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Two-electron localization in a quantum dot molecule
driven by a cosine squared field∗
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We investigate the dynamics of two interacting electrons confined in a quantum dot molecule under the influence of
cosine squared electric fields. The conditions for two-electron localization in the same quantum dot are analytically derived
within the frame of the Floquet formalism. The analytical results are compared to numerical results obtained from the
solution of the time-dependent Schödinger equation.
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1. Introduction
In recent years, the quantum mechanical control of the

dynamics of two-electron quantum dot structures has been the
subject of several investigations.[1–7] Most of these studies
have concentrated on the dynamic localization effect and on
the generation of entangled states of two electrons.[2] In par-
ticular, it has been shown that localization in a two-electron
quantum dot molecule (QDM) can be achieved by applying
an alternating current (AC) electric field[3,4] or by applying an
AC–DC driving field.[5,6] The localization conditions involve
ratios of the Rabi frequency of the field–matter interaction to
the angular frequency of the external driving field correspond-
ing to zeros of an ordinary Bessel function of order determined
by the DC field and the effective Coulomb interaction between
the two electrons.[7]

For an AC field with amplitude modulation, the driving
field is regarded as a bichromatic AC field for which the two
components have the same amplitude but different frequen-
cies. However, according to the conditions for the dynamic
localization of bichromatic AC electric field,[1] the ratios of
the amplitude and frequency are roots of Bessel functions of
the first kind, and once the frequencies are different, the cor-
responding amplitudes should be different. There are some
special characters for the AC field with amplitude modulation,
compared with the bichromatic AC field. As a special case of
amplitude modulation field, we study the dynamic behavior of
two electrons in a quantum dot molecule under the influence
of a cosine squared external electric field in the present paper.
The conditions that we derive using a perturbation analysis for
the localization of the two electrons are also numerically tested
for the quantum dot structure.

The paper is organized as follows. In the following sec-

tion we introduce the model for the two-electron quantum dot
molecule. Then, in Section 3, we derive analytical conditions
for two-electron localization in a quantum dot molecule under
a cosine squared electric field. In addition, we present numer-
ical results that verify these conditions. Finally, in Section 4,
we conclude this study with a summary of our findings.

2. Theoretical model for the two-electron quan-
tum dot molecule
For the description of the two-electron QDM under study,

we apply the Hubbard model.[8] In this model, each quantum
dot of the QDM is regarded as a point, and the Hamiltonian of
electron in the QDM can be written as

H (t) = ∑
σ ,i=1,2

ei(t)d
†
iσ diσ +W ∑

σ

(
d†

1σ
d2σ +d†

2σ
d1σ

)
+U1 ∑

i
ni↑ni↓+U2 ∑

σ1,σ2

n1σ1n2σ2 . (1)

Here d†
iσ and diσ are creation and annihilation opera-

tors of an electron with spin σ on the i-th dot, i = 1 or
2. When the external electric field has a cosine squared
form E(t) = V cos2(ωt), the energy levels become ei (t) =
(−1)i+1 (V cos2 (ωt)

)
/2, where V and ω are the amplitude

and frequency of the driving field. W describes the coupling
between two dots, and U1 and U2 denote the intradot and in-
terdot Coulomb interactions, respectively.

In real space, the two-electron basis vectors are |1,1〉,∣∣1̄, 1̄〉, ∣∣1, 1̄〉, ∣∣1̄,1〉, |0,2〉, |2,0〉, where |m,n〉 denotes the state
of m electrons at the first dot and n electrons at the second
dot. The values 1 and 1̄ indicate the spin-up and spin-down
states, respectively. On replacing the basis states

∣∣1, 1̄〉 and∣∣1̄,1〉with
(∣∣1, 1̄〉− ∣∣1̄,1〉)/√2 and

(∣∣1, 1̄〉+ ∣∣1̄,1〉)/√2 , the
∗Project supported by the Natural Science Foundation of Hebei Province, China (Grant No. A201405104).
†Corresponding author. E-mail: wanglm@iapcm.ac.cn
© 2015 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

047306-1

http://dx.doi.org/10.1088/1674-1056/24/4/047306
mailto:wanglm@iapcm.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 24, No. 4 (2015) 047306

Hamiltonian of the system takes on the matrix form

H (t) =
[

U2I3×3 0
0 H1(t)

]
. (2)

