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Investigation of electron localization in harmonic emission
from asymmetric molecular ion∗
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We theoretically investigate the electron localization around two nuclei in harmonic emission from asymmetric molec-
ular ion. The results show that the ionization process of electron localized around one nucleus competes with its transfer
process to the other nucleus. By increasing the initial vibrational level, more electrons localized around the nucleus D+

tend to transfer to the nucleus He2+ so that the ionizations of electrons localized around the nucleus He2+ increase. In this
case, the difference in harmonic efficiency between HeH2+ and HeD2+ decreases while the difference in harmonic spectral
structure increases. The evident minimum can be observed in the harmonic spectrum of HeH2+ compared with that in
the spectral structure of HeD2+, which is due to the strong interference of multiple recombination channels originating
from two nuclei. Time-dependent nuclear probability density, electron-nuclear probability density, double-well model, and
time-frequency maps are presented to explain the underlying mechanisms.
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1. Introduction
The dynamics of a molecule in a strong field has been

a popular topic in recent years.[1] Many interesting phenom-
ena, such as above-threshold dissociation and below-threshold
dissociation,[2–4] bond hardening and bond softening,[5,6]

high-order harmonic generation (HHG),[7–9] and Coulomb
explosion[10,11] have been investigated. The HHG is the most
attractive effect to be used to generate isolated attosecond
pulses.[12] Its physical process can be well understood through
the semiclassical three-step model:[13] tunneling, acceleration,
and recombination. Due to its additional degrees of free-
dom and its more complicated structure, the HHG process of
a molecule is different from that of an atom. With two nu-
clei, the ionized electrons can recombine with either the par-
ent ion or the neighbor ion. In recent years, more attention has
been paid to the HHG from a symmetric molecular ion. Yu et
al.[14] have shown that the electron transfer in the two poten-
tial wells of H+

2 induces an efficient molecular plateau, which
can be used to generate an intense isolated pulse. Yuan and
Bandrauk[15] have demonstrated that the circularly polarized
harmonic spectrum from H+

2 can be generated in the combi-
nation of a circularly polarized laser pulse and a static elec-
tric field. Bao et al.[16] have investigated the harmonic emis-
sion from H+

2 in a superposition of two lowest states. Guo
et al.,[17] and Feng and Chu[18] have proven that symmetric
molecular HHG is sensitive to the initial vibrational states and
that more intense harmonics are generated from the lighter iso-

topes. Ge et al.[19] have found that a short trajectory dominates
the molecular HHG in a few-cycle laser field and an isolated
129-as pulse can be obtained.

Based on the numerous investigations about the molecu-
lar HHG from symmetric molecules, increasing attention has
been paid to asymmetric molecules.[20–22] As the simplest
asymmetric molecule, HeH2+ has now been widely studied.
Bian and Bandrauk[23–25] have proposed that the laser-induced
electron transfer plays an important role in harmonic emission
from HeH2+. Feng and Chu[26] have further shown that the
excited effect is a general character of asymmetric molecules.
Chen and Zhang[27] have revealed that the role of excited
states of HeH2+ can be detected via the harmonic emission
times. Lu et al.[28] have studied the electron localization of
HeH2+ to isolate and enhance the molecular plateau by ad-
justing carrier-envelope phase. Moreover, with a longer mean
lifetime of the first excited state for HeH2+,[29] electrons can
transit from the first excited state to the ground state (i.e., from
the nucleus H+ to the nucleus He2+) in an intense laser field.
Hence, the electrons can be ionized from and recombine into
either the nucleus H+ or the nucleus He2+. In other words,
multiple recombination channels will contribute to the HHG
from HeH2+, and the detailed distinguishing of these channels
has been presented in our previous study.[30] Additionally, the
ionizations from different nuclei depend on the electron distri-
bution. In this paper, we will research the electron localization
in an harmonic emission by comparing the HHG from HeH2+
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with that from HeD2+ at different vibrational states. The re-
sults show that ionization process at the lowest vibrational
state mainly originates from electrons localized around the nu-
cleus H+ (D+), and the harmonic intensity of HeH2+ is 1.3 or-
ders of magnitude stronger than that of HeD2+ in a high-order
harmonic region. However, with the increase of the initial vi-
brational level, the electron transfer from the nucleus D+ to the
nucleus He2+ is prominently enhanced. For HeD2+, consider-
able numbers of electrons localized around the nucleus He2+

can be ionized so that the difference in harmonic efficiency
decreases at a higher vibrational state. Nevertheless, the dif-
ference in harmonic spectral structure increases. Due to the
more intense interference of multiple recombination channels,
an evident minimum can be observed in the HHG spectrum of
HeH2+.

