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Retrieval of original signals for superconducting quantum
interference device operating in flux locked mode
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We discuss a simple relation between the input and output signals of a superconducting quantum interference device
magnetometer operating in flux locked mode in a cosine curve approximation. According to this relation, an original fast
input signal can be easily retrieved from its distorted output response. This technique can be used in some areas such as
sensitive and fast detection of magnetic or metallic grains in medicine and food security checking.
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1. Introduction
The superconducting quantum interference devices

(SQUIDs) have been widely used as extremely sensitive
magnetic sensors in many fields for decades.[1–9] Their
performance improvements[10,11] and applications in vari-
ous interesting new areas such as superconducting quantum
computation[12–14] have continued to attract much attention
today. SQUID magnetometers may operate in two different
modes, namely, the flux locked (closed loop) and unlocked
modes (open loop).[3] In the unlocked mode, they usually have
very high speed in response to the input flux change, but poor
linearity and dynamic range. On the other hand, in the flux
locked mode, by using SQUID as a null detector of flux, the
transfer function is linearized. In this case, the SQUID mag-
netometers have both good linearity and dynamic range, but
somewhat lower response speed due to the feedback mecha-
nism. The feedback also causes a signal distortion, which is
sometimes unnoticed in applications where the signal does not
vary rapidly.

The output flux of a SQUID magnetometer operating in a
flux locked mode is not always equal to the input signal, except
in the case of static input. The working point for a static input
is at one of the maxima or minima of transfer function V (Φ),
where dV/dΦ = 0. If we assume that the input flux rises up or
falls down at a constant speed, namely, dΦin/dt = constant,
it will cause a shift of the working point from the static po-
sition and furthermore have a finite slope dV/dΦ 6= 0. With
a flux modulation, the phase detector and integrator produce
an increasing/decreasing feedback flux to track the input flux.
As soon as the feedback flux rate reaches the input flux rate, a
balance state is established, and the balance working point is
set to be at Φout with a flux shift of ∆Φ . For a slowly varying
input signal, the flux shift ∆Φ is negligible and the feedback

flux (output signal) can be regarded as an input flux. However,
when the input signal changes very fast (but still smaller than
the through rate), the instantaneous flux shift could be as large
as ∆Φ ≈±Φ0/4 (Φ0 = h/2e≈ 2.07×10−15 Wb is flux quan-
tum), and the original signal is distorted seriously. This can
cause problems in some applications, such as fast detection
of magnetic or metallic grains for medicine and food security
checking.

In this paper we discuss a simple relation between the in-
put and output signals of a flux locked SQUID magnetometer
in a cosine curve approximation. According to this relation,
the original input signals can be easily retrieved from the dis-
torted output waveforms.

2. Cosine curve approximation
The flux-to-voltage transfer function V (Φ) of both dc-

and rf-SQUID has strongly nonlinear periodic behavior. Nev-
ertheless, it can be well approximated by a function with co-
sine curve (see Fig. 1) as

V =
Vpp

2

(
c− cos(2π

Φ

Φ0
)

)
, (1)

where c is determined by the bias current of a SQUID.
In the flux locked mode, the SQUID works around one of

the maxima or minima of the transfer function. Without losing
generality, we assume that the static working point is a mini-
mum at Φ = 0, where the feedback flux does not change with
time except noise. As soon as a flux displacement ∆Φ occurs,
the feedback flux obtains an increasing rate (or a decreasing
rate). The rate reaches its maximum value at ∆Φ = ±Φ0/4,
which is called through rate R. An input flux whose increasing
rate (or decreasing rate) exceeds the through rate may not be
well locked.
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Fig. 1. Transfer function V (Φ/Φ0) approximated by a cosine curve.