Here, I3×3 is a 3× 3 unit matrix in the triplet subspace, and
H1(t) in the singlet subspace is given by

H1 (t) =

 2e1(t)+U1
√

2W 0√
2W U2

√
2W

0
√

2W 2e2(t)+U1

 . (3)

There is no mixing between the two subspaces due to there be-
ing no spin-flip terms in Eq. (1). Obviously the basis vectors
|1,1〉,

∣∣1̄, 1̄〉, and
(∣∣1, 1̄〉+ ∣∣1̄,1〉)/√2 are the eigenvectors of

the Hamiltonian and constitute the trivial triplet subspace, in
which the electron number in each dot is invariably one, and
the time-dependent term does not influence this characteris-
tics.

We will focus our attention on the singlet subspace con-
sisting of |2,0〉,

(∣∣1, 1̄〉− ∣∣1̄,1〉)/√2, |0,2〉. The Hamiltonian
H1(t) in the singlet subspace with a constant energy shift of
U2 can be written as

H ′1 (t) =

 2e1(t)+κ
√

2W 0√
2W 0

√
2W

0
√

2W 2e2(t)+κ

 , (4)

where κ =U1−U2 is the effective Coulomb interaction. In the
absence of a time-dependent term, the eigenvalues and eigen-
vectors of the Hamiltonian H ′1 can be exactly solved. When
the time-dependent term is involved, the time periodicity of
the Hamiltonian H ′1 enables us to describe the quantum evolu-
tion process in terms of Floquet theory.[9]

Given an initial state of the system |ψ(0)〉, its time evolu-
tion can be expressed in terms of Floquet states as follows:

ψ(t) = ∑
α=1,2,3

exp(−iεα t) |uα(t)〉〈uα(0)|ψ(0)〉, (5)

where εα and |uα(0)〉 are quasienergies and the correspond-
ing initial Floquet states. They are obtained by diagonalizing
the one-period propagator U(T,0) of Hamiltonian H ′1, which
is determined by integrating the following time-dependent
Schrödinger equation (h̄ = 1) from t = 0 to t = T ,

i
∂

∂ t
U(t,0) = H ′1 (t)U(t,0). (6)

The propagator U(t,0) satisfies the initial condition U(0,0) =
I3×3, and can be obtained using the equation

U(t,0) = ∑
α=1,2,3

exp(−iεα t) |uα(t)〉〈uα(0)| . (7)

We can get the Floquet state |uα(t)〉 at arbitrary time t ∈ [0,T ]
by first calculating U(T,0).

To investigate the dynamic localization of the system, we
define P(t) as the occupation probability at time t of the initial
state |ψ(0)〉.[10] Using Eq. (5), we get

P(t) = | 〈ψ(0)|ψ(t)〉|2

=

∣∣∣∣∣∑
α,β

c∗α cβ exp[−i(εβ − εα)t]〈uα(0)|uβ (t)〉

∣∣∣∣∣
2

. (8)

At the quasi-energy level crossing points, i.e., εβ = εα ,
dynamic localization occurs with P(t)≈ 1. The degeneracy of
the quasi-energies can be used to identify dynamic localization
in a quantum system under the action of a periodic field. As a
result, the Floquet spectrum method is very useful in the study
of the dynamic localization. However, this method still has a
shortcoming in that a crossing or avoided crossing is only a
necessary condition, not a sufficient condition for localization.
To solve this problem, Jiang et al. developed the long-time av-
eraged occupation probability (LAOP) method.[11] It has been
shown that the LAOP provides both the necessary and suffi-
cient condition for dynamical localization. The LAOP method
has therefore been used in this paper.

3. Localization conditions and numerical results
Numerical methods are usually employed to calculate the

quasi-energies. When the difference between the two types of
Coulomb interaction, κ , is much larger than the tunneling co-
efficient, W , the Hamiltonian equation (4) can be divided into
two parts Ha and Ht

H ′1 =

 V cos2 (ωt)+κ 0 0
0 0 0
0 0 −V cos2 (ωt)+κ


+

 0
√

2W 0√
2W 0

√
2W

0
√

2W 0

 . (9)

In the interaction term Ha, all the interaction terms are diag-
onal, and it is straightforward to obtain an exact, orthogonal
set of eigenvectors for Eq. (6). We rewrite the driving electric
field E(t) =V cos2(ωt) as E(t) = V

2 (1+cos(2ωt)). The three
eigenvectors are then

|u1 (t)〉=
(

exp
[
− it

(
κ +

V
2
− ε1

)
− i

V
4ω

sin(2ωt)
]
,0,0

)
,

|u2 (t)〉= (0,exp [itε2] ,0) ,

|u3 (t)〉=
(

0,0,exp
[
− it

(
κ− V

2
− ε3

)
+ i

V
4ω

sin(2ωt)
])

.

