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We investigate the influences of the-applied-field phases and amplitudes on the coherent population trapping behavior
in superconducting quantum circuits. Based on the interactions of the microwave fields with a single A-type three-level
fluxonium qubit, the coherent population trapping could be obtainable and it is very sensitive to the relative phase and
amplitudes of the applied fields. When the relative phase is tuned to 0 or 7, the maximal atomic coherence is present and
coherent population trapping occurs. While for the choice of 7/2, the atomic coherence becomes weak. Meanwhile, for
the fixed relative phase 7 /2, the value of coherence would decrease with the increase of Rabi frequency of the external field
coupled with two lower levels. The responsible physical mechanism is quantum interference induced by the control fields,
which is indicated in the dressed-state representation. The microwave coherent phenomenon is present in our scheme,
which will have potential applications in optical communication and nonlinear optics in solid-state devices.
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1. Introduction

Coherent population trapping (CPT),[1:?l which refers to
the phenomenon of an atom population being trapped in a dark
state (a superposition state of the lower levels) and the op-
tical field propagating through it without absorption, is cur-
rently attracting considerable interest in quantum optics and
atomic physics. The CPT effects may not only become a sig-
nificant demonstration of quantum coherence and interference,
but may also have potential applications in laser cooling,!
atomic magnetometer, 4> squeezing and entanglement,®! and
atomic clock.[”:8! Therefore, a great deal of theoretical and ex-
perimental work has been focused on the CPT effects in vari-

1,2,9-14

ous systems. | 1 For example, the atomic system has been

an important system for realizing CPT phenomenon via differ-

12.9-11 1t is found that semiconductor quantum

ent methods. !
wells and quantum dot could be used to generate the popula-
tion trapping.[!>13] Recent research shows that the maximal
atomic coherence can be also obtainable in a diamond under
optical excitation.[!4]

It is well known that driving-field manipulations have
been shown to be an effective and significant way to pro-
vide quantum coherence and interference effects.[>=11 Tt
is particularly important that the phase modulations of the
applied fields play a crucial role in the coherent optical
phenomena.?>=3! The phase-dependent electromagnetically

induced transparency (EIT) and CPT have been investigated
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in a coherent-driving atomic system.!?>~>>! The atomic spon-
taneous emission can be effectively suppressed via the laser
phases.[?®! The atom localizations could be implemented via
the phase control of the applied fields.*”! The phase control
of subluminal and superluminal propagation of light has been
investigated in the driven multilevel atomic systems.[?%2°]
It is also shown that the laser-field phase could be applied
to manipulate quantum entanglement**! and the refractive
index.®!l We note that many phase-dependent optical phe-
nomena have been limited to the atomic system.

On the other hand, superconducting quantum circuits
have recently been applied to demonstrate many quan-
tum optical effects and practical applications in information

g.13421 Some striking features and advantages are

processin
included in such a system. First, the superconducting cir-
cuit system could be artificially structured with flexible de-
signs and be easily controlled for the experimental parame-
ters, which are absent in the atomic system. Second, the pass-
ing microwave field which is coupled with the superconduct-
ing qubit could be only transmitted or reflected. But in the
atom-light interaction system, the optical field in three dimen-
sions undergoes scattering, absorption, and dispersion, which
leads to high noise and is harmful for the information pro-
cessing. Last, but not least, just a single artificial atom is in-
volved in the superconducting circuit system, whereas there
are usually many atoms in the atom—laser coupling system. It
is worth mentioning that many interesting optical phenomena
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have been demonstrated in such a device. Resonance fluo-
rescence has been observed in a two-level artificial atom in
an open transmission line.*>! CPT and EIT phenomena have
been demonstrated in a single macroscopic superconducting
quantum system. 39381 The Autler—Townes effect has been
measured in a driven superconducting three-level system. !
Some typical nonlinear optical phenomena have also been
shown in the superconducting qubit, such as light storage, "]
Kerr nonlinear effect,*!! optical mixing,/**! and so on.

