
Chin. Phys. B Vol. 24, No. 4 (2015) 048101

Electron with arbitrary pseudo-spins in multilayer graphene∗
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Using the low-energy effective Hamiltonian of the ABC-stacked multilayer graphene, the pseudo-spin coupling to
real orbital angular momentum of electrons in multilayer graphene is investigated. We show that the electron wave function
in N-layer graphene mimics the behavior of a particle with a spin of N× (}/2), where N = {1,2,3, . . .}. It is said that
for N > 1 the low-energy effective Hamiltonian for ABC-stacked graphene cannot be used to describe pseudo-spin-1/2
particles. The wave function of electrons in multilayer graphene may behave like fermionic (or bosonic) particle for N
being odd (or even). In this paper, we propose a theory of graphene serving as a host material of electrons with arbitrary
pseudo-spins tunable by changing the number of graphene layers.
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1. Introduction
Since graphene was discovered,[1] it has become a

promising material for nanotechnology. It has also become
a wonder material carrying several interesting physics prop-
erties that may connect the condensed matter to high energy
physics.[2] In graphene, its carriers mimic the behavior of
Dirac fermions. This may lead to Klein tunneling observed
in the graphene p–n junction.[3] Zitterbewegung, trembling
motion, could be studied in a graphene system.[2–4] Obser-
vation of atomic collapse in artificial nuclei on graphene was
recently reported.[5] This is related to the relativistic quantum
effect in grapheme, which causes charged impurities to ex-
hibit resonances due to atomic collapse states.[5] Being signif-
icant for building a quantum computer, the fractional quantum
Hall effect, which is tunable by the electric field in bilayer
graphene, has been observed recently.[6] Related to the elec-
tron in graphene behaving like relativistic fermions, the fun-
damental physical property of such a pseudo-relativistic par-
ticle needs to be clarified. One of the important topics is the
physical property of a pseudo-spin, which is generated by the
presence of its two sublattices, A and B, instead of the usual
(real) spin.[7] In this paper, the property of the pseudo-spin
of an electron coupling to the real orbital angular momentum
in ABC-stacked multilayer graphene will be investigated. We
propose new pseudo-spin operators for the number of layers
being greater than one.

2. The pseudo-spin-1/2 electron in monolayer
graphene
Monolayer graphene, a two-dimensional (2D) honey-

comb-like atomic structure formed by carbon atoms, has two
sublattices A and B in a unit cell. The wave function of elec-

trons may be described by two-component wave states ψA and
ψB of electrons in the A- and B-sublattices, which act as the
pseudo-spin states, i.e., ψA ≈ ψ↑ and ψB ≈ ψ↓, respectively.
Graphene yields the low excited energy dispersion similar to a
2D Dirac fermion where the speed of light is replaced by the
Fermi velocity vF ∼= 106 m/s. The momentum–energy relation
obeys the relativistic-like relation

E =
√
(pvF)2 +(mv2

F)
2,

where E and p are energy and momentum, respectively. The
pseudo-Dirac mass “m” may be generated due to breaking
the symmetry of sublattice energy.[8] Since the pseudo-spin
in graphene is generated by the presence of sublattice states,
it was previously understood that the pseudo-spin generated
by the presence of the sublattice states in monolayer graphene
may not be associated with angular momentum.[9,10] Recently,
some fundamental physical properties of the pseudo-spin in
monolayer graphene have been investigated.[11,12] Mecklen-
burg and Regan[11] showed that the pseudo-spin of an elec-
tron in graphene is associated with real angular momentum,
although it is not a real spin. This is because the total angu-
lar momentum Jz,1 = Lz + Sz,1, which is perpendicular to the
graphene plane, is conserved, i.e.,

[Ĥ1, L̂z + Ŝz,1] = 0. (1)

The L̂z = x̂ p̂y − ŷ p̂x is the angular momentum operator per-
pendicular to the graphene plane where 〈x̂, ŷ〉 and 〈p̂x, p̂y〉 are
operators of positions and momentum of the electron moving
in the graphene plane, respectively. The intrinsic pseudo-spin
of the electron in monolayer is found to be in the form of[11]

