achievements for the past decades.
For example, Yang et al.[11] obtained the white-eye and black-

eye hexagonal patterns with a two-layer coupled Brusselator
model at the same time, and proved the Zhou et al. guess[12]

about the black-eye hexagonal pattern. Bachir et al.[13] inves-
tigated the superlattice pattern formation in bistable systems.
Page et al.[14] obtained the big-small dot super quadrilateral
pattern using the Gierer–Meinhardt equation with a quadrilat-
eral plate. Schenk[15] obtained the moving hexagon pattern
by a three-component reaction–diffusion model. In general,
the superlattice patterns are formed by two or more modes
according to a certain wavelength relation. When resonance
between two different wave vectors takes place, “new” wave
vectors will be formed, the “new” and basic wave vectors sat-
isfy the requirements for a three-wave or four-wave resonance
mechanism.

In this paper, we mainly show the influences of the Turing
mode and subharmonic Turing mode (sub-T) on pattern for-
mation, and the evolution process of patterns with the change
of parameters in the two-layer coupled nonlinear system. The
rest of this paper is organized as follows. In Section 2, we in-
troduce the reaction–diffusion model and simulation method.
In Section 3, we discuss the formations of superlattice patterns
and oscillation patterns. The conclusions and remarks are pre-
sented in Section 4.
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2. Model and method
There are a number of specific reaction–diffusion mod-

els used to investigate the pattern formation, such as the
Lengyel–Epstein model (CIMA), the Brusselator model, and
the Schnackenberg model.[16–21] In this paper, we investigate
the complex pattern formation processes by using the dimen-
sionless two-layer coupled Brusselator model, described as
follows:

∂ui

∂ t
= Duui∇

2ui +a− (b+1)u+u2v+ fi(ui,u j),

∂vi

∂ t
= Dvvi∇

2vi +bu−u2v+gi(vi,v j),

(1)

where the activator u and the inhibitor v, and their correspond-
ing diffusion coefficients, Du and Dv, are distinguished by the
subscripts i, j = 1,2, which refer to different layers. The
Laplacian terms are used to describe the horizontal diffusion
of the layer interfaces. The localized kinetic behavior of the
system is determined by controlling parameters a and b. The
coupling terms fi(ui,u j) and gi(vi,v j) are given by the follow-
ing functions,[22] for the linear coupling model{

fi(ui,u j) = α(u j−ui),
gi(vi,v j) = β (v j− vi),

(2a)

or the nonlinear coupling model{
fi(ui,u j) = αuiu j(u j−ui),
gi(vi,v j) = βviv j(v j− vi),

(2b)

where α and β are the coupling intensities between layers.
The coupling terms can be seen as an intermediate layer, which
is separated into the two chemically active layers. It is an inert
layer in the linear coupling model, and has no interaction with
the other layers. However, it plays an active role in the non-
linear coupling model. Through choosing the appropriate pa-
rameters, two different wavelength Turing modes are excited
within the Turing domain, and their wavenumbers are respec-
tively k1 and k2. Figure 1 presents the dispersion curve of the
two-layer coupled model, where the two modes have different
values of wavenumber k and intensity h, which compete and
interact with each other in the process of pattern formation.
The intensities of the two Turing modes are affected by all pa-
rameters, but the coordinate position of the initial point of the
curve in the Hopf domain is determined only by controlling
parameters a and b.

In our simulation, the Euler forward algorithm is used,
the two-dimensional space is divided into 128×128 lattices,
periodic boundary conditions are applied, and space step ∆x =
∆y = 1.0 and time step ∆t = 0.01 are taken. A small random
perturbation around the uniform steady state and the uncer-
tainty limits of ∆u and ∆v of 0.0∼0.12 are adopted. More than
1000 integration time units are used to ensure the pattern sta-
bilization.
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Fig. 1. (color online) Typical dispersion relation curve, with the solid
line denoting the real part of dominant eigenvalue and the dash line re-
ferring to the imaginary part.