In this paper, we study the phase-dependent CPT effect in
a single driven three-level A-type artificial atom consisting of
a superconducting fluxonium qubit. When three external fields
are applied to different atomic transitions of such a qubit, the
optical properties of the system depend strongly on the rela-
tive phase and intensities of the external fields. It is shown that
the maximal atomic coherence is present and CPT is obtained
when the relative phase is taken as 0 or 7. To the contrary, for
the /2 relative phase, the quantum coherence decreases and
a small amount of population is transferred to the upper level.
On the other hand, for the fixed /2 relative phase, the mod-
ulus of the off-diagonal density matrix element with regard to
two lower levels, which determines the quantum coherence, is
controlled by the intensity of the field applied to the lowest
atomic transition. When the intensity is strong, the modulus
of the off-diagonal density matrix element becomes reducing
and it can increase for weak intensity. The root of these phe-
nomena is due to quantum interference. For the case of the
0(7) relative phase, destructive interference occurs and coher-
ently prepared atoms are decoupled from the microwave field
applied to two lower levels. But for the /2 relative phase,
the instructive interference is dominant and the CPT effect is
not satisfied. We provide an alternative superconducting sys-
tem to show the phase-dependent CPT phenomenon, which is
useful for the optical communication and nonlinear optics in
solid-state devices.

2. Model and equation

We first consider a single superconducting fluxoninum
qubit (shown in Fig. 1(a)), which consists of a small Josephson
junction and a large Josephson junction array, and we could

write its Hamiltonian as[43-%

1
Hy = 4EcN* — Ejcos (@ — 2 ®exi /Do) + 5EL<p2. (1)

Here the operator N = Q/(2e) denotes the reduced charge
on the junction capacitance across the small junction (in
units of Cooper-pair charge 2¢). The operator ¢ = 27P /Py
(Py = h/(2e) being the flux quantum) describes the loop
flux in such units that ¢ coincides with the phase difference
across the small junction, and the parameter @y is the ex-
ternal magnetic flux. The coefficients Ec = ¢?/(2Cy), and

Ey = (®y/2m)* /Ly, respectively, represent the charging en-
ergy and the Josephson energy of the small junction, and the
parameter Ey = (Py/27)* /Ly is effective inductive energy of
the Josephson junction array. In order to obtain the eigen-
values and eigenstates of the fluxonium Hamiltonian, we em-
ploy the three-step operations as shown in Ref. [45]. (i) We
choose @ as the generalized coordinate and N as the general-
ized momentum, which satisfy the operator commutation re-
lation [@,N] = i, and thus we have the form N = —id/d¢
in @ representation, which is analogous to the usual position—
momentum commutation relation. (ii) We consider the case of
Ej = 0 and the harmonic-oscillator-like model is present. Thus
we could use the harmonic oscillator basis {|n)} and write
He|g,—0 = hoy (a"a+1/2) with a” and a being the usual cre-
ating and annihilation operators and @, = \/8ELEc/h being
the oscillator frequency. (iii) In the new basis, the fluxonium
Hamiltonian can be expressed as Hy = Y, v Hyy 1) (n'| and
the Hamiltonian matrix element H,,, has the form as
H,y = hay (n+1/2) 8,y — Eycos (2 Pexi /Do) (n|cos @ [n') —
Ejysin (2 ®Pexi /Do) (n|sin @ |n’). Tt is noted that the matrix el-
ements (n|cos@|n’) and (n|sin@|n’) have very complicated
formulas and they are not shown here to save space. After
doing the above operations, we obtain the numerical diago-
nalization Hamiltonian with Hy = Y, icy|!) (I| and the spec-
troscopy frequencies @;. For the present system, the am-
plitudes of photon-induced transitions between different en-
ergy levels are then determined by the charge matrix elements
Njx = (j|N|k) with j and k being the eigenstates. In partic-
ular, the energy transition frequencies and the charge matrix
elements as a function of the flux bias Pex;/ Py are shown in
Figs. 1(b) and 1(c), where the parameters are from the experi-
mental data in Ref. [43].