(10)

Using the T -periodic boundary condition uα(t +T ) = uα(t),
we can get the eigenvalues ε1 = κ +V/2, ε2 = 0, and ε3 =

047306-2



Chin. Phys. B Vol. 24, No. 4 (2015) 047306

κ−V/2, and the corresponding eigenvectors,

ψ1(t) =
(

exp
[
− it

(
κ +

V
2

)
− i

V
4ω

sin(2ωt)
]
,0,0

)
,

ψ2(t) = (0,1,0) ,

ψ3(t) =
(

0,0,exp
[
− it

(
κ− V

2

)
+ i

V
4ω

sin(2ωt)
])

.

(11)

These are stationary states in real space, and the number of
electrons in each dot never changes with time.

When the tunneling perturbation Ht is taken into account,
the number of electrons on each dot might change due to reso-
nant tunneling.[12] The tunneling probability is determined by
the elements of matrix Ht,

(Ht)i, j =
〈〈

ψi(t)|Ht|ψ j(t)
〉〉

=
1
T

∫ T

0
dt
〈
ψi(t)|Ht|ψ j(t)

〉
, (12)

where 〈〈· · · 〉〉 denotes the inner product for the three eigenvec-
tors |ψi(t)〉, which are T -periodic functions.[13,14] By using
the well-known identity

exp[−iβ sinωt] =
∞

∑
m=−∞

Jm(β )exp[−imωt], (13)

to rewrite the eigenvectors |ψi(t)〉, we can straightforwardly
obtain the elements of matrix Ht in the form of the Bessel func-
tion of the first kind,

Ht =
√

2W

 0 J−n (V/4ω) 0
J−n (V/4ω) 0 Jn (V/4ω)
0 Jn (V/4ω) 0

 , (14)

with κ−V/2 =−2nω .
When the element (Ht)i, j is zero, the tunneling between

|ψi(t)〉 and |ψ j(t)〉 is forbidden. In other words, the initially
delocalized state ψ1(0) = |2,0〉 or ψ3(0) = |0,2〉 can remain
in dynamic localization as time evolves if Jn (V/4ω) = 0.

In order to verify the above constraint condition, we em-
ployed the fourth-order Runge–Kutta algorithm for solving the
time-dependent differential equation (7) with the initial con-
dition |ψ(0)〉 = |0,2〉. As mentioned above, this initial state
corresponds to the localization of an electron pair in the sec-
ond quantum dot. We regard the dynamic localization phe-
nomenon as occurring if Pmin, the minimum value of the prob-
abilities P(t) = | 〈ψ(0)|ψ(t)〉|2 that describe the population
evolution of the initial state |0,2〉, is larger than 0.5. Figure 1
illustrates the phase diagram of Pmin as a function of the am-
plitude of the driving field, V , and the effective Coulomb in-
teraction, κ , for the case where the tunneling matrix element
is W = 0.15ω .
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Fig. 1. (color online) Three-dimensional (a) and plane view (b) of the
dependence of Pmin for the initial state |0,2〉 less than 500π/ω on κ and
V , W = 0.15ω .

Note that the phase diagram Pmin(κ,V ) in Fig. 1 agrees
with the above analytical result. In particular, the initial state
|ψ(0)〉 = |0,2〉 remains localized except in regions near the
lines V = 2κ +4n, n = 0,±1,±2, . . ..

For the case n = 0, the amplitude of the driving field V
and the effective Coulomb interaction κ satisfy the relation
V = 2κ , with κ ≥ 0, which is the diagonal line in Fig. 1(b).
Figure 2 shows the population P(t) and minimum Pmin of the
initial state |ψ(0)〉= |0,2〉 as functions of the amplitude of the
driving field V . According to Fig. 2(a), we find that the initial
state |ψ(0)〉 = |0,2〉 remains localized in the second dot with
κ = 4.83ω and V = 9.88ω . Such an amplitude for the driving
field satisfies the Bessel function relation J0 (V/4ω) = 0, as
shown in Fig. 2(b). The numerical results thus agree well with
the analytical condition Eq. (14) for n = 0.

