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Theoretical study of amplified spontaneous emission intensity and
bandwidth reduction in polymer
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Amplified spontaneous emission (ASE), including intensity and bandwidth, in a typical example of BuEH-PPV is
calculated. For this purpose, the intensity rate equation is used to explain the reported experimental measurements of a
BuEH-PPV sample pumped at different pump intensities from Ip = 0.61 MW/cm2 to 5.2 MW/cm2. Both homogeneously
and inhomogeneously broadened transition lines along with a model based on the geometrically dependent gain coefficient
(GDGC) are examined and it is confirmed that for the reported measurements the homogeneously broadened line is respon-
sible for the light–matter interaction. The calculation explains the frequency spectrum of the ASE output intensity extracted
from the sample at different pump intensities, unsaturated and saturated gain coefficients, and ASE bandwidth reduction
along the propagation direction. Both analytical and numerical calculations for verifying the GDGC model are presented
in this paper. Although the introduced model has shown its potential for explaining the ASE behavior in a specific sample
it can be universally used for the ASE study in different active media.

Keywords: amplified spontaneous emission, bandwidth reduction, polymers, gain coefficient

PACS: 32.50.+d, 32.70.Jz, 32.80.−t DOI: 10.1088/1674-1056/24/4/043201

1. Introduction
Amplified spontaneous emission (ASE) is an interesting

phenomenon that has been studied both experimentally and
theoretically for many years. From the theoretical point of
view we may refer to a number of published papers in this
subject, including the earliest papers published by Peters and
Allen,[1,2] Casperson and Yariv,[3] Casperson,[4] and Pert.[5]

In recent years, on the other hand, with the emerging need
of laser materials for their vast applications in laser technol-
ogy, conjugated polymer films, BuEH-PPV,[6] MEH-PPV,[7–9]

cyano substituted oligo (CN-DPDSB) single crystal,[10] InAs
quantum dots,[11] etc., were studied extensively, where due
to their importance, the subject has also been reviewed.[12,13]

The most important interest in these studies is to use ASE as
a source of coherent radiation. Experimentally, samples under
the study are usually excited by pump lasers with an input laser
intensity Ip. The results of the measurements are often intro-
duced by plots of ASE intensity, IASE, and bandwidth, ∆λ ASE,
versus sample excitation length, lAMP.

For analyzing the experimental measurements, and par-
ticularly to determine the ASE gain coefficient, the experi-
mental data points are commonly fitted to an equation given
by,

IASE(lAMP) =
AIp

g0(λ )

(
eg0(λ )lAMP −1

)
, (1)

where g0(λ ) is the small signal gain and A is a constant. By
using the intensity rate equation and considering the fact that
small-signal gain is z-independent, upon assuming that ASE
initiates at one end of the sample; that is, using a boundary

condition that the ASE intensity is equal to zero at z = 0, equa-
tion (1) can be readily obtained.[14]

On the other hand, a particularly interesting feature of
the ASE character is that the ASE spectral line narrows while
light propagates along the z direction. The earliest study
of explaining the spectral narrowing phenomenon was intro-
duced by Yariv and Leite[15] and more elaborate work ap-
pearing in Ref. [3], where some approximations were adopted,
showed that at large distances the ASE bandwidth reduction,
∆νASE/∆ν0, for homogeneously (H) and Doppler (D) broad-
ened line shapes with the ASE bandwidths of ∆νASE,H and
∆νASE,D are given, respectively, by

∆νASE,H

∆ν0
=

[
ln2

gH
0 (0)lAMP

]1/2

;
∆νASE,D

∆ν∗0
=

[
1

gD
0 (0)lAMP

]1/2

,

(2)
where ∆ν0 and ∆ν∗0 are spontaneous emission bandwidths for
H- and D-broadened lines respectively; lAMP is the medium
excitation length; gH

