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Thermal and thermoelectric response from Keldysh formalism with
application to gapped Dirac fermions*
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Based on the Keldysh Green’s functions theory, we present a general formula of the thermal and thermoelectric
transport. In the clean limit, our formula recovers the previous results obtained from the semiclassical transport theory.
In our approach, we propose an appropriate energy current operator and electric current operator, and the unphysical
divergence from the direct application of the Kubo formula is eliminated. As an application, we study the thermal and the
thermoelectric Hall conductivities of a gapped Dirac fermion model in the presence of impurity scattering.
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1. Introduction

The study of energy transport in various systems has at-
tracted a lot of attention.!'* The control of the heat fluxes and
minimization of the related energy loss are important factors
in modern electronics. Energy transport in metals or semicon-
ductors is mainly related to the electric current flow. Electrons
move in the materials, carrying not only charge but also en-
ergy. A temperature gradient can generate both electric current
and energy (heat) current. In linear response, the electric and
thermal transport induced by a temperature gradient is given
by the following relation

Jy_ (&
G- o

where j. and j, represent the electric and heat current densi-
ties, respectively. & is the thermoelectric conductivity tensor
and the coefficient X is the thermal conductivity tensor.
Transport properties can be affected by electrical, opti-
cal, and magnetic means. The corresponding mechanical force
on the carriers are the electric force and the Lorentz force;
however, there is no mechanical force that corresponds to the
temperature gradient. Therefore, many of the theoretical tools
which are used to describe charge (spin) transport cannot be
straightforwardly extended to the study of heat transport. The
direct application of linear response theory typically yields un-

physical divergence>~7!

at zero temperature. In this paper, by
choosing an appropriate energy operator and electric current
operator with auxiliary gravitational field we are able to de-
rive general formulas for the thermal and thermoelectric con-

ductivities based on the Keldysh Green functions theory. [8-16]
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The method can eliminate the troublesome divergence from
the direct application of the Kubo formula. We show that in
the clean limit, our formula reduces to the previous results ob-
tained from other approaches. Expressed in terms of Green’s
function, our result has the advantage that disorder effects and
interaction effects can be systematically studied using the stan-
dard perturbation method. As an application, we study the
thermal and thermoelectric Hall conductivities in a disordered
gapped Dirac model.

The structure of this paper is organized as follows. In Sec-
tion 2 we derive our general formula of thermal and thermo-
electric conductivities. In Section 3, we present the application
of our formula to study the thermal and thermoelectric Hall
conductivities in the disordered gapped Dirac fermion model.
In Section 4, we summarize our results.

2. Formula

In this section, we derive the thermal and thermoelectric
transport coefficients in the presence of the temperature gradi-
ent in the linear response regime. However, it is not possible to
directly incorporate the temperature gradient into the Hamilto-
nian as an external field. This is because the temperature gra-
dient is a statistical force that affects the particles through the
distribution function rather than a dynamical force that exerts
direct force to the particle. To solve this problem, Luttinger!!”!
proposed a method to study first the response due to the me-
chanic force from an inhomogenous gravitational field, then
using the Einstein relation to relate the obtained transport co-
efficients to the thermal transport coefficients.

We follow Luttinger’s method, and introduce an auxiliary
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gravitational field y to the Hamiltonian. In the presence of
gravitational field y corresponding to the mechanic counter-
part of the temperature gradient, the term in Hamiltonian due
to the interaction with this field"®!

A 1, ~ A
Hin[ZE[H'T+T‘H]VY. (2)
We note that by including the interaction, the velocity operator
becomes
1 N 1
ﬁzﬁ[r,H} :@0+§{ﬁo,r~Vy}, 3)

and the energy current operator becomes

g = (€~ W)[Bo +{B0, 7V}, “)
where ®9 = - [r,Ho|. [A,B] = AB—BA, {A,B} = AB+ BA,
and A = Hy + H;,.. Hence the velocity and energy current
operators have additional contributions from the inhomogene-
ity of the gravitational field. In Keldysh formalism, the total
transport current which is proportional to Tr[jG<] therefore
has an additional contribution proportional to VY. Accord-
ing to Luttinger’s argument based on the Einstein relation, the
ratio between this contribution and 7'V 7 just leads to the ther-
mal transport coefficients. Explicitly, the corresponding ther-
mal and thermoelectric conductivity tensors can be written as

de
Twl/ / EG<(€kHVH, )

dzk:
it [ ] o nl

where lesser Green’s function G< (&,k) can be determined by

K =

introducing the auxiliary gravitational field ¥ into the Dyson
equation. The Dyson equation for Green’s function in the pres-
ence of Luttinger’s gravitational field y(r) is

o v v A !l
{lat % —¥(r) (Vimp(r) *H) G(r,t;r', 1)
=8(r—r)5(t—1t")+y(r)
x /dtld,’alﬁ(,r’t;Tl7t1)Y(T1)G(Tl7tl;T/7t/)7 (7)