Ŝz,1 =
}
2

(
1 0
0 −1

)
≈ }

2
σz. (2)
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Here σz is known as the Pauli spin matrix in the z direction.
Since H1 is the Hamiltonian acting on a pseudo-spinor field
ψ = (ψA,ψB)

T in monolayer graphene, it may be said that
an effective electron field in monolayer graphene mimics the
behavior of “spin-1/2 particle” because the spin operator in
Eq. (2) yields an eigenvalue of }/2.[11,12] The pseudo-spin in
graphene may be defined as a usual Pauli spin operator, and it
is given by

Ŝ1 = Ŝx,1 î+ Ŝy,1 ĵ+ Ŝz,1k̂, (3)

where Ŝx,1 = (}/2)σx and Ŝy,1 = (}/2)σy with σx(y) being the
Pauli matrice in the x (y) direction. The unit vectors parallel to
the x, y, and z directions are î, ĵ, and k̂, respectively. In general,
as all spin operators must satisfy “the commutation rule of an
angular momentum”,[13] it is found that the pseudo-spin oper-
ator of an electron in monolayer graphene defined in Eq. (3)
obeys this rule to obtain[

Ŝx,1, Ŝy,1
]
= i}Ŝz,1,

[
Ŝy,1, Ŝz,1

]
= i}Ŝx,1,[

Ŝz,1, Ŝx,1
]
= i}Ŝy,1. (4)

The pseudo-spin only in the z direction is associated with the
real angular momentum because there is no orbital angular
momentum in the xy plane. It can be said that in-plane pseudo-
spin may not be considered as a real angular momentum, since
[Ĥ1, L̂x+ Ŝx,1] 6= 0 and [Ĥ1, L̂y+ Ŝy,1] 6= 0 in a 2D system, which
has been discussed in Ref. [12].
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Fig. 1. (color online) Atomic structure of ABC-stacked N-layer graphene
where AN and BN are denoted as the two sublattices in the N-th layer. The
in-plane-nearest neighbor hopping energy 𝛾‖ ∼= 2.8 eV and the interlayer
hopping energy 𝛾⊥ ∼= 0.4 eV are approximated.[15]

In the next section we will study the pseudo-spin operator
coupling to orbital angular momentum L̂z = x̂ p̂y− ŷ p̂x for an
electron in ABC-stacked multilayer graphene (see Fig. 1). We
will show that the low energy electrons in N-layer graphene
may not behave like spin-1/2 particles for N > 1.

3. Pseudo-spin and its angular momentum prop-
erty in multilayer graphene
We start with the Hamiltonian derived based on the tight-

binding model for the ABC-stacked N-layer graphene at the k
point as given by[14]

ĤN = }vF



𝜎 ·𝑘 τ 0 0 0 · · · 0

τT 𝜎 ·𝑘 τ 0 0 0
...

0 τT 𝜎 ·𝑘
. . . 0 0 0

0 0
. . . . . . . . . 0 0

0 0 0
. . . 𝜎 ·𝑘 τ 0

... 0 0 0 τT 𝜎 ·𝑘 τ

0 · · · 0 0 0 τT 𝜎 ·𝑘


, (5)

where

τ
T =

(
0 𝛾⊥
0 0

)
/}vF, and τ =

(
0 0
𝛾⊥ 0

)
/}vF,

with t⊥ being the interlayer hopping energy.[15] Here, 𝑘̂ =

k̂x î+ k̂y ĵ is the operator of the wave vector, and 𝜎 = σx î+
σy ĵ + σzk̂. The above Hamiltonian would act on a 2N-
component wave function of

ψN =
(

ψA,1 ψB,1 ψA,2 ψB,2 · · · ψA,N ψB,N
)T

. (6)

Near the Dirac point, we have ψB,1 = ψA,2 = ψB,2 = · · · =
ψA,N ∼= 0, the wave functions for electrons may be approxi-
mately given as a two-component wave function of the form

ψN → ψN,e f f =

(
ψA,1
ψB,N

)
. (7)

The two-component low energy effective Hamiltonian reduced
form of Eq. (5) is usually obtained as[14,16–18]

ĤN → ĤN,eff =
(}vF)

N

(−𝛾⊥)N−1

(
0 (k̂x− ik̂y)

N

(k̂x + ik̂y)
N 0

)
. (8)

This two-component Hamiltonian would act on the two-
component pseudo-spin state i.e., ĤN,effψN,eff = EψN,eff,
where E is the excitation energy of the electron.