For the case of n = 1, the amplitude of the driving field
and the effective Coulomb interaction satisfy the relation V =

2κ + 4, and V ≥ 4 with κ ≥ 0, which is the line above the
diagonal line in Fig. 1(b). Figure 3 shows the minimum pop-
ulation Pmin(V ) of the initial state |ψ(0)〉 = |0,2〉. Note that
the dynamic localization occurs with the driving field strength
V satisfying the relation J1 (V/4) = 0. This demonstrates the
excellent agreement between the numerical results and the an-
alytical condition of Eq. (14) for n = 1. With increasing n, the
amplitude of the driving field V is more important than the ef-
fective Coulomb interaction κ . The two electrons can then be
viewed as a single particle with charge 2e.[15]
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Fig. 2. (color online) (a) The population evolution P(t) of the initial
state |0,2〉 for time less than 266T , κ = 4.83ω , V = 9.88ω , W = 0.15,
and ω = 1. (b) J0(V/4) and the minimum Pmin(V ) less than 1000T with
W = 0.15 for the case of V = 2κ .
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Fig. 3. (color online) (a) The minimum Pmin(V ) and J1(V/4) for the
case of V = 2κ +4 with W = 0.15 and ω = 1. (b) Detail of Pmin(V ) and
J1(V/4) near V = 15.3ω .

In the case where n = −1, the relation V = 2κ − 4 with

V ≥ 0 and κ ≥ 2 is the line under the diagonal in Fig. 1(b).
Figure 4 shows the minimum value Pmin(V ) for time less than
1000T for the population of the initial state |0,2〉. Note that
dynamic localization occurs when the driving field strength
V satisfies the relation J−1 (V/4) = 0, which again shows the
good agreement between the analytic conditions and the nu-
merical results. With decreasing n, the effective Coulomb
interaction κ becomes more important than the amplitude of
the driving field. The external driving field can then be ig-
nored when V � κ , and the initial state |0,2〉 remains in
the second quantum dot. Dynamic localization occurs when
the amplitude of the driving electric field V is comparable to
the effective Coulomb interaction κ and satisfies the relation
J−n (V/4) = 0.
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Fig. 4. (color online) (a) The minimum Pmin(V ) and J1−(V/4) for the
case of V = 2κ−4 with W = 0.15 and ω = 1. (b) Detail of Pmin(V ) and
J−1(V/4) near V = 15.3ω .

As a result, the amplitude of the driving electric field V
is relevant to the effective Coulomb interaction κ while dy-
namic localization is occurring. According to this, the effec-
tive Coulomb interaction κ could be worked out with the help
of the angular frequency and amplitude of the external driv-
ing field. Such a conclusion could not be achieved in the case
of an AC–DC driving field E(t) = E0 +E cos(ωt),[5] where
E0 is irrespective to E. As a possible application of the co-
sine squared driving field, it is probably used to measure the
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effective Coulomb interaction between electrons in a quan-
tum dot molecule.[16] Such an experimental method depends
sensitively on the parameters of the driving field, thereby giv-
ing the attractive possibility of coherently manipulating elec-
tronic states in semiconductor nanostructures by means of
laser pulses[17] or oscillating gate potentials.

4. Conclusion
In summary, we have presented the effect of a cosine

squared driving field on the dynamics of two electrons in a sys-
tem of two quantum dots. The results are different from those
obtained both with a cosine external AC driving field[18,19] and
with combined DC–AC fields.[4,7] Using separately the per-
turbation approximation method and the fourth-order Runge–
Kutta algorithm, we have found that resonant tunneling be-
tween the localized states |0,2〉 and |2,0〉 occurs if the value
of the effective Coulomb interaction κ between the two elec-
trons and the strength of the driving field satisfy the relation
V/ω = 2κ/ω+4n. Such resonant tunneling is destroyed if the
parameters simultaneously satisfy the relation J±n (V/4) = 0.
In that case, dynamic localization occurs. The above conclu-
sions imply a possible application of the cosine squared driv-
ing field to measure the effective Coulomb interaction between

electrons in a quantum dot molecule or in ultrafast electron
transfer.
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