3. Two-dimensional numerical simulation

3.1. Two-layer linear coupling

Firstly, we analyze the interaction between two different
modes with the same hexagon symmetry in linear coupled sys-
tems for similification. We fix the parameters of long wave-
length mode, considering it plays a dominant role in the pat-
tern formation. With different parameters of the short wave-
length mode, the resonance behavior and superposition pat-
terns are investigated.

Units of superlattice patterns have the same hexagon
structure since they originate from the superposition of two
hexagons. When the wavenumber ratio k2 : k1 is 2:1, the black-
eye and big-small dot patterns emerge in the nonlinear sys-
tem, respectively. Figure 2(a) shows the black-eye hexago-
nal superlattice pattern, where the center of the unit is blue
and surrounded by a white ring and a light-red ring. With the
intensity ratio h1 : h2 changing from −0.35 to 1.97, the big-
small dot pattern will be obtained at the same wavenumber
ratio (Fig. 2(b)). Each big dark dot is surrounded by six small
dark dots and shared with adjacent units, and the big and small
dots are arranged in a hexagon. However, if the intensity ratio
of two critical modes is invariant and the wavenumber ratios
are
√

3 : 1 and
√

5 : 1, the black-eye pattern can also be ob-
tained. At a wavenumber ratio of 3:1, the white-eye pattern
emerges, and the center of each unit is white and surrounded
by a blue ring and a white ring (Fig. 2(c)). In addition, while
the coupling parameters α and β are less than 0.1, and the
intensity ratio of two different wavelength modes is appropri-
ate, the black-eye and white-eye patterns can appear. From the
two-dimensional Fourier spectrum, we can draw the conclu-
sion that the complex patterns are formed by multiple Turing
modes, and fundamental modes and new resonant modes sat-
isfy the three-wave resonance relations.
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Fig. 2. (color online) Different patterns with 2D Fourier spectrum. The parameters: (a) black-eye pattern: a= 3, b= 9, Du1 = 13.5, Dv1 = 28.95,
Du2 = 50.3, Dv2 = 125.5, α = β = 0.2, ∆ν = ∆µ = 0.0; (b) big-small dot pattern: a = 3, b = 9, Du1 = 12.65, Dv1 = 31.05, Du2 = 50.3,
Dv2 = 125.5, α = β = 0.25, ∆ν = ∆µ = 0.0; (c) white-eye pattern: a = 3, b = 9, Du1 = 6.05, Dv1 = 12.85, Du2 = 50.3, Dv2 = 125.5,
α = β = 0.2, ∆ν = ∆µ = 0.0; (d) square pattern: a = 3, b = 9, Du1 = 6.95, Dv1 = 17.05, Du2 = 55.3, Dv2 = 147.5, α = β = 0.45, ∆u = 0.03,
∆ν = 0.01; (e) oscillatory pattern: a = 3, b = 9.9, Du1 = 8.3, Dv1 = 8.3, Du2 = 46.0, Dv2 = 120.0, α = β = 1.0, ∆ν = ∆µ = 0.0. Ref. [11].

Furthermore, with the increase of the diffusion coeffi-
cients of the two Turing modes, we can obtain the simple
square pattern at a wavenumber ratio of 3:1 under the action of
small perturbation (Fig. 2(d)), where the spots form a square
lattice by adjusting their locations in the two-dimensional
space. The Fourier spectrum shows the simple square pattern
resulting from two pairs of equal amplitude and mutually per-
pendicular wave vectors. The reason is that the three-wave res-
onance of fundamental vectors of the long wavelength mode is
broken by the coupling interaction. The oscillatory pattern is
simulated by using the Yang et al.’s parameters[11] (Fig. 2(e)),
where the three sets of hexagonal patterns appear in turn and
are distinguished by the different symbols, and the intensities
of spots wax and wane according to the same cycle of 4.4 time
units. The result is consistent with the Yang et al.’s result, and
it also demonstrates the correctness of our simulation method.

3.2. Two-layer nonlinear coupling

Now we investigate the case of two Turing modes with
nonlinearly coupling by the same simulation program. In
addition to the white-eye and black-eye patterns, more su-
perposition patterns are obtained such as the big–small dot,
honeycomb hexagon, cluster hexagon, drifting hexagon, and
twinkling-eye patterns.