Next, we consider the pseudo-spin operator Ŝz,N which
is associated with orbital angular momentum operator L̂z =

x̂ p̂y − ŷ p̂x for the low energy electron in the N-layer ABC-
stacked graphene. We may define the total angular momen-
tum for the low energy electron as being in the form of Ĵz,N =

L̂z + Ŝz,N . The pseudo-spin operator for the N-layer graphene
must satisfy the conservation of the total angular momentum
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condition of [ĤN,eff, Ĵz,N ] = 0. We thus calculate pseudo-spin
operators via this condition, i.e.,

[ĤN,eff, L̂z] =
(}vF)

N

(−𝛾⊥)N−1

(
0 N}(k̂x− ik̂y)

N

−N}(k̂x + ik̂y)
N 0

)
= −[ĤN,eff, Ŝz,N ],

where

Ŝz,N = N
}
2

(
1 0
0 −1

)
= N

}
2

σz. (9)

This result is unusual and very surprising, because the eigen-
value of the pseudo-spin in the z direction has a value of }/2
only for N = 1 or in the case of monolayer graphene. For the
case of N = {1,2,3,4,5, . . .}, the pseudo-spin operator yields
its eigenvalue of {}, 3

2}, 2}, 5
2}, . . .}, respectively. It is

said that the effective pseudo-spin for an electron in N-layer
graphene behaves like the spin of a fermionic- (bosonic-) par-
ticle when N is odd (even). The lattice wave state may be
equivalent to the pseudo-spin state of the form

ψN,eff =

(
ψA,1
ψB,N

)
→
(

ψ+N/2
ψ−N/2

)
,

where

Ŝz,N

(
ψ+N/2

0

)
=+(N}/2)

(
ψ+N/2

0

)
,

Ŝz,N

(
0

ψ−N/2

)
=−(N}/2)

(
0

ψ−N/2

)
. (10)

Unfortunately, the two-component pseudo-spin state in
Eq. (10) may be usual only in the case of N = 1 (monolayer),
because there are two equivalent spin states ψA,1→ψ+1/2 and
ψB,1 → ψ−1/2 for the spin of }/2. In monolayer graphene,
spin operators Ŝx,1, Ŝy,1, and Ŝz,1 do satisfy the “the commuta-
tion rule of an angular momentum”, while for N > 1, there are
no two-component spin operators Ŝx,N , Ŝy,N , and Ŝz,N to satisfy
such a rule. If we define the spin operators as

Ŝx,N = N
}
2

σx and Ŝy,N = N
}
2

σy (11)

for the N-layer, we will obtain[
Ŝx,N , Ŝy,N

]
= iN}Ŝz,N ,

[
Ŝy,N , Ŝz,N

]
= iN}Ŝx,N ,[

Ŝz,N , Ŝx,N
]
= iN}Ŝy,N . (12)

The result in Eq. (12) violates “the commutation rule of an an-
gular momentum”, except for N = 1. It is said that for N > 1,
the pseudo-spin operators defined in Eq. (11) do not exhibit
angular momentum operators. It will be better if we describe
the pseudo-spin state in N-layer graphene as a real spin an-
gular momentum state, because Ŝz,N should be a real angular
momentum of eigenspin N}/2. This is related to the prop-
erty that it obeys the conservation of total angular momentum
[ĤN,eff, Ĵz,N ] = 0.[11,12]

4. New pseudo-spin operator presentation
Since the pseudo-spin operator given in Eq. (9) violates

“the commutation rule of an angular momentum” for N > 1,
despite it being an angular momentum in the z direction, it
must be wrong if it is an angular momentum and it does not
obey the commutation rule of an angular momentum. In this
work, we thus propose new pseudo-spin states ψ̃N for effective
electrons in N-layer graphene analogous to real spin states.[19]