2. Numerical method
The one-dimensional numerical simulation for asym-

metric diatomic molecules HeH2+ and HeD2+ in a strong
laser field has been performed by solving the non-Born–
Oppenheimer time-dependent Schrödinger equation (TDSE)
via parallel computer code LZH-DICP.[30–33] The initial state
is prepared in a 2pσ state. Atomic units (a.u.) are used
throughout this paper. The linear laser field is along with the
molecular axis, and in the dipole approximation and the length
gauge, the TDSE reads

i
∂ψ (R,z; t)

∂ t
= [Tn +Te +Vc +V (t)]ψ(R,z; t), (1)

Tn = − 1
2µn

∂ 2

∂R2 , Te =−
1

2µe

∂ 2

∂ z2 , (2)

Vc =
CHeCH(D)√
R2 +0.01

−
CH(D)√(

z− zH(D)

)2
+0.03

− CHe√
(z− zHe)

2 +0.03
, (3)

V (t) =

[
CHeMH(D)−CH(D)MHe

MH(D)+MHe
R

+

(
1+

CH(D)+CHe−1
MHe +MH(D)+1

)
z

]
×E(t), (4)

where R and z are internuclear distance and electronic coor-
dinate, respectively; µn and µe are the reduced mass of nu-
clei He2+ and H+(D+), MHe and MH(D), respectively; CHe and
CH(D) are the electric charges of the nuclei He2+ and H+(D+,
respectively; zHe and zH(D) are the positions of the nuclei He2+

and H+(D+); Vc and V (t) are the Coulomb potential and the
interaction potential of HeH2+ with the laser pulse; and, E(t)
is the electric field that is a seven-optical-cycle (o.c.) trape-
zoidal field with two cycles ramp on, three cycles constant

and two cycles ramp off. In addition, 1 o.c. = 5.34 fs cor-
responds to the wavelength (1600 nm) of the laser pulse. To
solve the TDSE above mentioned, we use the standard second-
order split-operator method.[34–36] To guarantee the calcula-
tion convergence, the grid ranges from 0 a.u. to 30 a.u. in the
R direction and from –100 a.u. to 100 a.u. in the z direction,
with 299 and 999 points, respectively. The time step is set to
be 0.1 a.u.

The HHG spectrum (PA(ω) is obtained by the Fourier
transform of the time-dependent dipole acceleration a(t),

PA (ω) =

∣∣∣∣ 1√
2π

∫
a(t)e−iωt dt

∣∣∣∣2 . (5)

The time-frequency distribution is displayed to provide
more information about the harmonic emission from an asym-
metric molecular ion[37]

dω (t) =
∫

a(t ′)
√

ω0W
(
ω0
(
t ′− t

))
dt ′, (6)

where W (ω0 (t ′− t)) is the Morlet wavelet, which is expressed
as

W (x) =
(

1√
τ

)
e ix e−x2/2τ2

. (7)

3. Numerical results and discussion
Figure 1(a) shows the harmonic spectra of HeH2+ (red

solid line) and HeD2+ (blue dashed line) at the lowest vibra-
tional state (ν = 0) irradiated by a 1600-nm trapezoidal pulse
with a peak intensity of 5×1014 W/cm2, as shown in Fig. 1(b).
It can be seen that the HHG spectra share some similar char-
acters: the harmonic intensity rapidly decays for the first few-
order harmonics, which is followed by a modulating plateau.
However, there is still an obvious difference. In the high-
order harmonic region marked by the horizontal arrow, the har-
monic efficiency of HeH2+ is nearly 1.3 orders of magnitude
stronger than that of HeD2+. It is known that the harmonic
efficiency is sensitive to the ionization probability. To explain
the enhancement phenomena above mentioned, the relevant
time-dependent total ionization probabilities of HeH2+ (red
solid line) and HeD2+ (blue dashed line) at ν = 0 presented
in Fig. 2(a) are calculated by a flux operator and the “virtual
director” method.[38] The relevant time-dependent total ion-
ization probability is expressed as