For the sake of studying the CPT effects, here we focus on
the lowest three energy levels of the fluxonium qubit. It is ob-
vious from Fig. 1(c) that all three matrix elements have com-
parable values when the flux bias is away from 0 and +0.5,
and thus the A-type three-level structure is generated, which
is absent in the natural atom system. Here we use the interac-
tions of such a system with external applied electromagnetic
field to obtain the phase-dependent CPT effect. For the three-
level fluxonium, the level states are denoted by |1), |2), and
|3) and three electromagnetic fields are applied to couple with
the different transitions of the qubit, which can be performed
by connecting the fluxonium to a transmission-line traveling
modes, as shown Fig. 1(a). In the rotating wave approxima-
tion, the total Hamiltonian is expressed as (A =1)

1 .
H= Z ;05 — 3 Z (ijeilvf"thk —‘rC.C.) . 2)
=13 ik

Here the operators ojx = |j) (k| are population operators for
Jj = k and are atomic flip operators for j # k. The coef-
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ficients Qi (j,k=1~3,j#k) are complex Rabi frequen-
cies of the corresponding external fields with the frequencies
Vi, and are given by Q. = gNj, where the parameter g is
electric-dipole coupling frequency. Based on the unitary op-
erator U = exp (—iV31101] — 1V32¢022) with a choice of zero-
point energy @z = 0 and transformed the new rotating frame,
the total Hamiltonian of the system becomes

Hy = 831011 + 6302

1 —i
—5 <Q31631 + Q3,034 Q17 0y +C.c.) , (3

where 8j; = Vjr — ®j, 6 = 832+ 621 — 031 With ®j = @; — .
Meanwhile, the quantum relaxation of such a system can be
described by a density master equation

where Lp =D [¥joi/TikOjt] p+ D [Lj=23/7,05] p; and
D[AJe:=AeA" — {ATA e} /2. The parameters v are the
decay rates of a qubit, which are originated from the sponta-
neous emission into the dissipative bath associated with the
qubit circuit and into the measurement apparatus.** And Yo
are the dephasing rates for the levels |j), which are due to the
quantum noises from the fluctuations of the energy parameters
Ej, Er, and the external magnetic flux Deyr.** We note that
the three-level A-type fluxonium qubit has negligible dephas-
ing relaxations at certain conditions.3843]

In terms of the density master equation and the total
Hamiltonian, the density matrix elements are easily derived

by
_ i i,
P33 = —131p33+5931p13—5931f031
i i,
+ 5932/&3 - 5932/7327

: i i
P22 —721P22 + V32033 + 5921 € 16[012

i . i i
—— Qe —Qppn— =
5 el p21+ > 32032 3 32023,

. I3 i
P31 = (1531 - ;) 31— 5931 (p33 —p11)

i . i
Qe i ~-Q
> hi € P32+ 3 32021,
, . I3 i
pn = (1632 —— ) p32— 58 (p33 — p22)

i . i
—— Qe —Q31p10,
541 P31+ > 31P12

. i s
p21 = (1521*%) P21*§-Qzl€ 1 (pya — p11)

i i,
—5931/)234-5932,0317 (@)

together with pjx = pi; (j,k=1~3,j#k) and p11 + p22 +
p33 = 1, where the parameters are given by I3 = 731 + 732
and I3 =31 +732 +721-

1 1

1 1

1 1

! one-way H

! transmission | .
: ) X == La
i line !

1 1

1 1
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1 1
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modes

oo
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Fig. 1. (color online) (a) A fluxonium circuit model, consisting of a
small Josephson junction and a large Josephson junction array, is ca-
pacitively coupled to a transmission line. (b) For the fluxonium qubit,
the transition frequencies of the lowest eigenstates, and (c) the charge
matrix elements as a function of the flux bias ®ex /P, where the pa-
rameters are from the experiments with Ec = 2.5 GHz, E;, = 0.52 GHz,
Ej = 9.0 GHz. Here we focus on the case of Pey/P = 0.43, indicated
by the dotted vertical line, where the condition |N3| = |Na3] is obtained.