When two different modes with the same hexagon sym-
metry are nonlinearly coupled, the case is relatively easy to

analyze. At the wavenumber ratios of 2:1 and 3:1, the black-
eye and white-eye patterns will emerge respectively (Figs. 3(a)
and 3(b)). When the two different Turing modes are instable
modes and the wavenumber ratio is close to 3:1, two kinds of
big–small dot patterns are also obtained (Figs. 3(c) and 3(d)),
which are very like the vibrating hexagonal superlattice pattern
discovered in dielectric barrier discharge.[23] In the first big–
small dot hexagonal superlattice pattern, big bright spots are
located in each hexagon frame constituted by the small spots,
and each of the big spots is surrounded by six small bright
spots and shared with adjacent units. When the intensity ra-
tio of two Turing modes increases from 3 to 12, the second
big–small dot hexagon pattern is obtained, where each of the
big bright spots is surrounded by six dark spots and shared
with adjacent units. When the wavenumber ratio of two Tur-
ing modes is around 4:1, the honeycomb hexagon pattern is
discovered (Fig. 3(e)). The honeycomb is formed by an equi-
lateral hexagon and the center space of the hexagon is a big
bright spot with its halo. The two-dimensional Fourier spec-
trums show that these complex patterns are formed by multiple
Turing modes, and these modes satisfy the three-wave reso-
nance relations. Although the simple hexagon patterns have
never changed in the long wavelength mode subsystem, these
complex patterns can be obtained from the resonance of two
different wavelength modes in a short wavelength mode sub-
system.
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Fig. 3. (color online) Different patterns with 2D Fourier spectrum. The parameters (a) black-eye pattern: Du1 = 6.55, Dv1 = 13.8, Du2 = 22.5,
Dv2 =65.5, α = 0.08, β = 0.02; (b) white-eye pattern: Du1 = 2.95, Dv1 = 6.15, Du2 = 22.5, Dv2 = 65.5, α = 0.08, β = 0.02; (c) I-big–small dot
pattern: Du1 = 5.0, Dv1 = 19.75, Du2 = 22.95, Dv2 = 355.5, α = β = 0.03; (d) II-big–small dot pattern: Du1 = 7.22, Dv1 = 18.2, Du2 = 31.93,
Dv2 = 255.15, α = β = 0.02; (e) honeycomb pattern: Du1 = 6.1, Dv1 = 16.78, Du2 = 62.5, Dv2 = 437.53, α = β = 0.03. The other parameters:
a = 3, b = 9, ∆µ = 0.03, and ∆ν = 0.01.
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Figures 4(a) and 4(b) show the irregularly different den-
sity stripe patterns, which result from the short and long wave-
length modes without coupling interaction. Under the action
of nonlinear coupling, the cluster hexagon pattern appears in
the short wavelength subsystem, at the same time, the simple
Hπ hexagon pattern emerges in the long wavelength subsys-
tem (Figs. 4(c) and 4(d)). The clusters consist of dots and short
stripes, and they are arranged into a hexagonal lattice. If trans-
verse instability occurs in the stripe pattern, the symmetry of
the stripe pattern may be broken, and the hexagon pattern and
square pattern will arise in the nonlinear system. Based on the
characteristic of two-dimensional Fourier spectra, the coupled
Turing modes should satisfy the spatial resonance condition.

