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Propagation of Gaussian beams family through a Kerr-type
left-handed metamaterial
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In this paper the propagation of elegant Hermite-cosh-Gaussian, elegant Laguerre Gaussian, and Bessel Gaussian
beams through a Kerr left-handed metamaterial (LHM) slab have been studied. A split-step Fourier method is used to
investigate the propagation of laser beams through this media. Numerical simulation shows that Gaussian beams have
different focusing behaviors in a Kerr LHM slab with positive or negative nonlinearity. Beam focusing happens in slabs
with positive nonlinearity and not in slabs with negative nonlinearity; however, negative nonlinearity is required for a Kerr
LHM slab to act like a lens. Additionally, the focusing properties of beams can be controlled by controlling the thickness of
the slab or the input power of the incident beam. A multilayer structure is also proposed to have beam focusing by thinner
slabs and passing longer distances.
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1. Introduction

Veselago considered media with negative electric permit-
tivity and magnetic permeability for the first time in 1968.[1]

Such a media is termed a “left-handed” metamaterial (LHM),
because the wave vector, electric field vector, and magnetic
field vector form a left-handed triad. In this media the direc-
tion of phase velocity is anti-parallel to the energy flow in the
media, thus the media could be assumed to have a negative re-
fraction index. In the late 1990s, Pendry et al. presented meth-
ods to achieve negative permittivity and permeability, which
led to the design of LHMs.[2] Subsequently, Smith et al. re-
ported the first experimental implementation of such materials
at microwave frequencies regime.[3]

The negative value of ε can be found naturally in metals
and plasmas, therefore negative-ε metamaterials can be cre-
ated by simple means, such as the addition of metallic rods
or microplasmas.[4] For instance, recently a uniaxial plasma
metamaterial that exhibits negative refraction is demonstrated
in Ref. [5]. Another structure for negative index material is
a metal–dielectric–metal sandwiched metamaterial,[6] which
has been widely investigated because of its remarkable pro-
perties.[7–9]

LHMs can be used in a wide variety of applications, such
as lenses, couplers, antenna, filters, absorbers, scattering com-
posites, clocking, and so on.[10–19] Because of their unique
ability to guide electromagnetic waves, left-handed materials
have been developed rapidly in recent years. For example,
focusing of optical beams is possible in a flat LHM slab; how-
ever, in a conventional lens there should be a curved structure

to focus the light.
Nonlinear metamaterials, due to their intensity-dependent

effects, such as self-focusing, bistability, harmonic genera-
tion, and parametric amplification, have been the subject of
many studies. A nonlinear metamaterial can be made of em-
bedded split-ring resonators in a nonlinear media. Moreover,
double-nonlinear metamaterial with both nonlinear electric
and magnetic inclusions are proposed to show tunable non-
linear response with control over both electric and magnetic
nonlinearities.[20]

The possibility of controlling the effective parameters
of the metamaterial using nonlinearity has been suggested in
Refs. [21] and [22]. In nonlinear LHMs, interaction between
diffraction and nonlinear effect is found contrary to that of ei-
ther a conventional Kerr media or a linear LHM. Previously,
Kerr-type LHMs have been found to have a great potential for
application in the control of light beam propagation. The fo-
cusing properties of Gaussian beams by a Kerr LHM slab have
been studied both analytically and numerically, and it has been
found that the focusing properties of beams can be tuned by
slab thickness, nonlinearity characteristics of media, and the
input power of the Gaussian beam.[23]

In this paper the focusing behavior of other solutions
of the Helmholtz equation, such as elegant-Hermite-cosh-
Gaussian (EHChG), elegant Laguerre Gaussian (ELG), and
Bessel Gaussian (BG) beams have been investigated. Using
a numerical split-step Fourier method shows that a Kerr LHM
slab with positive nonlinearity acts as a lens, and self-focusing
happens inside a Kerr LHM slab with negative nonlinearity. In
addition, a multilayer structure with subsequent right-handed
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(RHM) and LHM media is suggested and the beam propaga-
tion through this structure is studied.

2. Physical model
In a Kerr LHM slab the nonlinear Schrödinger wave equa-

tion governs wave propagation behavior in the media, which
is given by[24]
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where k = nL2π/λ , nL is the linear refraction index of the
LHM slab, A is the complex envelope of the electric field,
CNL = χ/2nL is the nonlinear coefficient, χ is the cubic sus-
ceptibility, µ is the magnetic permeability of the LHM slab.

The split step Fourier method is a computational tech-
nique that is used in electromagnetics to solve the parax-
ial wave equation under slowly varying envelope approxima-
tion, for both linear and nonlinear equations.[25] We use this
numerical method to investigate the propagation behavior of
EHChG, ELG, and BG beams in our concerned media by re-
placing the field distribution of beams in Eq. (1) and solving
the equation for x and y variables.