In order to show the influences of the applied-field
phases on the quantum optical phenomena, we take a two-
step transformation, as follows. Firstly, we express the com-
plex Rabi frequencies as Qj; = ’.Q jk| e 19k where }.Q jk| are
real Rabi frequencies of the corresponding applied fields and
i are their initial phases. Secondly, we make transforma-
tions for density matrix elements, such as p;; = p;j, p31 =
pare 190 p3 = prae 192, pyy = ppre191702) Afier the
above two-step operations we finally have

dps3 ~ i - ~ i 5 -
8 —I31p33 + 5 [231] (P13 — p31) + 5 |R232] (P23 — P32)
dt 2 2
4 _ 5 +30p +i|_Q |
dr Y21P22 T V32033 3 21

« (e—i(6t+¢)ﬁ12_ ei(51+¢>ﬁ21)
i
+§|Q32\(ﬁ32—ﬁ23),
dp . I3 B i - 5
% = (1531—;> p31—§|931|(P33—p11)

i(81+9)

1 i
— =21l e™ ] —1235| p
2| n P32+2| 32| pat,
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dps
dt

. I\ i - -
100 — = | P32 — = |232] (533 — p2)
2 2
Lo el 1o s
—§| b1l e p31+§| 31| P12,

dpo ( 721) ~ i —i(5 . .
S22 _ 21 _ 2 i(6t+9) _
” 1021 > )5 |21] e (P22 —P11)

i B i 5
—§|Q31|P23+§|Q32|p317 (6)

constrained by ;. = p; ;and
P11+ pn+piz=1,

where the parameter ¢ = @3 + o1 — ¢31 is the relative phase
of three applied fields. We note that there are time terms in
Eq. (6). For 6 =0, i.e., the three-photon resonance is satis-
fied, the stationary solutions for the density matrix elements
are easily obtained via setting the time derivative in Eq. (6) to
be equal to zero. Under the condition of & # 0, the atomic
behavior obviously depends on time and the case becomes
quite complicated. For the sake of simplicity, we focus on our
discussion for the three-photon resonance case (6 =0), i.e.,
031 = 032 + 021, where the relative phase and intensities of the
applied fields have huge effects on the steady-state density ma-
trix elements and hence we will discuss the phase-dependent
population trapping in the following.

3. Results and discussion

We now discuss the steady-state coherence effects in a
single strong-driven superconducting fluxonium qubit. For the
sake of simplicity, we scale the Rabi frequencies |.Q jk‘ and de-
tunings Jjx in the unit of 3.

In Fig. 2 we present the numerical results by plotting
the steady-state populations |p2i|, p11, 022, Which are depen-
dent on the probe detuning and the relative phase of the
applied fields.
follows: v32 = 731,721 = 0.01731,832 = 0,|Q3| = [31] =
2.5931,|221| = 0.5731, ¢ =0 (), ¢ =7/2 (b), and ¢ = 7
(c). It is clearly seen that the value of coherence |py;| de-

The parameters in the figure are chosen as

pends strongly on the relative phase. When the relative phase
is tuned to @ = 0 or &, as shown in Figs. 2(a) and 2(c), the
maximal coherence with |pp;| = 0.5 can be obtained at the
region of d3; = 0, which means that the CPT phenomenon ap-
pears and the levels |1) and |2) are half/half populated. While
for the case of ¢ = /2, the value of |py;| decreases and a
few population are transferred from the dark state to the upper
level |3) with the help of the external fields. It is noted that
the coherence |p,1| and populations py,pa; are independent
of the respective phases @32, 1, @31, once the relative phase
¢ is fixed. When the relative phase ¢ remains unchanged, the
values of |p21], p11, p22 also remain unchanged no matter how
the respective phases change, and thus the figure with respect
to the respective phases is not shown here.