When two instability modes with different symmetries are

nonlinearly coupled, the case will be more complicated. With-

out coupling interaction and perturbation, a simple hexagon

pattern arises in the short wavelength mode subsystem, and

a stripe pattern appears in the long wavelength mode at a

wavenumber ratio of 4:1 (Fig. 5(a)). The dispersion relation

shows that the wavenumber ratio k2 : k1 is about 4:1, and the

intensity of the short wavelength mode is less than that of the

long wavelength mode (Fig. 6(a)). However, when the two

different wavelength Turing modes are nonlinearly coupled,

a variety of complicated patterns appears under the action of

small perturbations.
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Fig. 4. (color online) (a) and (b) Non-coupled patterns from layer 1 and layer 2, respectively (α = β = 0.0). (c) and (d) The coupled
patterns from layer 1 and layer 2, respectively (α = β = 0.055). The other parameters: a = 3, b = 9, Du1 = 1.75, Dv1 = 5.05,
Du2 = 30.5, Dv2 = 95.5, and ∆ν = ∆µ = 0.02.
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Fig. 5. (color online) A series of patterns obtained by increasing parameters α and β (α = β ): (a) α = β = 0, (b) α = β = 0.05, (c) α = β = 0.15, (d)
α = β = 0.2, (e) α = β = 0.25, (f) α = β = 0.5. The other parameters are: a = 3, b = 9, Du1 = 1.86, Dv1 = 4.66, Du2 = 29.75, Dv2 = 129.25, and
∆ν = ∆µ = 0.

We first investigate the influences of coupling intensity
on the pattern formation and selection. When the coupling
intensity is smaller than 0.1, the dot-stripe patterns appear
(Fig. 5(b)), and the spots occupy the space between the stripes.
When the coupling intensity is in the range 0.1–0.2, the dy-
namic chaos patterns emerge, which consist of the irregular
spots and short stripes (Fig. 5(c)). The spots of patterns ran-
domly travel along the direction of the halo, and adjacent dots
or short stripes can collide and fuse together within the sim-
ulation time. At an intensity of 0.2, the spots of the pat-
tern gradually stabilize and are arranged into a hexagon lat-
tice (Fig. 5(d)). The transition from hexagon patterns to stripe
patterns occurs in a range of 0.2–0.3, where the bean pattern
is a transition mode (Fig. 5(e)). In the range 0.3–1.0, simple
stripe patterns appear (Fig. 5(f)). With the increase of cou-
pling intensities α and β , the patterns go through the stages of
dot-stripe→ oscillation→ hexagon→ bean→ stripe. Based
on the pattern characteristics, we conclude that the nonlin-
ear system is always in the vicinity of the primary bifurcation
point. We pay much attention to the dispersion curves chang-

ing with coupling parameter. Figure 6(a) shows that the dis-
persion curve overall shifts down with the coupling intensity
except for the initial point in the Hopf domain, the short wave-
length Turing mode is more obviously affected than the long
wavelength Turing mode, and the subharmonic Turing mode is
excited. The intensity ratio of two Turing modes changes with
the coupling parameter, and the influence of long wavelength
mode on short wavelength mode increases. When coupling in-
tensity increases to 0.05, the short wavelength mode becomes
a critical mode, and a dot-stripe pattern appears. When the
coupling intensity is 0.10, the peak of the short wavelength
mode drops down almost to the height of the initial point, at the
same time, the spots of two subsystems enter into a dynamic
state but cannot form a regular pattern. In the range 0–0.3, the
intensity of the short wavelength mode decreases linearly, but
the intensity of the long wavelength mode gradually reduces
the decline rate with the coupling intensity (Fig. 6(b)). When
the peak of the short wavelength mode is lower than the initial
point of the dispersion relation curve, we deduce that the Hopf
instability happens in the nonlinear system, and the dynamic
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patterns appear; otherwise, Turing instability happens, and the
static patterns appear.
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Fig. 6. (color online) (a) Dispersion relation curves of Turing modes
and sub-T mode at different coupling intensities, and (b) the curves of
intensity versus coupling intensity of two Turing modes intensity.

Now we investigate the influence of perturbation on the
pattern formation by using Fig. 5(c) as the research object.
When the perturbation coefficient is in the range 0.01–0.06,
the uniformly drifting patterns appear after some transient os-
cillations (Fig. 7(a)), and the simulation phenomenon is con-
sistent with the experimental results of Loiko and Yu[24] and
Dong et al.[25] The shuttle-shape spots are arranged into a
hexagonal lattice, all units slowly move along the direction
of the arrow shown, and the moving velocity of shuttle-shape
spot fluctuates with the increase of the perturbation coeffi-
cient. Then, when the perturbation coefficient rises to 0.07,