3. Gaussian beam family
The field distribution of two-dimensional EHChG beams

have the following field distribution at the waist plane:[26]
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where Hm and Hn are, respectively, m-order and n-order Her-
mite functions. E0 is the beam amplitude at the central position
of z = 0, Ω0x and Ω0y are the parameters associated with the
hyperbolic cosine function in x and y directions, respectively.
ω0x and ω0x are the waist of Gaussian beam in transverse co-
ordinates.

The field distribution of two-dimensional ELG beams at
the plane of z = 0 is given by[27]
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where Lm
p is the Laguerre polynomial, m and p are mode or-

ders, E0 is the beam amplitude at the central position of z = 0,
ω0x and ω0y are the waist of the Gaussian beam in a transverse
coordinate.

The field distribution of two-dimensional Bessel–
Gaussian beams at the plane z = 0 is given by[28]
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where Jm is the Bessel function of the first kind, α is a con-
stant, m is the mode order of the beam, E0 is the beam ampli-
tude at the central position of z = 0, ω0x and ω0y are the waist
of the Gaussian beam in transverse coordinates.

4. Simulation and discussion
Consider a laser beam, propagating through a Kerr LHM

slab, as shown in Fig. 1. The beam propagates from free space
(region R1) through Kerr LHM slab (region R2) with thickness
LLHM, and then passes to another free space (region R3). In ad-
dition, the beam waist is assumed to be located at z =−LLHM,
which is the left border of the Kerr LHM slab.

LLHM

z

R2

slab

R1 R3
Kerr 

LHM

x or y

Fig. 1. Schematic configuration of Gaussian beam propagation through
a Kerr LHM slab.

The incident beam power and the reference power are de-
fined as P = (1/2)ε0 |nL|πE2

0 ω2
0 and Pr = ε0cλ 2

0 /2π |CNL|, re-
spectively. Where E0 and ω0 are the peak amplitude and spot
radius at the beam waist. The ratio of incident beam power and
critical power is defined as Rp = P/Pr, and the following pa-
rameters have been chosen for the incident beams profile and
the slab: λ0 = 1053 nm, ω0x = ω0y = 0.4 mm, µ = −1, and
n =−1.

4.1. Beam propagation in a linear LHM media

First, we consider a linear LHM media. Incident beam
waist radius increases by propagating through LHM slab, R2,
and then decreases by propagating in the next free space, R3.
In this case, the waist of the focused beam cannot be smaller
than the incident beam waist.

Figure 2(a) shows the transverse field distribution of the
EHChG beam in a slab with LLHM = 10 cm at z = 0 and
z = 10 cm, in the first row and the second row, respectively.
Figure 3(a) shows the transverse field distribution of the BG
beam in a slab with LLHM = 7 cm at z = 0 and z = 7 cm, in the
first row and the second row, respectively. Figure 4(a) shows
the transverse field distribution of the ELG beam in a slab with
LLHM = 5 cm at z = 0 and z = 5 cm, in the first row and the
second row, respectively.

In these three cases, the self-focusing happens in R3 and
the laser beam transverse field at z is the same as the incident
beam.
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Fig. 2. The transverse field distribution of the EHChG beam with m = n = 2, at the end of R2 and R3, in the first row and the second row,
respectively; column (a) for χ = 0, LLHM = 10 cm, and z = 10 cm; column (b) for χ > 0, Rp = 1.15, LLHM = 20 cm, and z = 20 cm; column (c)
for χ > 0, Rp = 1.15, LLHM = 10 cm, and z = 10 cm; column (d) for χ > 0, Rp = 0.5, LLHM = 10 cm, and z = 10 cm; column (e) for χ < 0,
Rp = 1.15, LLHM = 10 cm, and z = 10 cm; column (f) for χ < 0, Rp = 2.3, LLHM = 20 cm, and z = 20 cm.
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Fig. 3. The transverse field distribution of the BG beam with m = 2 at the end of R2 and R3, in the first row and the second row, respectively;
column (a) for χ = 0, LLHM = 7, and z = 7 cm; column (b) for χ > 0, Rp = 5, LLHM = 10 cm, and z = 10 cm; column (c) for χ > 0, Rp = 1.15,
LLHM = 10 cm, and z = 10 cm; column (d) for χ > 0, Rp = 0.5, LLHM = 10 cm, and z = 10 cm; column (e) for χ < 0, Rp = 10, LLHM = 3 cm,
and z = 3 cm; column (f) for χ < 0, Rp = 10, LLHM = 5 cm, and z = 5 cm.

4.2. Beam propagation in a nonlinear LHM media

Now a nonlinear LHM media is considered in two cases:
χ > 0 and χ < 0. It has been found out that, for χ > 0 the beam
diverges when propagating through the Kerr LHM slab. Then,
focusing happens when propagating through R3. In this case,
the beam waist of the focused beam can be smaller than the
incident beam waist, which does not happen in a linear LHM
media, as mentioned earlier.