0 (0) and gD
0 (0) are gain coefficients for

H- and D-broadened lines at the zero normalized frequency
offset given by x = 2(ν−ν0)/∆ν0 and x = 2(ν−ν0)/∆ν∗0 , re-
spectively. Furthermore, in many experimental observations,
including in an N2-laser with an excitation length of lAMP =

200 cm,[16] or in a KrF excimer laser of lAMP = 84 cm,[17]

it was reported that the ASE intensities start at some values
of length threshold zth close to 40 cm and 24 cm, respec-
tively. Also, in our study on gain measurements, upon using an
oscillator–amplifier (OSC-AMP) N2-laser system, when the
AMPs of different electrode lengths of 2.2 cm to 31 cm were
used, we found that for lAMP = 2.2 cm the ASE in the AMP
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section was eliminated completely.[18] Nevertheless, the light
from the OSC section was amplified when it passed through
the AMP section. Thus, it should be cited that one particular
feature of ASE is its initiation at some threshold length, where
it has been observed in all the ASE intensity measurements.

From the theoretical point of view for the behavioral
study of the gain coefficient in an OSC–AMP N2-laser sys-
tem with an amplifier of different excitation lengths, using a
mathematical model for N2-lasers as introduced initially by
Fitzsimmons et al.,[19] we calculated gain coefficients for the
AMP section of the laser system for different electrode lengths
at instants when the values of gain coefficient, g0(t), were
maximal. In this study, we let the cavity lifetime, τph, for a
traveling wave be some fraction, κ , of lAMP/c, where conse-
quently κ was found to be related to the power loss. c is the
light velocity in the medium. With this approach the power
loss γL was introduced into the photon density rate equation.
The numerical calculation then showed that γL is z-dependent
and reduces as γL(z) = γmax

L e−bz. By introducing the power
loss in the rate equation we were able to numerically calculate
gain coefficients for all ranges of the AMP excitation lengths.
We also made an analytical approach with considering that at
the lasing threshold we can write g0(z)z = γL(z), where g0(z)
is the z-dependent small signal gain. With this realization, we
managed to find an analytical expression for the gain coeffi-
cient for N2-lasers operating under optimum gas pressures at
a constant input voltage,[20,21] which is expressed below

gν0
0 (z) = m′+

1+ γmax
L

z
+bγ

max
L

∞

∑
i=1

i
(i+1)!

(−bz)i . (3)

Here, gν0
0 (z) is the small signal gain at the central band fre-

quency ν0, and z is the medium excitation length. m′, γmax
L ,

and b are constants, so-called “gain parameters”, and can be
determined by a direct gain measurement for a given medium
with different excitation lengths using, for example, an OSC–
AMP laser system. As b was found to be generally a small
quantity, then, with a good approximation we can let b = 0
and keep the loss factor equal to γmax

L which is a constant and
independent of the z direction. The z-dependent gain profile
given by Eq. (3) appears to predict a high value for the gain
coefficient for small z; while for large z, it reveals a low value
for the gain coefficient. This is a fact that has appeared in
all the reported gain measurements using different gain me-
dia of different geometrical dimensions. The value of m′ in
Eq. (3) depends on the laser system, type of laser material,
excitation mechanism, saturation effect, etc., and it was ini-
tially introduced to remove the inequality of ∂nph/∂ t > 0 for a
self-sustained oscillation for the photon density nph. Although
equation (3) was obtained for an N2-laser under its optimized
operational gas pressure, but it was verified that it is capable
to predict gain coefficients in self-terminating gas lasers such

as excimer lasers, N+
2 , N2, F2, CVL reported from different

laboratories.[21]

About the study of the ASE phenomenon, on the other
hand, for explaining the ASE output energy in a KrF laser, i.e.,
εASE versus lAMP, gain coefficients for different segmented ex-
citation lengths were calculated and it is observed that the cal-
culated ASE gain coefficients also obey an equation similar
to Eq. (3). With the available experimental measurements,
as specific examples, equation (3) was used to predict the
ASE output behavior in KrF[22–25] and N2

[26,27] lasers, and
we found that the corresponding ASE gain profiles, denoted
by gASE

0,KrF and gASE
0,N2

, obey Eq. (3) with slightly different gain
parameters, compared with those obtained by direct gain mea-
surements. In fact, the corresponding gASE

0 -profiles turned out
to be slightly lower than the gain profile drawn from the col-
lected KrF or N2 lasers gain coefficients versus the excitation
length reported from different laboratories. Thus, with a com-
plete study of gas lasers it was verified that the gain coefficient
depends strongly on the geometry of the laser system when the
system is in its optimum operational conditions.