We may have

ψ̃N=even = (ψ+N/2, ψ+(N−2)/2, . . . ,

ψ0, . . . ,ψ−(N−2)/2, ψ−N/2)
T (13)

ψ̃N=odd = (ψ+N/2, ψ+(N−2)/2, . . . ,

ψ+1/2, ψ−1/2, . . . ,ψ−(N−2)/2, ψ−N/2)
T. (14)

The associated pseudo-spin in the z direction may be defined
as being similar to a real spin angular momentum operator[19]

and given by

ˆ̃Sz,N=even =
}
2



+N 0
+(N−1)

. . .
0

. . .
−(N−1)

0 −N


,

(15)
and

ˆ̃Sz,N=odd=
}
2



+N 0
+(N−1)

. . .
+1
−1

. . .
−(N−1)

0 −N


.

(16)
As we have seen from Eq. (13) to Eq. (16), the
condition of ψA,1 = ψ+N/2 and ψB,N = ψ−N/2 satis-
fies the eigenvalues of spin +N}/2 and −N}/2, respec-
tively. Also {ψ0, . . . ,ψ±(N−6)/2,ψ±(N−4)/2,ψ±(N−2)/2} and
{ψ±1/2, . . . ,ψ±(N−6)/2,ψ±(N−4)/2,ψ±(N−2)/2} are introduced

to serve as the eigenstates of ˆ̃Sz,N=even and ˆ̃Sz,N=odd, respec-
tively. We may set their amplitudes to be zero because there
are no such states in multilayer graphene.

The Hamiltonian in Eq. (8) may be replaced by an (N +

1)× (N+1) matrix because it must act on ψ̃N , and is given by

ˆ̃HN =


0 hN

0
. . .

0
h∗N 0

 ,
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where

hN =
(}vF)

N

(−𝛾⊥)N−1 (k̂x− ik̂y)
N . (17)

Since we define the total angular momentum operator ˆ̃Jz,N =

L̂z +
ˆ̃Sz,N , the conservation of the total angular momentum re-

mains the same, i.e.,

[ ˆ̃HN , L̂z +
ˆ̃Sz,N ] = 0. (18)

As mentioned above, the bosonic-like wave states
{ψ0, . . . ,ψ±(N−6)/2,ψ±(N−4)/2,ψ±(N−2)/2} and the fermionic-
like wave states {ψ±1/2, . . . ,ψ±(N−6)/2,ψ±(N−4)/2,ψ±(N−2)/2}
were introduced due to the fact that the eigenstates associated
with the revised pseudo-spin operators in Eqs. (15) and (16)
may be required to preserve “the commutation rule of an an-
gular momentum” for N > 1, because the spin operator must
be an (N + 1)× (N + 1) matrix. In the equation of motion, it
would play no role, because there are no matrix elements in
the Hamiltonian ˆ̃HN . The term for describing the motion may
disappear in the Hamiltonian. The condition, under which
the motions of ψA,1 = ψ+N/2 and ψB,N = ψ−N/2 with using
the new Hamiltonian in Eq. (17) remains the same as the one
calculated via Eq. (8), is also required.

From Eqs. (14)–(18) we may obtain, for instance, the re-
sults for pseudo-wave states, pseudo-spin operators, and mod-
ified Hamiltonians which have been revised as follows.

For N = 1 (spin-1/2 particle), the pseudo-spin state reads

ψ̃1 =

(
ψ+1/2
ψ−1/2

)
, ψA,1 = ψ+1/2, ψB,1 = ψ−1/2,

and the spin operators are

ˆ̃Sz,1 =
}
2

(
1 0
0 −1

)
, ˆ̃Sx,1 =

}
2

(
0 1
1 0

)
, ˆ̃Sy,1 =

}
2

(
0 −i
i 0

)
,

the Hamiltonian is

ˆ̃H1 =

(
0 }vF(k̂x− ik̂y)

}vF(k̂x + ik̂y) 0

)
.