Figure 2(b) shows the transverse field distribution of the
EHChG beam with Rp = 1.15 in a slab with LLHM = 20 cm at
z = 0 and z = 20 cm, in the first row and the second row, re-
spectively. Figure 3(b) shows the transverse field distribution
of the BG beam with Rp = 5 in a slab with LLHM = 10 cm at
z = 0 and z = 10 cm, in the first row and the second row, re-
spectively. Figure 4(b) shows the transverse field distribution
of the ELG beam with Rp = 10 in a slab with LLHM = 10 cm
at z = 0 and z = 10 cm, in the first row and the second row,
respectively. In these three cases beam diverges with propa-

gating in Kerr LHM slab and focuses with propagating in free
space after the slab.

Figure 2(c) shows the transverse field distribution of the
EHChG beam with Rp = 1.15 in a slab with LLHM = 10 cm
at z = 0 and z = 10 cm, in the first row and the second row,
respectively. It can be seen that divergence and therefore self-
focusing are reduced for the same incident beam power in thin-
ner slabs.

Figure 3(c) shows the transverse field distribution of the
BG beam with Rp = 2.5 in a slab with LLHM = 10 cm at z = 0
and z = 10 cm, in the first row and the second row, respec-
tively. It can be seen that for the same slab thickness, reducing
incident beam power causes less divergence of the beam in
the slab and also less self-focusing when propagating in free
space. Figure 4(c) shows the transverse field distribution of the
BG beam with Rp = 10 in a slab with LLHM = 7 cm at z = 0
and z = 7 cm, in the first row and the second row, respectively.
It can also be seen that divergence and therefore self-focusing
are reduced for the same incident beam power in thinner slabs.
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Figure 2(d) shows the transverse field distribution of the
EHChG beam with Rp = 0.5 in a slab with LLHM = 10 cm at
z = 0 and z = 10 cm, in the first row and the second row, re-
spectively. Figure 3(d) shows the transverse field distribution
of the BG beam with Rp = 0.5 in a slab with LLHM = 10 cm at
z = 0 and z = 10 cm, in the first row and the second row, re-
spectively. Figure 4(d) shows the transverse field distribution
of the ELG beam with Rp = 0.5 in a slab with LLHM = 7 cm
at z = 0 and z = 7 cm, in the first row and the second row,
respectively. It can be seen from these three cases that even
for Rp < 1 self-focusing happens, which is impossible for a
conventional Kerr media.

The other case is χ < 0. In this case, the self-focusing
happens in the Kerr LHM slab and then diverges in the next
free space after it. Figure 2(e) shows the transverse field
distribution of the EHChG beam with Rp = 1.15 in a slab
LLHM = 10 cm at z = 0 and z = 10 cm, in the first row and
the second row, respectively.

Figure 3(e) shows the transverse field of the BG beam
with Rp = 10 in a slab with LLHM = 3 cm at z = 0 and
z = 3 cm, in the first row and the second row, respectively.
Figure 4(e) shows the ELG beam with Rp = 10 in a slab with
LLHM = 7 cm at z = 0 and z = 7 cm, in the first row and
the second row, respectively. Figure 2(f) shows the transverse
field distribution of the EHChG beam with Rp = 2.3 in a slab
with LLHM = 20 cm at z = 0 and z = 20 cm, in the first row
and the second row, respectively. Figure 3(f) shows the inten-
sity distribution of the BG beam with Rp = 10 in a slab with
LLHM = 5 cm at z = 0 and z = 5 cm, in the first row and the
second row, respectively. Figure 4(f) shows the field distribu-
tion of the ELG beam with Rp = 5 in a slab with LLHM = 7 cm
at z = 0 and z = 7 cm, in the first row and the second row,
respectively.

These three cases show that a lower incident beam power
leads to less convergence inside the slab with the same thick-
ness and also less divergence after propagating in free space.
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Fig. 4. The electric field distribution of the ELG beam with m = n = 2 at the end of R2 and R3, in the first row and the second row, respectively;
column (a) for χ = 0, LLHM = 5 cm, and z = 5 cm; column (b) for χ > 0, Rp = 10, LLHM = 5 cm, and z = 5 cm; column (c) for χ > 0, Rp = 10,
LLHM = 7 cm, and z = 7 cm; column (d) for χ > 0, Rp = 0.5, LLHM = 7 cm, and z = 7 cm; column (e) for χ < 0, Rp = 10, LLHM = 7 cm, and
z = 7 cm; column (f) for χ < 0, Rp = 5, LLHM = 7 cm, and z = 7 cm.