In general, for applying the model of geometrically de-
pendent gain coefficient (GDGC) with a plot of measured ASE
output energy or intensity versus excitation length for a given
sample, we can obtain gain parameters for the excited sample,
and consequently the ASE gain profile, gν0

0 (z), will be deter-
mined. With this realization, the gain coefficient for the sam-
ple for the length of z = lAMP can be obtained readily by using
Eq. (3).

In the present work we use Eq. (3) along with the in-
tensity rate equation to explain the ASE behaviors in organic
solid materials theoretically. These materials are prepared in
small-sized dimensions. For the study, we include the thresh-
old length zth in our analysis. Although the values of zth are
very small in these materials due to their small dimensions,
but it is important to take them into consideration in the calcu-
lation to obtain a correct prediction for the ASE behavior. In
fact, in the reported measurements of organic materials, the
presence of the threshold lengths in the experimental mea-
surements is visualized clearly. For verifying the geometri-
cal model of the gain coefficient in small-sized materials, we
use the reported measurements of the intensity and ASE band-
width reduction along the excitation length. For the study of
the spectral behavior, by the use of an analytical approach, we
find that the output intensity spectrum for ν ∼ ν0, or x2� 1,
for high pump intensity, Ip, has a Gaussian distribution when
initially a homogeneously (H) broadened line shape is used
for the calculation. We will show that this condition is also
satisfied for long enough excitation lengths when the narrow-
ing of the ASE bandwidth occurs. For x2 � 1, or in the ear-
lier stage of the ASE propagation, the intensity behavior has
a Lorentzian frequency distribution. On the other hand, our
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calculations show that when initially an inhomogeneously or
Doppler (D) broadened transition is used, the intensity profiles
for both x2� 1 and x2� 1 turn out to be Gaussian functions.
To observe the details of the bandwidth narrowing, the numer-
ical calculations for the ASE intensities for homogeneously
and inhomogeneously broadened line shapes are also carried
out. For the analysis that is made for the BuEH-PPV sam-
ple, it is determined that a homogeneously broadened transi-
tion is responsible for the broadening mechanism. The results
indicate that the approach gives excellent consistency with the
measurements for the whole range of the sample excitation
lengths and for different pumping conditions. In particular, we
realize that the saturation effect has an important influence on
the analysis. When the saturation effect is introduced in the in-
tensity rate equation, the results of the calculated intensity for
H-broadened lines show that when light propagates along the z
direction, the intensity profile in a logarithmic scale versus ex-
citation length z, has a sharp and subsequently a smooth bend-
ing curvature. Consequently a saturation length, zsat, which
refers to a length at which the ASE intensity is equal to the
saturation intensity, is defined. In contrast to Eq. (1) that can-
not explain the experimental data in the whole range of mea-
surements, fittings of the experimental data, by applying the
present model, are found to be well performed. In addition to
the unsaturated gain coefficient, gν0

0 , we are also able to pre-
dict the saturated gain coefficient, gν0 . In general, the present
approach can be considered as a reliable method of analyzing
the relevant experimental measurements, and thereby confirms
the validity of the proposed GDGC model to be applicable for
samples of different types and dimensions. As the model sim-
plifies the analysis of the ASE measurements, it can be used as
a reliable tool for investigating the details of mechanisms in-
volved in the interaction between light and matter. The model
provides gain parameters, where with good accuracy, these pa-
rameters may be used for studying the saturation effects, type
of broadening, ASE bandwidth, etc.