In the cosine curve approximation, the transfer coefficient
dV/dΦ at Φ = ∆Φ is

dV
dΦ

=
πVpp

Φ0
sin
(

2π
∆Φ

Φ0

)
. (2)

For small ∆Φ , dV/dΦ can be expressed in the first approxi-
mation as

dV
dΦ
≈

2π2Vpp

Φ2
0

∆Φ . (3)

Since the rate of feedback flux is directly proportional to
dV/dΦ , it can be written as

dΦout

dt
= γ ∗∆Φ (4)

in a range of |∆Φ | ≤Φ0/4. At ∆Φ = Φ0/4, tracking velocity
is largest and equal to through rate R, so γ = 4R/Φ0. As noted
above, the displacement of the flux ∆Φ represents the differ-
ence between input flux Φin and output (feedback) flux Φout,
namely

∆Φ = Φin−Φout. (5)

In the dimensionless unit, we define

φin =
Φin

Φ0
, φout =

Φout

Φ0
,

t0 =
Φ0

4R
,τ =

t
t0
. (6)

Combining Eqs. (4), (5), and (6), we have

dφout(τ)

dτ
+φout(τ) = φin(τ). (7)

For a given input signal φin(τ), we may obtain the re-
sponse output φout(τ) by solving the above equation and it can
be shown

φout(τ) =
1

1+D
φin(τ)− e−τ 1

1+D
φin(0)

+ e−τ
φout(0), (8)

where D≡ d/dτ is ordinary differential operator, and φout(0)
and φin(0) represent the values of φout(τ) and φin(τ) at τ = 0,
respectively. Equation (8) indicates that the function of the
initial condition will fade out after a long time τ � 1.

3. Distortion of output response

As an example, we assume that the input signal is a step
function

φin(τ) =

{
0, τ < 0,
1, τ > 0. (9)

From Eq. (8), we obtain the output response

φout(τ) = 1− e−τ + e−τ
φout(0), (10)

or

Φout(t) = Φ0(1− e−4Rt/Φ0)+ e−4Rt/Φ0Φout(0), (11)

which depends on the initial condition output flux Φout(0).
Both φin(τ) and φout(τ) are depicted in Fig. 2. It shows that
the output response to the input signal has a time delay, so it is
distorted.
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Fig. 2. Different forms of φout(τ) acquired from the same φin(τ) be-
cause of different values of φout(0).

Another example is the sinusoidal input signal as de-
picted in Fig. 3(a) with the initial condition φout(0) = 0, where
Ω = ωΦ0/4R is the frequency in the dimensionless unit:

φin(τ) = sin(ωt) = sin(Ωτ). (12)

From Eq. (8), we obtain

φout(τ) =
1

1+D
sin(Ωτ)− e−τ 1

1+D
sin(Ωτ)|

τ=0

=
1

1+D
Im e iΩτ − e−τ 1

1+D
Im e iΩτ

∣∣∣
τ=0

= Im
1

1+D
e iΩτ − e−τ Im

1
1+D

e iΩτ

∣∣∣
τ=0

= Im
e iΩτ

1+ iΩ
− e−τ Im

e iΩτ

1+ iΩ

∣∣∣∣∣
τ=0

= − 1√
1+Ω 2

[
sin(Ωτ−φ)+ e−τ sinφ

]
, (13)

where φ = arctanΩ = arctan(ωφ0/4R). The output response
φout(τ) (depicted in Fig. 3(a), where Ω = π/2) shows the dis-
tortion of the sinusoidal signal. The dependences of phase
shift φ and amplitude (1 + Ω 2)−1/2 of the output signal on
frequency are shown in Figs. 3(b) and 3(c) respectively, from
which we can draw the following conclusions: in the limit
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Ω � 0, where the frequency of input signal ω � 0 or the
through rate of SQUID magnetometer R→ 0, the lag phase
of the output signal tends to π/2 and the amplitude to 0; while
in the case of Ω → 0, where ω → 0 or R� 0, the phase and
amplitude of the output signal are almost the same as those of
the input signal.
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Fig. 3. (a) Input (solid line) and output (dashed line) signals versus
time, (b) the dependence of the phase shift of the output response on
frequency, and (c) relation between the amplitude and frequency of the
output signal.