G(r,r',t') = —i(T{y(r,0y'(#',))}) is the
contour-ordered Green’s function matrix, and 2(r,t;r’,t’)

where

is the corresponding self-energy matrix. 7.{---} is the time-
ordering operator, and y(r,¢) and ' (r,¢) are the annihilation
and creation operators for quasiparticles. In the Born approxi-
mation we have

ZA(TJ;T'/,I’):nimp/dr”Vimp(r;r”)é(r’/7t;r/7t/)\/imp(r//;r’).

Where 7y and Vi denote a possible disorder concentration
and potential respectively. By applying the following transfor-
mation to the Dyson equation (7)

=y PP (e )y 2@, ®)
with ¥ = G/ﬁ, we obtain

) Vv?
1/2 - v
vir) ly(r)ﬁt + 2m

Y(r,t;r',1)

— Vimp(7) + 1

xy 26,7 1)
=8(r—7)8(1—1)+y"2(r)
></dtldrlf(r,t;7“1,tl)é(rl,tl;r/,t/)}fl/z(rl). 9

After Fourier transforming the relative time, the Dyson equa-
tion in the linear response regime becomes

{( rVy pVy)e v?
- _PYIE L Y
Y o /w 2m
—%m<r+§>+u }G&ux@

A ™
=90 p)+/d’l"12 (r—|—31;p—7'1,8)

A p—T
x G —— 7T, .
(- #5"me)

Here we separated the dependence on the center of mass and
the relative coordinates. Then, we have the V y-dependent part
of the Green function given by

(10)

A A s A i
Gvy = GOEVYGO — 5(8 — u)

2Gy 4 ¢
X 0G

2G
e —Gov 5=

a Vy7

Y

where Gvy and 2Vy are the Vy-dependent part of the Green
function and the self-energy respectively. In Keldysh space,

the product of matrices obeys the following rules!'®!
(ABC)RA — ARAFRACRA (12)
(ABC)< = A<BACA + ARB=CA+ARBRC=<. (13)

Using the above relations, we can separate G< into two terms:
a Fermi surface contribution and a Fermi sea contribution

Gy, (€. k) = G (e, k)d: f(£) + G (e, k) f(€), (14)
where
Gy, = GREL, 6o +i(e — ) VYGivGY
+ %(8 — 1) Vya [G§ +Gp) (15)
Gyy = Gyy— 6%y, (16)
and
GRIN) =GR RA) GRA +%(8_ VY
x [GOR(A)vaG;OR;A) - ac}}; A)vé§<A> o an
G = [g_ﬁ_ﬁ(‘}(“r (18)

First we consider the simplest clean limit result. This also
serves as a check of our theory. In this case, the retarded and
advanced Green’s functions are just given by

Gy (e,k) = [e+p — Ho(k) £i07] ! (19)

Hy is disorder free part of the Hamiltonian. Plugging Eq. (19)
into Eq. (6), we can obtain
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Ky = /dee w)f

ff/de(e—u)zagf(s)/ (d2k RY (e O () 1tte) (ttmpe |9y (K |1t )

2m)?

nm

1
x L—e,,k—im
1

d
—anrior| 7 [ et

/ o )T[6(s Ao)(reby — 1))

1
€—Epp 10T

61 25005 0 05 )

) nm

X
(€ — € +107) (€ — g +101) Lsnk +10*

Using the residue theorem, we find that

/dss w)f

EnkEmk

Kyy =

- Z 5 (k| (K )‘”mk><”mk|ﬁy(k)|unk>[f(8nk)

T nm (£Vlk - Emk)z

After some algebra (the same procedure described in
Refs. [9] and [10]), we obtain

Ky = %/deagf(e)(sfu)z/ (jn’; gzqu (k). (22)
Here Q%(k) = i(Viuuk| X |Viunr)|; is the Berry curvature
of the Bloch state |n, k) = ¢'*7/"|u,y,). This clean limit re-
sult was previously derived by Qin et al.!%! and Matsumoto et
al.:81 Now it is also reproduced as a special limiting case of
our general formula. For the thermoelectric conductivity in the

clean limit, we have

2k

Qyy = %/de&ef(s)(efu)/ (gﬂ)z Y Qik). (23)