4.3. Period length and focal length of LHM slabs

So far we have investigated the laser beam propagation in
a certain slab thickness and after a distance as long as the slab
in free space. Now we are going to consider longer media of
Kerr LHM and next free space to find out the general behavior
of laser beams in Kerr LHM media and the focal length of lens
like Kerr LHM slabs. As mentioned before, for a Kerr LHM
slab with negative nonlinearity, the beam focusing through the
slab has a periodic behavior, which depends on the incident
beam power.

Figure 5 shows the EHChG beam waist evaluation
through the nonlinear Kerr media in the case of χ < 0 with
LLHM = 100 cm, panel (a) for Rp = 1.15 and panel (b) for
Rp = 2.3. As can be seen, incident beams with higher powers
focus more in a shorter focusing period length.

The same argument is also true for BG beams. But in

the case of Laguerre–Gaussian beams, after the first focusing
point, the beam deforms very quickly; however, the deformed
beams still have periodic behavior.

For a Kerr LHM media with positive nonlinearity, the
beam diverges in the concerned media and the focusing hap-
pens in the free space after the slab, in fact the slab acts like
a lens, as mentioned before. Figure 6 shows the EHChG
beam waist evaluation in the free space after the Kerr “left-
handed” matamaterial slab, panels (a) and (c) for Rp = 1.15;
LLHM = 10 cm in the first row and LLHM = 15 cm in the sec-
ond row; panels (b) and (d) for LLHM = 20 cm; Rp = 1.15 in
the first row and Rp = 2.3 in the second row. As can be seen,
with an increase in the slab thickness and the incident power,
the focal length locates at a near distance from the slab. In ad-
dition, increasing slab thickness leads to more self-focusing,
as pointed out previously.
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Fig. 5. The EHChG beam waist evaluation through the Kerr LHM slab with LLHM = 100 cm, for (a) Rp = 1.15 and (b) Rp = 3.
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Fig. 6. The EHChG beam waist evaluation in the free space after the LHM slab, panels (a) and (c) for Rp = 1.15; LLHM = 10 cm, in the first
row, and for LLHM = 15 cm, in the second row; panel (b) and (d) for LLHM = 20 cm; Rp = 1.15, in the first row, and for Rp = 2.3 in the second
row.

4.4. A multilayer structure

A beam propagating in long enough Kerr LHM media
will cause the beam to break down, and high incident beam
power causes the beam to break down even more quickly.
Therefore, a multilayer structure with subsequent RHM and
LHM media layers is proposed to focus the incident beam.
Figure 7 shows the schematic configuration of the considered

multilayer structure. Every LHM slab is considered to be
placed at the focal length of the previous LHM slab. Figure 8
shows the transverse field distribution of the EHChG beam
for Rp = 2.3, ω0 = 0.4 mm, LLHM = 5 cm, LRHM1 = 18 cm,
LRHM2 = 12 cm, LRHM3 = 5 cm, at every interface of the struc-
ture, respectively. As expected, in every RHM the beam has
got more focus. Therefore, self-focusing happens 50 cm after
the incident beam.
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Fig. 7. Schematic configuration of a multilayer structure.
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Fig. 8. Intensity distribution of the EHChG beam with m = n = 2 in x = y = 0 plan, at every interface of structure that showed in Fig. 7.
respectively, for Rp = 2.3, ω0 = 0.4 mm, LLHM = 5 cm, LRHM1 = 18 cm, LRHM2 = 12 cm, LRHM3 = 5 cm.

5. Conclusion
The focusing properties of laser beams in a nonlinear

LHM media involve two cases, positive nonlinearity and neg-
ative nonlinearity. In a Kerr LHM media with positive non-
linearity, the beams diverge in the slab and then focus when
propagating in free space, which is called self-focusing. The
focal length of the slab depends on incident beam power and
slab thickness. The same behavior is observed in a linear LHM
slab, but in this case the focused beam waist cannot be smaller
than the incident beam waist; however, there is no such lim-
itation for a Kerr LHM slab. In addition, the self-focusing
can happen in a positive nonlinear LHM media for an inci-
dent beam power that is below the critical power which cannot
happen in a conventional Kerr media. The other case is a Kerr
LHM media with negative nonlinearity. In this case the beam
focuses through the Kerr LHM media and then diverges in free
space after the slab. Beam focusing in a Kerr LHM has a pe-
riodic pattern which depends on the incident beam power. In
addition, in both positive and negative nonlinearity cases the
focusing behavior of the beam can be controlled by changing
the incident beam power and the thickness of the slab. In a
multilayer structure with subsequent RHM and LHM layers,
self-focusing can happen for lower incident beam powers.

It can be seen from simulations that EGChG, BG, and
ELG beams have the same behavior in a Kerr LHM media,
while beam deformation happens faster in the case of BG,
ELG, and EGChG beams with the same incident power, re-
spectively.
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