0.8

Populations

Populations

Populations

031 / 31

Fig. 2. (color online) The steady-state populations |p21], 11,022 ver-
sus the probe detuning 831 /~31. The parameters are chosen as 3 =
71,721 = 0.01931, 832 = 0,[Q232] = [Q231] = 2.5731, Q21| = 0.5731,
¢ =0(),p=m/2(b),and ¢ =7 (c).
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Fig. 3. (color online) The steady-state populations |p21|, p11, p22 as a
function of the probe detuning 831 /31, where the parameters are given

by 32 =31, 721 = 0.01731, 832 =0, | Q32| = [Q31| = 4731, ¢ = 7/2,
[221] =0 (a), [221] = 0.473;1 (b), and [231] = 0.873; (c).

On the other hand, the CPT phenomenon is similarly sen-
sitive to the intensities of the external fields. In order to ob-
serve the dependence, we fix the relative phase and adjust the
Rabi frequency of the external field applied to two lower lev-
els. As shown in Fig. 3, we plot the populations |pa1|, p11, p22
as a function of the probe detuning 83; /31, where the param-
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eters are given by Y32 = V31,721 = 0.01’731,632 =0, |.Q32| =
31| = 4731,0 = 1/2,]Q221| = 0 (a), |Q221] = 0.473; (b), and
|€221| = 0.87v31 (c). When the field is absent from the transi-
tion between two lower levels, it is obvious that the maximal
quantum coherence appears and the CPT phenomenon occurs
due to the perfect destructive interference. When the exter-
nal field is present and its intensity (|€2;;]) rises, the value
of coherence |py;| decreases at the zero-detuning region and
the CPT effect is not satisfied because the instructive interfer-
ence is dominant. The microwave fields excite the artificial
atom to the upper state and simultaneously the atom absorbs
the photons. In other words, the maximal quantum coherence
and dark state are modified by the relative phase and intensi-
ties of the applied fields and the phase-dependent CPT effect
could be obtainable, which may provide an effective approach
to implement the photon switching.

The above phenomena could be made more clear in terms
of the dressed-state method. In order to do so, we first imple-
ment the following three steps.

(i) We make first a transformation of the Hamiltonian
Hy in Eq. (3) by setting Qj = |[Q]e "%, and |1) =
e i%1|T),[2) = e~ 1922).

(i) We then introduce a pair of new bases and express

them as
V13112 + 2322 V23112 + | Q232
|23 . |31 5
D) = ) - 2).

V12317 + | Q232)? V12317 + [ 23)?

(iii) For simplicity we assume the zero-detuning con-
ditions 831 = 03, = &;; = 0 and identical Rabi frequencies
| Q31| = |23;|. After the above operations we have

Hy = |€231|(038 + OB3) + |$221| cos ¢ (0B — Opp)

- [
—i‘Qz”Sil’l(])(GBD—GDB)]. (7)
Here it should be noted that the states |B) and |D) are orthog-
onal to each other, i.e. (B|D) =0, and they are named as the
bright and dark states, respectively. As a matter of fact, it can
be proven that such a dark state |D) is one of the eigenstates
with respect to the Hamiltonian

1
) (9310'31 + Q3,03 +C.C.) .

We now focus on analyzing the phase-dependent CPT phe-

H, =

nomena via using the above dressed-state method.
Case 1 the relative phase being ¢ =0 or 7. In terms of
Eq. (7), we have

- 1
HY=OF = —5[\931|(0'3B+GB3)i\921|(GBB—GDD)], ®)

where the “+” sign corresponds to O relative phase and the

w9

sign corresponds to 7 relative phase. Obviously, the field

applied to two lower levels only leads to the level shifts of the
states |B), |D) and are not involved in driving and exciting the
artificial atom. This means that the dark state |D) is still de-
coupled from the field. As a result, the atom remains the dark
state |D) with the help of two driving fields |Q3;[,]|Q23;| and
decay channels. Meanwhile, no population is excited to the
upper state |3). The maximal quantum coherence is obtain-
able and the CPT effect appears.