C(t) =
∫ t

0
dt ′
∫ Rs

0
dR jz(R,zs; t ′), (8)

where jz is the flux operator, zs = 25 a.u. is the position for
flux analysis, and Rs = 25 a.u. is the absorbing position in
the present work. Clearly, the ionization probability of HeH2+

(62%) is much higher than that of HeD2+ (16%) at the end
of laser pulse. However, the former is lower than the latter
in a time range from t = 2.5 o.c. to t = 3.5 o.c. as shown
in Fig. 2(b). To understand the difference in the ionization
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Fig. 1. (color online) (a) High-order harmonic spectra of HeH2+ (red solid line) and HeD2+ (blue dashed line) at ν = 0. (b) Sketch of the trapezoidal laser pulse
with a wavelength of 1600 nm and a peak intensity of 5×1014 W/cm2. The total pulse lasts for seven optical cycles (o.c.).
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Fig. 2. (color online) With the same laser parameters as those in Fig. 1(a) the ionization probabilities of HeH2+ (red solid line) and HeD2+ (blue dashed line), (b)
the enlargement of the ionization probabilities in a time range from t = 2.5 o.c. to t = 3.5 o.c. ((c) and (d)) ((e) and (f)) the time evolutions of nuclear probability
densities of HeD2+ (HeH2+) in time ranges from t = 2.0 o.c. to t = 3.5 o.c. and from t = 4.0 o.c. to t = 5.5 o.c., respectively.

process between HeH2+ and HeD2+, we investigate the rele-
vant nuclear probability density distributions in different time
ranges. As depicted in Figs. 2(c) and 2(e), the wave packets
are almost localized in a smaller region (i.e., less than 4 a.u.)
from t = 2.5 o.c. to t = 3.5 o.c. In this case, the electrons are
difficult to ionize and nuclear wave packet probability density

is a key factor in the ionization process. Since the nuclear
probability density distribution of HeD2+ in Fig. 2(c) is much
stronger than that of HeH2+ in Fig. 2(e), more electrons can
be ionized from HeD2+. As a result, the ionization probability
of the former is higher than that of the latter. However, the
nuclear wave packet probability density of HeH2+ in Fig. 2(f)
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is close to that of HeD2+ in Fig. 2(d) in a time range from
t = 4.0 o.c. to t = 5.5 o.c. Moreover, the wave packets of
HeH2+ can extend to a far larger internuclear distance. Tak-
ing these two factors into account, the ionization process of
HeH2+ will be enhanced predominantly from t = 4.0 o.c. to
t = 5.5 o.c. In short, the difference in harmonic efficiency
between two ions at ν = 0 is probably ascribed to the in-
tense ionization process in a time range from t = 4.0 o.c. to
t = 5.5 o.c. With a longer lifetime of the first excited state for
asymmetric molecular ion, the electron localization on differ-
ent nuclei may play an important role in the harmonic emission
process.[23–25] Nevertheless, we cannot estimate the contribu-
tions of electrons around either nucleus to harmonic emission
directly just according to the nuclear wave packet probability
density. More detailed information is still desired.

To obtain a clear insight, we first adopt the double-well
model to illustrate the electronic motion around either nucleus.
The electronic motions around the nucleus H+ in Fig. 3(a) and
around the nucleus He2+ in Fig. 3(b) are taken as an exam-
ple. The x axis shows the electronic coordinate z, and the y
axis shows the combined energy of Coulomb potential Vc and
static field potential Fz. The electric field amplitude F cor-
responds to the peak laser intensity. Additionally, the dash–
dotted curve and solid curve represent the combined energy
for F > 0 and F < 0, respectively. The red (blue)-solid ar-
row represents the ionization process (electron transfer pro-
cess). The green (red)-dashed arrow represents the homonu-