2. Theoretical approach
The analytical approach to explain the ASE behavior, us-

ing a four level system for a homogeneously broadened tran-
sition, has led to an analytical expression for the ASE out-
put energy or intensity, and has been introduced in Refs. [22]
and [23]. Thus, the details of this part of the calculation are not
given here, except some relevant parts for better understanding
of the proposed method. In this work, in addition to extend-
ing the analytical considerations for different conditions that
appear in experiments, specific attention will be paid to the
numerical calculations, and the corresponding results are in-
troduced by graphs and the deduced relevant parameters are
tabulated. Comparisons between numerical and analytical re-
sults for explaining experimental measurements will be also

given to elucidate the ASE behavior in a small-sized sample
completely.

2.1. Homogeneously broadened transition

For calculating the ASE intensity Iν and bandwidth
∆νASE for the steady-state solution, we start with the inten-
sity rate equation when the saturation effect is not included in
the rate equation, i.e.,

∂ Iν(z)
∂ z

= gν
0 (z)I

ν(z)+
γ(z)N2(z)hν

τsp
. (4)

Here, τsp is the medium upper state radiative lifetime. For a
four level system the upper-state population N2(z) is related to
the gain coefficient by N2(z) = gν

0 (z)/σν
stim, where gν

0 (z) is the
small signal gain at frequency ν ; σν

stim is the stimulated emis-
sion cross section at frequency ν , where for a homogeneously
(H) broadened line shape it is given by σ

ν ,H
stim = σ

ν0,H
stim /(1+ x2).

In this equation x = 2(ν−ν0)/∆ν0 is the normalized fre-
quency offset, and σ

ν0,H
stim is the stimulated emission cross sec-

tion at the transition frequency ν0. Thus, for gν
0 (z) in this case,

we can write gν
0 (z) = gν0

0 (z)/(1+ x2). To reach a closed form
relation for Iν(z), the factor γ(z) appearing in Eq. (4), i.e.,
γ(z) = Ω(z)/4π has to be taken to be a constant, otherwise it
is impossible to obtain an analytical formulation for Iν(z).[14]

Ω(z) is the solid angle subtended by the exit face of the sample
as seen from a point in the center of a plain surface located at
the z position of the medium.[14] γ(z) describes the character-
istics of the ASE propagating along the z direction. As men-
tioned in Ref. [23], evaluation of γ(z) at zth gives a reasonably
good approximation compared with the case when the explicit
expression for γ(z) is used in the numerical calculation. In fact
for the case of using γ(zth), the analytical solution turns out to
be very close to the numerical solution. However, to obtain
a more accurate result, it is required to evaluate the value for
γ(z) by considering the fact that the numerical calculation for
Iν(z) should be overlapped with that of the analytical solution.
The corresponding symbol in this case is shown by γnum in the
text.

The second term on the right-hand side in Eq. (4) is
γ(z)gν

0 (z)hν/σν
stimτsp, and the solution of Eq. (4) for Iν(z) is

given by the following expression:[22,23]

Iν(z) =
γ(zth)hν

σν
stimτsp

[
eGν

0 (z)−Gν
0 (zth)−1

]
, (5)

where Gν
0 (z) is defined by the following integral

Gν
0 (z) =

∫
gν

0 (z)dz. (6)

It should be emphasized that at z = zth, the ASE intensity is
equal to zero and this constitutes the boundary condition for
solving the intensity rate equation.

For the saturation intensity at frequency ν , we can use

Iν
s =

hν

σν
stimτu

=
hν

σν
stimτspφ

. (7)
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Here, φ is the fluorescence quantum yield, given by φ =

τu/τsp, where τu is the medium upper state lifetime. By intro-
ducing Iν

s and defining ∆Gν
0 (z,zth) = Gν

0 (z)−Gν
0 (zth), equa-

tion (5) is simplified into

Iν(z) = γ(zth)Iν
s φ

[
e∆Gν

0 (z,zth)−1
]
. (8)

This is the general solution for the ASE intensity at the tran-
sition frequency ν . For the z-independent value of gν