Case 2 the ¢ = 7/2 relative phase. At this moment, the
conditions cos ¢ =0 and sin ¢ = 1 are satisfied and the Hamil-
tonian Hi is rewritten as

_ 1 .
HI(P 2 = —5 [|9231](038 4+ 0B3) —1|221|(0BD — ODB)] - (9)

It is obvious that the states |B) ,|D) are involved in interacting
with the external fields. Similarly, we introduce a new pair of
orthogonal states:

_ 193] €21 Q] |Q31]

+) = 3)+1 D), |-)=i 3)+ D),
B e P e = e TR g 1P
and rewrite the Hamiltonian as
=1/ 1
HY & :—§|Qs\(0'+B+GB+)

with | Q| = \/|Q31]% + 221 |%. Tt is seen that the state |—) is

decoupled from the external field and it is one of eigenstates

x/ 2. Under the condition

with respect to the Hamiltonian HI¢:
of joint population transfer via the driving fields (|£231],[221])
and the decay channels, the atomic population is thoroughly
trapped in the state |—), which is a superposition state consist-
ing of the states |3) and |D). Therefore, a small amount of
population is pumped into the upper state |3) with the help of
the small Rabi frequency || and thus the coherence |py;|
decreases.

We now discuss the feasibility of the scheme in the cur-
rent experiments. Here we focus on the fluxonium qubit as

[43.44] 1t is well known

proposed by the recent experiments.
that the A-type three-level structure can be easily realized via
tuning the flux bias Pexi/ Py, as shown in Fig. 1(c). In or-
der to explicitly observe the phase dependence of the maxi-
mal quantum coherence, we choose the case of the flux bias
Doy / Py = 0.43 slightly apart from 0.5, and the correspond-
ing experimental parameters are estimated via the charge ma-
trix elements shown in Fig. 1(c). Considering the condi-
tion of the A-type three-level artificial system coupled to the
transmission-line traveling modes and using the results pro-
posed in Refs. [37], [38], and [44], we estimated the decay
rates as 31 = 32 = 27.85 MHz, 7,1 = 0.48 MHz, and the
maximal Rabi frequency parameter |Q| ~ 110 MHz, which
is available in experiment.*”) Therefore, the phase-dependent

coherent phenomena would be observed in the present system.
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4. Conclusion

In conclusion, the CPT effect has been investigated in
the three-level A-type superconducting fluxonium qubit driven
by three electromagnetic fields applied to the different atomic
transitions. The results show that the relative phase and inten-
sities of the classical fields have huge effects on the maximal
quantum coherence. When the relative phase is taken as 0 or
7, the CPT phenomenon occurs and the maximal quantum co-
herence is obtainable. For the 7/2 relative phase, however,
the quantum coherence decreases with the few population be-
ing in the upper level. Furthermore, for the fixed 7 /2 relative
phase, the value of coherence |p;;| would become decreasing
as the increase of the intensity for the field applied to the low-
est atomic transition. The responsible mechanism is quantum
interference. For ¢ = 0 or 7, the destructive interference oc-
curs and the field applied to two lower levels only leads to the
level shifts of the bright state |B) and dark state |D). Thus the
dark state |D) is still decoupled from the field and the atom is
trapped in such a state. The maximal quantum coherence is ob-
tainable and the CPT effect appears. However, when ¢ = /2,
the dark state |D) is involved in interacting with the field and
the quantum instructive interference is dominant. Therefore, a
small amount of population is pumped into the upper state |3)
with the help of the small Rabi frequency |€;;|. Our scheme
utilizes the superconducting qubit, which is a feasible system
for quantum state manipulation and quantum information pro-
cessing in the future.
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