clear (heteronuclear) recombination. The magenta dashed ar-
row represents the intermolecular recombination. As shown
in Fig. 3(a), at field F > 0, the potential well of the nucleus
He2+ is dressed down while the potential of the nucleus H+ is
dressed up. So some electrons around the nucleus H+ can tran-
sit to the nucleus He2+, as illustrated by the downward blue-
solid arrow directing to A. After half an optical cycle (i.e.,
F < 0), the potential well of the nucleus He2+ is dressed up
while the potential of the nucleus H+ is dressed down. These
electrons will then directly return back to recombine with the
nucleus H+, as illustrated by the magenta-dashed arrow direct-
ing to A1. Other electrons around the nucleus H+ may tunnel
the barrier and thus become ionized out, as indicated by the
red-solid arrow directing to B. After acceleration in the exter-
nal field, the ionized-out electrons will recombine with either
the homonuclear ion (i.e. H+) or the heteronuclear ion (i.e.
He2+), as indicated by the green-dashed arrow directing to B1

and the red-dashed arrow directing to B2, respectively. As il-
lustrated in Fig. 3(b), on the one side, the electrons around
the nucleus He2+ can be pumped to the nucleus H+ (blue-
solid arrow directing to D). When the laser field changes its
direction, some electrons may return back to recombine with
the nucleus He2+ due to the resonance (magenta-dashed ar-
row directing to D1). On the other side, the electrons around
the nucleus He2+ can also be ionized (red-solid arrow direct-
ing to C), and then accelerate in the laser field. After half
an optical cycle, these ionized-out electrons may recombine
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Fig. 3. (color online) (a) and (b) Electron motion around the nucleus H+ and the nucleus He2+, (c) and (C) the initial electron–nuclear wave packet probability
densities of HeH2+ and HeD2+ (d)–(f) ((D)–(F)) the electron–nuclear probability densities of HeH2+ (HeD2+) in a time range from t = 4.0 o.c. to t = 5.0 o.c.
in time steps of t = 0.5 o.c.
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with either the nucleus He2+ (green-dashed arrow directing to
C1) or the nucleus H+ (red-dashed arrow directing to C2). In
general, when asymmetric molecular ions are exposed to an
intense laser field, multiple recombination channels will con-
tribute to the harmonic emission. Furthermore, strong modula-
tions appear in the harmonic spectra as displayed in Fig. 1(a).
Next, according to the detailed description of the electronic
motion in HeH2+, we will qualitatively estimate the contribu-
tion of electrons around either nucleus to harmonic emission.
The plots of electron–nuclear probability density distribution
P(R,z) = |ψ (R,z; t)|2 of HeH2+ and HeD2+ at different mo-
ments are displayed in Figs. 3(c)–3(f) and in Figs. 3(C)–3(F),
respectively. The x axis and y axis represents the nuclear co-
ordinate R and the electronic coordinate z, respectively. Fig-
ures 3(c) and 3(C), respectively, illustrate the initial wave
packets of HeH2+ and HeD2+, which are distributed almost
in the region of z > 0. For the asymmetric molecular HeH2+

(HeD2+), the electrons are localized mainly around the nu-
cleus H+ (D+) for 2pσ state while around the nucleus He2+

they are localized for 1sσ state. So the electrons localized in
the region of z > 0 and z < 0 can be used to show the elec-
tronic distribution around the nucleus H+ (D+) and He2+, re-
spectively. Considering the obvious difference in ionization
probability in a time range from t = 4.0 o.c. to t = 5.0 o.c., we
provide the corresponding electron–nuclear wave packet prob-
ability density distributions of HeH2+ ((d)–(f)) and HeD2+

((D)–(F)) with a time spacing of 0.5 o.c. The vertical dashed
line represents the positions of HeD2+ in R direction at dif-
ferent moments. Evidently, considerable numbers of electrons
are periodically distributed in the region of z < 0 (i.e. the nu-
cleus He2+) around t = n o.c. (n = 4 and 5). It is well ac-
cordant with the description mentioned above that numbers of
electrons can transit from the nucleus H+ (D+) to the nucleus
He2+ at F > 0 (i.e. t = n o.c.). With a lighter nuclear mass, the
nucleus H+ moves faster than the nucleus D+. The larger the
internuclear distance is, the more easily the electrons break the
constraint of nuclei. Therefore, the ionization probability from
the nucleus H+ is far higher than that from the nucleus D+.
From Fig. 2(a), it can be seen that the difference in ionization
probability between HeH2+ and HeD2+ is rapidly enhanced
around 4.5 o.c. Moreover, the electrons are almost distributed
around the nucleus H+ (D+) for HeH2+ (HeD2+) shown in
Fig. 3(e) (3(E)). Consequently, the difference in harmonic ef-
ficiency between HeH2+ and HeD2+ at ν = 0 mainly results
from the difference in ionization between electrons localized
around nucleus H+ and those around nucleus D+.