0 from
Eq. (6) we obtain Gν

0 (z) = gν
0 z. By considering z− zth =

lAMP, then the ∆Gν
0 (z,zth) term in Eq. (8) will be evaluated

to be equal to gν
0 lAMP. On the other hand, in the steady

state condition, the upper state population is obtained using
Rp = N2/τu, where Rp is the pumping rate and is given by
Rp = αabsIp/hνp.[14] The αabs is the absorption coefficient of
the medium at the pump frequency νp, and Ip is the pump
intensity.[14] By using Eq. (7) and N2 = gν

0/σν
stim, equation (8)

with this assumption gives

Iν(lAMP) = γ(zth)
ν

νp

αabs

gν
0

φ Ip

[
egν

0 lAMP −1
]
. (8a)

Here, we may define A(ν) = γ(zth)α
absφν/νp for any transi-

tion frequency ν . From Eq. (8a) we finally obtain

Iν(lAMP) =
A(ν)Ip

gν
0

[
egν

0 lAMP −1
]
. (8b)

It is seen that equation (8b) is the same as Eq. (1) when we let
IASE(lAMP)≡ Iν(lAMP). It is also a simplified form of Eq. (8)
on the assumption that the gain coefficient is z-independent.
Here, ν = c/λ is also applied.

For applying Eq. (8), two cases for the analytical solution
for an H-broadened system may be considered.

Case a For ν ∼ ν0 so as to obtain the x2 � 1 condi-
tion, we can further use Eq. (8) and apply this equation to the
H-broadened line transition. In this case, we use symbols of
∆Gν ,H

0 (z,zth) and Iν ,H
s for ∆Gν

0 (z,zth) and Iν
s terms as they ap-

pear in Eq. (8), respectively. Consequently, we have

∆Gν ,H
0 (z,zth) =

1
1+ x2

[
Gν0

0 (z)−Gν0
0 (zth)

]
≈ (1− x2)∆Gν0

0 (z,zth), (9)

where Gν ,H
0 (z) is given by

Gν ,H
0 (z) =

∫ gν0
0 (z)

1+ x2 dz =
1

1+ x2

∫
gν0

0 (z)dz

=
Gν0

0 (z)
1+ x2 ≈ (1− x2)Gν0

0 (z), (10)

and we also define Gν0
0 (z) =

∫
gν0

0 (z)dz, where gν0
0 (z) is given

by Eq. (3). It deserves to be mentioned that gν0
0 (z), according

to Eq. (3), is introduced by three parameters that are differ-
ent for H- and D- broadened lines. However, for simplicity

we drop H and D notations for gν0
0 (z), and Gν0

0 (z), by keep-
ing in mind that gain parameters are different for H- and D-
broadenings. We also let Iν ,H

s = (1+ x2)Iν0,H
s . If we substitute

∆Gν ,H
0 (z,zth) according to Eq. (9) into Eq. (8), and knowing

that the ∆Gν ,H
0 (z,zth) term is also a function of line spectrum,

we obtain

Iν(z) = γ(zth)Iν0,H
s (1+ x2)φ e−x2∆G

ν0
0 (z,zth)

×
[

e∆G
ν0
0 (z,zth)− ex2∆G

ν0
0 (z,zth)

]
. (11)

By expanding the second term inside the brackets and upon
neglecting the terms with x2,x4, . . . factors, we obtain finally,

Iν(z) = γ(zth)Iν0,H
s φ e−x2∆G

ν0
0 (z,zth)

[
e∆G

ν0
0 (z,zth)−1

]
,

(for x2� 1). (11a)

In the plot of Iν(z) versus x for a given z, if the Iν measure-
ments appear to follow Eq. (11a), then one can expect to obtain
a Gaussian frequency distribution. By defining the saturation
length, zsat, the numerical calculation, in fact, shows that the
x2� 1 condition corresponds to a large z; that is, the condition
when z� zsat is satisfied. This refers to the present study of
the H-broadening when the total medium is pumped optically
with a high pump intensity Ip, where z� zsat is satisfied.