In magnetocardiography (MCG) experiments, the data
acquisition is carried out by using two SQUID sensors im-
mersed in liquid nitrogen or liquid helium, a pickup SQUID
for the signal channel, and a compensatory one for the ref-
erence channel. The filtering algorithms, such as gradiome-
ter and adaptive filtering,[15–18] are used to eliminate environ-
mental noises. However, with the same input signal, the out-
put responses of the two SQUID magnetometers are different
because of different through rates, and then the filtering ef-
ficacies of these schemes for the output response are weak-
ened. So these filtering schemes must be used in the input
signal, which can be retrieved from the output response with

calibrated through rate, in order to have more powerful noise
suppression.

As the last example, the input signal is described by two
consecutive Gaussian functions with variance σ2 = 0.5 and the
same peak height, and the centers of their peaks are ∆τ apart.
Figures 4(a) and 4(b) respectively show the input and output
signals each with a difference of ∆τ .
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Fig. 4. (a) Input (solid line) and output (dashed line) signals, each with
∆τ = 2, versus time, and (b) input (solid line) and output (dashed line)
signals versus time, the input signal with ∆τ = 1.2 has two obvious
peaks, while the output signal has two undistinguishable peaks.

From Figs. 4(a) and 4(b), we can see that only one peak
exists in the output response when the time interval of the two
consecutive Gaussian functions is too short. In medicine and
food security checking, the exact number of magnetic grains
can be found from the input signal, which can be easily re-
trieved from the output signal.

4. Retrieval of original signal
In the measurement, the original signals φin(τ) can be

easily obtained by using Eq. (7), and it is uniquely determined
by the output response. With φout(τ), the equation can be writ-
ten as

Φin(t) = Φout(t)+
Φ0

4R
dΦout(t)

dt
. (14)

On the left-hand side of Eq. (14), there are two terms contain-
ing Φout(t) and dΦout(t)/dt, which reflect the static contribu-
tion and the dynamic response, respectively. Before retrieval,
the through rate R in flux locked mode should be calibrated.

Now, we show two examples in Figs. 5 and 6 respectively.
The response function in Fig. 5 is expressed as

ϕout (τ) = r(e−τ + τ−1), (15)

where r is a constant. The original signal can be computed ac-
cording to Eq. (14), and φin(τ) turns out to be a linear function
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of time with a slope of r, i.e.,

φin(τ) = rτ. (16)

The flux shift is ∆φ = r− r e−τ , which has φ = r as an asymp-
tote when τ tends to +∞, and it reduces to zero at τ = 0. The
signal can be kept to be locked when |∆φ | ≤ 1/4 (the equal
sign holds only when noise is not present). It can be shown
that the locking condition is φin(τ)= rτ < τ/4 (or Φin(t)<Rt)
since r < 1/4.
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Fig. 5. Input signal expressed by a linear function of τ with slope
r = 1/8 and the output response.
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Fig. 6. Original signal (solid line) and output response (dashed line).

In Fig. 6, the response function is

φout(τ) =


β

(
1− e10

1+ e10 e−(τ−k)
)
, τ ∈ [k,k+10] ,

β e10

1+ e10 e−(τ−k−10), τ ∈ [k+10,k+20] ,
(17)

where k is a twentyfold integer. Using Eq. (14), we obtain the
original waveform

φin(τ) =

{
β , τ ∈ [k,k+10] ,

0, τ ∈ [k+10,k+20] .
(18)

The original signal is a square wave function, whose varying
rate is nonzero only at the points of the decuple integer, and
the locking condition is |β |< 1/4.

5. Conclusions
In this paper, we discuss an effective way to retrieve

rapidly varying original signals in the SQUID magnetome-
ter applications. With V (Φ) approximated by a cosine func-
tion, the relation between the input signal and the output sig-
nal is obtained analytically. We show that the retrieved input
signal depends not only on the output signal but also on its
change. Using this relation, we can find the original signal
conveniently from the output response.
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