& <€

3. Model and results
3.1. Dirac model

In the following we apply our derived formula to study
the thermal and thermoelectric Hall conductivities of the 2D
gapped Dirac model. This model has been widely used to de-
scribe systems such as gapped graphene and gapped topologi-
cal insulator surfaces.!!>?%! It can be written as

A~

H= VF((A)'Xky — GAykx> + A6, + V(T)fio, 24)

where 6y, are the Pauli matrices and &y is the identity ma-
trix. Vv is a constant representing the velocity. The second
term represents a gap opened in the spectrum due to cer-
tain symmetry breaking effects. For topological insulator sur-
faces, this could originate from the Zeeman field or exchange
field produced by magnetic doping or nearby magnetic lay-
ers. Here, we consider the spin-independent random impuri-
ties V(r)

and the impurities concentration »;. 7; is the random locations

=Y, u;6(r —7;), with the impurities potential u;,

of the scattering centers, and we assume the disorder has the

! } . (20)

efemk+10+

© [ b (e~ o), 1)

*f(gmk:)y (21)

following statistical properties (i;)imp = 0, (U7 )imp = u? # 0,
and (u; >1mp = u3 # 0. The band dispersions of the clean sys-

Ey = 4/vik2 + A2, (25)

the corresponding wave functions are

tem are

6 6 _..1"

v, = {cosz,isinze‘“’} , (26)
0 6 1"

v = {sinz,—icosze“’”] . 27

Where ¢ = arctan(k, /k,) is the azimuthal angle (see Fig. 1),
6 = arccos(A/ 4/ vik? +A?)

is the polar angle (see Fig. 1), and we have unitized the size of
the system.

Fig. 1. Schematic diagram for azimuthal angle ¢ and polar angle 6.

3.2. Results

In the following we consider that the system is electron
doped with &g > A. Due to particle hole symmetry, the re-
sults can be easily generalized to the hole-doped case. In our
model, we assume that the impurities are dilute, and then we

obtain the self-energy using Born approximation>!)

2

R LU .

Zg*A = Fi 4"}2’ [eco +Ac;] = Fillpop+ ;o]  (28)
F
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Since we have assumed that &pT > 1, 1/7T = nuiep/2ve is
the relaxation time,?!! and the real part of the self-energy can
be neglected. The effect of ZA%'? in Eq. (17) is canceled out.
This is similar to the case of the perturbation from an elec-
tric field.['?! The terms GOR(A)vc?gGg(A) and Gg(A)ng(A) are
of higher order in 1/€pT, hence only the disorder free part of

21221 Therefore,

these term is important to physical quantities. !
the disorder effects are contained in the term GS'UGOA. The
thermal and thermoelectric Hall conductivity can be decom-

posed in the following way (see Fig. 42(a) in Ref. [22])

int Sj sk

Ky = Ky + K3+ Ky, (29)
o : .

Gy = Oy + 00+ oy, (30)

where the first term denotes an intrinsic Berry curvature-driven
contribution, and the other two terms caused by the scattering
of electrons off impurities: the side-jump contribution and the
skew-scattering contribution.”>! According to the diagram-
matic representation as shown in Fig. 2, the side-jump con-
tribution and skew-scattering contribution to thermal and ther-
moelectric conductivity are

AT [ d%k AR~ AA

Ky = = (2”)2Tr [90xGo 9, Gy (3D
g TET d [ d*k . AR. AA
%y = g E/ re [0:Go 5G], (32)
and
2 2
k EkBT d“k ~ AR A A AA A
Ky = 6nu; /(ZE)ZTr [9:Go by + 9G] , (33)

ok — n:k%;Ti/ d’k [5.GR5, + 0, Go
el 6n;u; de (

- 27)2 g

respectively. Where
A’k apn.

is the ladder-diagram corrected velocity vertex, © = (¥, V),
and ’ﬁo = (\70x,\70y).

(a) Oy Q Uy =@ —> fm@f)
(v) ay@,m

Fig. 2. (color online) Graphical representation (a) of the side-jump con-
tribution and (b) of the skew-scattering contribution. The solid lines
are the disorder averaged Green’s functions, and the dashed lines with
crosses represent disorder scattering.