According to the discussion mentioned above, for HeH2+

in a 2pσ state, the electrons around the nucleus He2+ mainly
originate from the electron transfer from the nucleus H+.
Moreover, electrons around the nucleus H+ can also directly
tunnel the potential barrier and thus become ionized out. This

means that the electron transfer process competes with the
ionization process for the electrons around the nucleus H+.
It is known that the initial vibrational state greatly affects
the ionization process of symmetric molecular ions.[17] For a
more complicated structure for an asymmetric molecular ion
(HeH2+), the initial vibrational level may also influence the
ionization of electrons around the nucleus H+. It may then
indirectly affect the electron transfer process from the nucleus
H+ to the nucleus He2+. Next, we try to investigate the vari-
ation of electron localization with the increase of the initial
vibrational level. According to Eq. (8), the ionization prob-
abilities of HeH2+ and HeD2+ in different vibration states
(from ν = 0 to ν = 5) are calculated. Figure 4(a) illustrates
the corresponding difference in ionization probability (Dasy)

between HeH2+ and HeD2+. With the increase of vibrational
state, the Dasy decreases quickly from 46% for ν = 0 to 0.9%
for ν = 5. So the ionization probability of HeD2+ is almost
identical with that of HeH2+ at ν = 5. According to the dis-
cussion about the ionization difference at ν = 0, we know that
the ionizations of the electrons around nucleus H+ (D+) play
an important role in the ionization process. How do the elec-
tron localization and the corresponding ionization change with
the increase of the initial vibrational level in harmonic emis-
sion? To obtain more information, figure 4(b) provides the
time-dependent total ionization probabilities of HeH2+ (red-
solid line) and HeD2+ (blue-dashed line) at ν = 5. It can
be observed that the ionization probability of HeD2+ from
t = 4.0 o.c. to t = 5.0 o.c. increases more quickly than that of
HeH2+, and then the relevant difference in ionization proba-
bility decreases at the end of the laser pulse. The correspond-
ing electron–nuclear wave packet probability density distribu-
tions of HeD2+ ((c)–(e)) and HeH2+ ((f)–(h)) at ν = 5 are
demonstrated. Obviously, the nucleus H+ extends to a larger
internuclear distance faster than the nucleus D+ in R direc-
tion. Moreover, the corresponding ionization potential is sup-
pressed with the increase of the vibrational state.[17] So con-
siderable numbers of electrons around the nucleus H+ will be
ionized quickly, and then the transferred electrons to the nu-
cleus He2+ tend to be fewer. Compared with the electrons
around HeH2+, the electrons around the nucleus D+ are rela-
tively difficult to be ionized out, and thus more electrons are
then transferred from the nucleus D+ to the nucleus He2+.
As observed from Figs. 4(c) to 4(h), the probability density
around the nucleus He2+ for HeD2+ is larger than that for
HeH2+ in a time range from t = 4.0 o.c. to t = 5.0 o.c. In other
words, with the increase of the initial vibrational level, more
electrons tend to localize around the nucleus He2+. Addition-
ally, the relevant constraint of nucleus He2+ to electrons tends
to be weaker, and then the ionization from the nucleus He2+

will be enhanced prominently. Therefore, it is the dramatic en-
hancement of ionization from the nucleus He2+ for HeD2+at
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Fig. 4. (color online) (a) Difference in ionization probability between HeH2+ and HeD2+ versus initial vibrational state from ν = 0 to ν = 5, (b) ionization
probabilities of HeH2+ (red-solid line) and HeD2+ (blue-dashed line) for ν = 5, (c)–(e) and (f)–(h) the electron–nuclear probability densities of HeD2+ and
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ν = 5 that leads to almost the same ionization probability as
that for HeH2+. In the following simulation, we will focus on
the relevant variations of the harmonic spectra of HeH2+ and
HeD2+.
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Fig. 5. (color online) High-order harmonic spectra of HeH2+ (red-solid
line) and HeD2+ (blue-dashed line) at ν = 5.