The conservation of the total angular momentum

ˆ̃Jz,1 = x̂ p̂y− ŷ p̂x +
ˆ̃Sz,1 : [ ˆ̃H1,

ˆ̃Jz,1] = 0. (19)

For N = 2 (spin-1 particle), the pseudo-spin state reads

ψ̃2 =

ψ+1
ψ0

ψ−1

 , ψA,1 = ψ+1, ψB,2 = ψ,−1 ,

the spin operators are

ˆ̃Sz,2 = }

 1 0 0
0 0 0
0 0 −1

 , ˆ̃Sx,2 =
}√
2

 0 1 0
1 0 1
0 1 0

 ,

ˆ̃Sy,2 =
}√
2

 0 −i 0
i 0 −i
0 i 0

 .

The Hamiltonian is

ˆ̃H2 =


0 0

(}vF)
2

−𝛾⊥
(k̂x− ik̂y)

2

0 0 0
(}vF)

2

−𝛾⊥
(k̂x + ik̂y)

2 0 0


and the conservation of the total angular momentum is

ˆ̃Jz,2 = x̂ p̂y− ŷ p̂x +
ˆ̃Sz,2 : [ ˆ̃H2,

ˆ̃Jz,2] = 0. (20)

For N = 3 (spin 3/2 particle), the pseudo-spin state reads

ψ̃3 =


ψ+3/2
ψ+1/2
ψ−1/2
ψ−3/2

 , ψA,1 = ψ+3/2, ψB,3 = ψ−3/2,

the spin operators are expressed as

ˆ̃Sz,3 =
}
2


3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

 ,

ˆ̃Sx,3 =
}
2


0
√

3 0 0√
3 0 2 0

0 2 0
√

3
0 0

√
3 0

 ,

ˆ̃Sy,3 =
}
2


0 −i

√
3 0 0

i
√

3 0 −i2 0
0 i2 0 −i

√
3

0 0 i
√

3 0

 .

The Hamiltonian has the form of

ˆ̃H3 =


0 0 0

(}vF)
3

(−𝛾⊥)2 (k̂x− ik̂y)
3

0 0 0 0
0 0 0 0

(}vF)
3

(−𝛾⊥)2 (k̂x + ik̂y)
3 0 0 0


,

and the conservation of the total angular momentum reads

ˆ̃Jz,3 = x̂ p̂y− ŷ p̂x +
ˆ̃Sz,3 : [ ˆ̃H3,

ˆ̃Jz,3] = 0. (21)

All the pseudo-spin operators satisfy the commutation rule of
an angular momentum to obtain[

ˆ̃Sx,N ,
ˆ̃Sy,N

]
= i} ˆ̃Sz,N ,

[
ˆ̃Sy,N ,

ˆ̃Sz,N

]
= i} ˆ̃Sx,N ,[

ˆ̃Sz,N ,
ˆ̃Sx,N

]
= i} ˆ̃Sy,N . (22)
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5. Gap-induced pseudo-Larmor precession for
pseudo-spin-1/2 and spin-1 particles
In this section, we investigate the pseudo-Larmor pre-

cession of the total angular momentum, which is associated
with pseudo-spin ˆ̃SN = ˆ̃Sx,N î + ˆ̃Sy,N ĵ + ˆ̃Sz,N k̂ in the cases of
N = 1 and N = 2, in order to compare the Larmor frequen-
cies of pseudo-spin-1/2 and spin-1 particles. The 2D angu-
lar momentum operators must satisfy L̂x = (ŷ p̂z− ẑ p̂y) = L̂y =

(ẑ p̂x− x̂ p̂z) = 0, thus we obtain

L̂ =

 ŷ p̂z− ẑ p̂y
ẑ p̂x− x̂ p̂z
x̂ p̂y− ŷ p̂x

=

 0
0

x̂ p̂y− ŷ p̂x

 . (23)

Hence, the total angular momentum operator may be defined
as

ˆ̃JN =

 ˆ̃Jx,N
ˆ̃Jy,N
ˆ̃Jz,N

=

 ˆ̃Sx,N
ˆ̃Sy,N

(x̂ p̂y− ŷ p̂x)+
ˆ̃Sz,N

 . (24)