The presence of the ∆Gν0
0 (z,zth) term in Eq. (11a) guaran-

tees the boundary condition of Iν(z = zth) = 0. Equation (11a)
shows clearly that according to the model of the geometri-
cally dependent gain coefficient, the ASE intensity for ν ∼ ν0

has a Gaussian distribution with a full width at half maximum
(FWHM) given by

∆xASE,H = 2

√
ln2

∆Gν0
0 (z,zth)

. (12)

By applying the x = 2(ν−ν0)/∆ν0 to getting ∆xASE,H =

2∆νASE,H/∆ν0, we obtain the ASE bandwidth reduction,

∆νASE,H

∆ν0
=

√
ln2

∆Gν0
0 (z,zth)

, (13)

where ∆ν0 is the spontaneous emission bandwidth for the H-
broadened line.

By using the gain formulation as given by Eq. (3), and
evaluating the Gν0

0 (z) integral, we obtain

Gν0
0 (z) = m′z+(1+ γ

max
L ) lnz− γ

max
L

∞

∑
i=1

i
(i+1)

(−bz)i+1

(i+1)!
,

(14)
and

∆Gν0
0 (z,zth) = m′(z− zth)+(1+ γ

max
L ) ln

(
z

zth

)
−γ

max
L

∞

∑
i=1

i
(i+1)

(−bz)i+1−(−bzth)
i+1

(i+1)!
, (14a)
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from which we finally reach the following analytical expres-
sion for the ASE bandwidth reduction along the z direction for
the case when z� zsat is satisfied:

∆νASE,H

∆ν0
= (ln2)1/2

(
m′(z− zth)+(1+ γ

max
L ) ln

( z
zth

)
−γ

max
L

∞

∑
i=1

i
i+1

(−bz)i+1−(−bzth)
i+1

(i+1)!

)−1/2

. (15)

It is interesting to see that by ignoring the last two terms in
Eq. (14a), and by letting z−zth = lAMP, m′ = gH

0 (0), we obtain
exactly Eq. (2) for the H-broadened line introduced initially in
Ref. [3].

The stimulated emission cross section for the homoge-
neously broadened line shape at ν = ν0 is given by σ

ν0,H
stim =

gν0,H(λ 2
0 /8πn2τsp), where gν0,H is the value of the line shape

at the band center ν0, and given by 2/π∆ν0. Thus, we can ex-
press Iλ0,H

s given by Eq. (7) in terms of ∆λ0 (the spontaneous
emission spectral width), as

Iλ0,H
s =

4hc2π2n2∆λ0

φλ 5
0

, (16)

where |∆λ0|= c∆ν0/ν2
0 can be determined experimentally.

Case b For the x2 � 1 condition, where it also corre-
sponds to the z� zsat condition, say, at the earliest stage of
the ASE propagation, we may again use Eq. (8). If we let
∆Gν ,H

0 (z) = ∆Gν0
0 (z)/(1+ x2), the exp[∆Gν0

0 (z,zth)/(1+ x2)]

term which appears in this equation can be expanded to give

exp
[
∆Gν0

0 (z,zth)

1+x2

]
= 1+

∆Gν0
0 (z,zth)

1+x2 +
1
2!

(
∆Gν0

0 (z,zth)

1+x2

)2
+· · · .

(17)
By keeping the first three terms in Eq. (17), and under the con-
dition which is imposed on Eq. (8), then equation (8) is written
as

Iν(z)∼= γ(zth)Iν0,H
s (1+x2)φ

[
∆Gν0

0 (z,zth)

1+x2 +
1
2!