When € > A, the intrinsic contributions (above band gap)
can be calculated by Eqs. (22) and (23) using Sommerfeld ex-
pansion, and we have
TkET A

72 .
12 g

int

2
_ _nkBTé a int _
w 12 &’ v

Straightforward calculations show that

by = —nu 0, — nui I 0y, (35)
by = nul ;05 + ni 1,0y, (36)
Where
r L(1—nu?h) + Vi3 a7
= WV s
* F (1 —nu?ly)?— nizuj‘lz2
. b
I, =— , 38
Y 1 (1 —na?hh )2 —n?ut 2 (38)
and
de RO ~AO0 Rz ~A
L = / an? (GG — Gy Gl (39)
b= [EE (Groga _ gregy 40
2= (27:)2[0 0 0 0]’ (40)

Ggi are the i-th components of advanced (@ = A) and retarded
(o = R) Green’s functions in the Pauli matrix representation,
ie., G= ):?:0 G'6;. In the weak scattering limit,
& . 4 AL+ el
I} % —sin and h~xi—————
L O 2 4epl
when both subbands are partially occupied, i.e., &g > A, where
sin O = Ykg/er. Then we obtain

;j _ _ﬁk%TcosepsinzeF i @
Y 12 1+43cos? 6k 1 +3cos? O
K;k _ _n’k%T Au? sin* 6 7 “2)
Y 6 nut (143cos?6g)?
and
2 2
o — kg T | 1 —3cos” O 3 4
y 12¢r | 1+3cos2 6k 1+3cos? O
7 24¢cos? 6g sin® 6k ’ 3)
(1+3cos? 6p)?
ok — _87rk}23T Au? cos? O sin? O (44)
4 3ep nut (14+3cos?6p)3

The skew scattering contribution only dominates in the
ultraclean limit.[??! Here we are most interested in the sum of
intrinsic and side-jump thermal (KQ_V = K}C;t + Kg,) and thermo-
electric Hall conductivity (ag, = oc;‘;,t + ocf%,). We only include
the intrinsic contribution from the conduction band.>*! The
extra contributions from the fully occupied valence bands are
beyond the description of the effective model here. In com-
parison, the extrinsic contribution comes from electrons near
the Fermi surface, so they are well-captured in the effective

i 0,int,sj 0,int,sj .

model. In Fig. 3. we plot &y " and 0y as a function of
: 0 int

the Fermi energy €r. K, and Ky approach a constant Valu§

sj

ey > and oy

approach 0 value asymptotically as &g — co. They change sign

kT /12 asymptotically as &g — oo , while o, , o
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at &g~ 7.3A and &g = 2.1A, respectively. Because the extrinsic
contribution to the thermal Hall conductivity has opposite sign
as compared with the intrinsic contribution and they compete
as the Fermi energy varies. These behaviors are similar to the
anomalous Hall conductivity.!?>?*! Indeed, for good metals,
the thermal Hall conductivity

__ nt Sj sk
Ky = Ky T K5+ Ky

1.0

Thermal Hall conductance

—1.0f Ky
- -
K3y
—1.5 - ’ -
5 10 15 20
53

can be obtained from anomalous Hall conductivity>>?3! based
on Wiedemann-Franz law. The thermoelectric Hall conductiv-

ity

int k
Oy = 04y + O, + Olyy

can be obtained from anomalous Hall conductivity based on
the Mott rule. The calculations here again demonstrate the va-
lidity of our formula.

Thermoelectric Hall conductance

aly
—15) —o--aly ]
Oégj
-2.0 : . :
5 10 15 20

EF

Fig. 3. (color online) The intrinsic contribution (dashed blue curve), side-jump contribution (dash-dotted green curve), and their sum
(solid red curve) to thermal Hall conductivity (a), and thermoelectric Hall conductivity (b) as a function of the Fermi energy €g. The
thermal Hall conductivity is measured in units of 7rk]23T /12, and the thermoelectric Hall conductivity is measured in units of 7z:k}23 T/12.

4. Conclusion

In summary, we have derived a general formula of the
thermal and thermoelectric transport of disordered electron
systems based on the Keldysh Green’s functions theory. Fol-
lowing the method proposed by Luttinger, we proposed an ap-
propriate energy current operator and electric current operator.
The unphysical divergence from the direct application of the
Kubo formula is eliminated in our approach. In the absence of
disorders, our formula recovers the previous results obtained
from the semiclassical theory. As an application, we studied
extrinsic thermal and thermoelectric Hall conductivities of a
disordered gapped Dirac model. Our theory would be use-
ful for systematic studies of disorder and interaction effects in
thermal transport phenomena.
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