Figure 5 shows the harmonic spectra of HeH2+ (red-solid
line) and HeD2+ (blue-dashed line) at ν = 5. With almost
identical ionization probabilities, the harmonic efficiencies are
nearly the same as each other. Nevertheless, their spectral

structures exhibit different characteristics. For instance, there
is an additional remarkable minimum indicated by an arrow
around the 315th order in harmonic spectrum of HeH2+, al-
though it is not notable in the spectrum of HeD2+. Due to
the periodical harmonic emission, the time-frequency distri-
butions of HeH2+ and HeD2+ in one optical cycle (from t =
2.3 o.c. to t = 3.3 o.c.) are selected to study the relevant phys-
ical mechanisms. Figures 6(a) and 6(c) (Figs. 6(b) and 6(d))
are time-frequency maps of HeH2+ (HeD2+) at ν = 0 and ν =
5, respectively. It is obvious that multiple recombination chan-
nels contribute to the harmonic emission from asymmetric
molecular ions in an intense laser field, and the detailed distin-
guishing of these recombination channels has been discussed
in Ref. [30]. With the increase of vibrational level, the higher
ionization probability of HeH2+ may induce stronger intensi-
ties of the recombination channels originating from both the
nucleus H+ and the nucleus He2+. What is more, the long
trajectory of the recombination channel originating from the
nucleus H+ (LRH) and the interference of multiple recombi-
nation channels (IM1) are both enhanced greatly. And then
the minimum in the spectrum of HeH2+ may be attributed to
two factors. One is the interference between the long trajec-
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tory and the short one originating from the nucleus H+ (IMT),
and the other is the interference of the recombination chan-
nels originating from the nucleus H+ and the nucleus He2+

(i.e. IM1). To investigate the original mechanism, we com-
pare the time-frequency map of HeD2+ at ν = 0 with that at
ν = 5. It is found that both the long trajectory of the recom-
bination channel originating from the nucleus D+ (LRD) and
the interference of multiple recombination channels of HeD2+

(IM2) are also enhanced with the increase of vibrational state.
However, there is no noticeable suppression in the harmonic

spectrum of HeD2+ around 315th order at ν = 5. Next, the en-

largements of the time-frequency distributions of HeH2+ and

HeD2+ from 250th order to 350th order are shown in the in-

sets of Figs. 6(c) and 6(d), respectively. It is worth noting

that around the 315th order, the intensity of the LRH is nearly

the same as that of the LRD while the intensity of the IM1 is

much more intense than that of the IM2. As a result, it may be

the stronger IM1 rather than the IMT that induces the evident

suppression in the harmonic spectrum of HeH2+ at ν = 5.
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Fig. 6. (color online) (a) and (b) ((c) and (d)) time-frequency distributions for HeH2+ and HeD2+ at ν = 0 (at ν = 5) in a time range from t = 2.3 o.c. to
t = 3.3 o.c., respectively. The insert shows the enlargement of time-frequency distributions from 250th order to 350th order.

4. Conclusions
In this paper, the electron localization in the harmonic

emission is investigated by numerically solving the non-Born–
Oppenheimer time-dependent Schrödinger equation. Accord-
ing to the comparison of harmonic emission of HeH2+ with
that of HeD2+ at different vibrational states, we qualitatively
estimate the contributions of electrons around two nuclei to
the ionization process. At the lowest vibrational state, the ion-
izations of electrons localized around the nucleus H+ (D+)

mainly dominate the ionization process in harmonic emission,
which leads to an harmonic intensity of HeH2+ that is 1.3 or-

ders of magnitude stronger than that of HeD2+ in a high-order
harmonic region. With the increase of the initial vibrational
level, the electron transfer from the nucleus D+ to the nu-
cleus He2+ is enhanced and more electrons tend to be localized
around the nucleus He2+. In this case, the ionizations of elec-
trons around the nucleus He2+are enhanced prominently, and
then the harmonic efficiency of HeD2+ is almost the same as
that of HeH2+. However, the spectral structures are different.
The stronger interference of multiple recombination channels
may lead to an obvious minimum in the HHG spectrum of
HeH2+.
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