The torque of the total angular momentum operator may be
determined using the Heisenberg picture as follows:

d ˆ̃JN

dt
=

i
}

[
ˆ̃HN ,

ˆ̃JN

]
. (25)

We will first determine the torque of the pseudo-spin-1/2
particle in monolayer graphene. The Hamiltonian for an elec-
tron in monolayer graphene in the case of gap opening may be
usually given as[11,12]

ˆ̃H1 =

(
0 }vF(k̂x− ik̂y)

}vF(k̂x + ik̂y) 0

)
+

(
∆ 0
0 −∆

)
, (26)

where 2∆ is denoted as the energy gap between the valance
band and the conduction band. We consider the precession of
the rest electron, which satisfies kx = ky = 0.

d ˆ̃J1

dt
=

i
}
[ ˆ̃H1,

ˆ̃J1] =



d ˆ̃Jx,1

dt
=−

(
2∆

}

)
ˆ̃Jy,1

d ˆ̃Jy,1

dt
=+

(
2∆

}

)
ˆ̃Jx,1

d ˆ̃Jz,1

dt
= 0


. (27)

The above result indicates that the frequency of the Larmor
precession of the pseudo-total angular momentum about the z
axis is ωLarmor = 2∆/} for the electron in monolayer graphene.

We will first determine the torque of the spin-1 particle in
bilayer graphene. The modified Hamiltonian for the electron
in bilayer graphene in the case of gap opening may be given
as

ˆ̃H2=


0 0

(}vF)
2

−𝛾⊥
(k̂x− ik̂y)

2

0 0 0
(}vF)

2

−𝛾⊥
(k̂x+ ik̂y)

2 0 0

+

∆ 0 0
0 0 0
0 0 −∆

 .

(28)

When the precession of the rest electron is considered, we ob-
tain

d ˆ̃J2

dt
=

i
}
[ ˆ̃H2,

ˆ̃J2] =



d ˆ̃Jx,2

dt
=−

(
∆

}

)
ˆ̃Jy,2

d ˆ̃Jy,2

dt
=+

(
∆

}

)
ˆ̃Jx,2

d ˆ̃Jz,2

dt
= 0


. (29)

The Larmor precession of the pseudo-total angular momentum
about the z axis is ωLarmor = ∆/} for the electron in bilayer
grapheme, which is lower than that in monolayer graphene. It
is said that both gaps in mono- and bilayer-graphene would
behave like a pseudo-magnetic field leading to the Larmor
precessions. The magnetic-like interaction Hamiltonians in
mono- and bilayer-graphene resulting from the gap opening
may be written respectively as

ˆ̃H1,int =

(
∆ 0
0 −∆

)
= µB𝐵1 · ˆ̃S1 = µBBz,1

ˆ̃Sz,1

and

ˆ̃H2,int =

 ∆ 0 0
0 0 0
0 0 −∆

= µB𝐵2 · ˆ̃S2 = µB𝐵2
ˆ̃Sz,2, (30)

where
𝐵1(2) = (0)î+(0) ĵ+Bz,1(2)k̂.

As we have seen in the above equations, the gap-induced
magnetic interaction strength in monolayer graphene is twice
that in bilayer graphene, i.e.,

µBBz,1 = 2×µBBz,2 = ∆/},

where µB and Bz are equivalent to the Bohr magneton and
magnetic field, respectively.

6. Summary and conclusion
In this work, we studied the pseudo-spin coupling to

the real orbital angular momentum in an ABC-stacked N-
layer graphene. The pseudo-spin operator perpendicular to the
graphene sheet is calculated using the conservation of the total
angular momentum of the z direction.[11,12] It is found that at
the low energy limit, the pseudo-spin of the electron in an N-
layer ABC-stacked graphene does not exhibit a spin-1/2 parti-
cle when N > 1. The pseudo-spin of the electron is found to
be of N×}/2. In this work, we introduced new pseudo-spin
operators for electrons in multilayer graphene satisfying “the
commutation rule of an angular momentum”. We proposed
graphene serving as a host material of electrons with arbitrary
pseudo-spin, tunable by the number of layers.
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