some units of the pattern no longer participate in the di-
rectional movement, and gradually shrink or even disappear
(Fig. 7(b)). In the range 0.08–0.1, the periodic oscillation pat-
tern appears (Fig. 7(c)) in the short wavelength mode subsys-
tem, which was named the twinkling-eye pattern by Yang et
al.[11] Figures 8(a)–8(h) show a periodic variation of intensity,
where the twinkling-eye hexagon patterns consist of two sets
of hexagons distinguished by the different intensity spots, the
oscillatory period is about 20 time units, and the phase differ-
ence is π . At 0.1, not only the twinkling-eye pattern but also a
static black-eye hexagon pattern can be obtained. At 0.11 and
0.12, we find the black-eye hexagon pattern and the simple
square pattern in Figs. 7(d) and 7(e), respectively. However,
when the perturbation coefficient is more than 0.12, there is
no pattern in the system, that is to say, the perturbation must
be restricted within a certain range. With the increase of the
perturbation coefficient, patterns go through the stages of drift-
ing hexagon, twinkling-eye hexagon, black-eye hexagon, and
square. Fourier spectra show that all patterns have the funda-
mental modes with equal length, and the twinkling-eye and
black-eye patterns result from the three-wave interaction of
different length modes. From the Fourier spectrum and disper-
sion relations, we infer that the fundamental mode should be
the sub-T mode, which becomes a dominant one. Based on the
existing conclusions, the dynamic pattern results from the two
mechanisms: Hopf instability and wave instability. Therefore,
the drifting hexagon pattern and periodic oscillation hexagon
pattern should result from the Hopf instability. If Hopf insta-
bility happens in the nonlinear system, the drifting hexagon
pattern appears when the mode satisfies the spatiotemporal
phase matching conditions under the action of small pertur-
bation, and the twinkling-eye hexagon pattern appears when
the sub-T mode is in resonance with the long wavelength Tur-
ing mode. On the other side, black-eye hexagon and simple
square patterns are obtained. We can deduce that the pertur-
bation coefficient affects not only the type of instability, but
also the resonance of modes with different wavelengths in the
two-layer coupled system.
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Fig. 7. (color online) The series of patterns with spatial power spectra are obtained by increasing perturbation coefficient ∆ν and ∆µ (∆ν =∆µ):
(a) ∆ν = ∆µ = 0.03, (b) ∆ν = ∆µ = 0.07, (c) ∆ν = ∆µ = 0.08, (d) ∆ν = ∆µ = 0.11, (e) ∆ν = ∆µ = 0.12. The other parameters are: a = 3,
b = 9, Du1 = 1.86, Dv1 = 4.66, Du2 = 29.75, Dv2 = 129.25, and α = β = 0.15.
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Fig. 8. (color online) A series of patterns in chronological orders (t → t +T ): 540, 545.4, 546.6, 547.6, 549.8, 550.4, 555.6, 556.2, 557.6,
and 560 time units. The simulation parameters are: a = 3, b = 9, Du1 = 1.86, Dv1 = 4.66, Du2 = 29.75, Dv2 = 129.25, α = β = 0.15, and
∆ν = ∆µ = 0.08.

4. Conclusions
In this paper, we investigate the pattern formation using

two kinds of simulation methods: the two-layer linear coupled
model and the two-layer nonlinear coupled model. When Tur-
ing instability happens in a nonlinear system, various types of
static superlattice and simple patterns, such as white-eye and
black-eye, honeycomb hexagon, square, and cluster hexagon,
are obtained in a short wavelength mode subsystem. If the
appropriate intensity ratio of two different wavelength modes
can be obtained, the superlattice patterns will appear in the
short wavelength mode subsystem when the coupling inten-
sity is less than 0.1. The drifting hexagon and periodic oscil-
lation hexagon patterns are discovered when Hopf instability
happens in the nonlinear system, and the sub-T mode plays
a major role in the pattern formation. Modes with the same
symmetry and modes with different symmetries may both in-
duce spatial resonance under the action of perturbation and
coupling interaction. With the increase of coupling intensity
and perturbation, both static patterns and dynamic patterns can
appear in the two-layer coupled reaction diffusion system. We
find that if the short wavelength mode has hexagon symmetry,
both a simple hexagon pattern and square pattern arise sponta-
neously. Our results may enrich the pattern formation mecha-
nism and give a better understanding of the complex patterns
in the nonlinear system.
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