(
∆Gν0

0 (z,zth)

1+x2

)2]
,

(18)
where again Iν

s ≡ Iν0,H
s (1+ x2) for the H-broadening has been

used. Equation (18) shows clearly that for x2� 1, the ASE in-
tensity has a Lorentzian distribution added to a constant value
of γ(zth)I

ν0,H
s φ∆Gν0

0 (z,zth). Thus, Iν(z) is given by

Iν(z)∼= γ(zth)Iν0,H
s φ∆Gν0

0 (z,zth)
[
1+

∆Gν0
0 (z,zth)/2
(1+ x2)

]
,

(for x2� 1). (19)

For x → ∞, we obtain a constant value for Iν(z), which is
ν0-dependent. Here, we can define the expression Iν0

x→∞(z) =
γ(zth)I

ν0,H
s φ∆Gν0

0 (z,zth). In this case equation (19) can be
written as

Iν(z)∼= Iν0
x→∞(z)+

1
2

Iν0
x→∞(z)

∆Gν0
0 (z,zth)

(1+ x2)
. (19a)

Equation (19a) shows that Iν(z) has a Lorentzian frequency
distribution at any distance z if the Iν0

x→∞(z) term, which is a
constant, is removed from the equation. Then, if we define
∆Iν(z) = Iv(z)− Iν0

x→∞(z), we can calculate the FWHM value
in this condition,

∆ν
ASE = ∆ν0. (19b)

That is, under the condition of x2� 1, the ASE bandwidth is
the same as the spontaneous emission bandwidth.

For a very large x, the FWHM can be obtained from
Eq. (19a) analytically when the Iν0

x→∞ term is also considered
in the FWHM calculation, i.e.,

∆νASE,H

∆ν0
=
(

∆Gν0
0 +2

∆Gν0
0 −2

)1/2
, (20)

where the ∆Gν0
0 term in Eq. (20) means ∆Gν0

0 (z,zth). Further-
more, by keeping four terms, we reach the following second
order equation:

(∆Gν0
0 )2

3
ξ

2 +(∆Gν0
0 )ξ +

(
1−

∆Gν0
0

2
−

(∆Gν0
0 )2

6

)
= 0, (21)

where ξ = 1/(1+ x2) is defined. For the positive solution of
Eq. (21), we obtain

x =±

 2∆Gν0
0√

2(∆Gν0
0 )2 +6∆Gν0

0 −3−3
−1

1/2

, (22)

and ∆νASE,H/∆ν0 is obtained, accordingly,

∆νASE,H

∆ν0
=

 2∆Gν0
0√

2(∆Gν0
0 )2 +6∆Gν0

0 −3−3
−1

1/2

. (23)

Thus, for the H-broadened transition, we observe that without
including the saturation effect, equation (5) or (8) can explain
the ASE intensity in general, and at two limits of x2� 1 and
x2 � 1, the analytical solutions as given by Eqs. (11a) and
(19a) turn out to be a Gaussian and a Lorentzian frequency
distribution, respectively. This prediction will be verified by
the experimental measurements and also by the corresponding
numerical calculations.

2.2. Inhomogeneously (Doppler) broadened transition

We may apply the previous procedure as given in Subsec-
tion 2.1, to the Doppler (D) broadened transition. For the stim-
ulated emission cross section, we have σ

ν ,D
stim = σ

ν0,D
stim e−x2 ln2,

where σ
ν0,D
stim = gν0,D(λ 2

0 /8πn2τsp), and the line width at ν0

for a D-broadened system is given by gν0,D = 2
√

ln2/π/∆ν∗0 ,
where ∆ν∗0 is the Doppler broadened bandwidth.[14] For Iν ,D

s

therefore, we can write Iν ,D
s = Iν0,D

s ex2 ln2. For the Iν(z) cal-
culation, we again use Eq. (8), and obtain

Iν(z) = γ(zth)Iν0,D
s ex2 ln2

φ

[
eexp(−x2 ln2)∆G

ν0
0 (z,zth)−1

]
, (24)
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where for ∆Gν
0 (z,zth) we use e−x2 ln2∆Gν0

0 (z,zth). Two cases
are also considered here.

Case (i) For ν ∼ ν0 or x2 � 1, we can approximate
e−x2 ln2 ≈ 1−x2 ln2, and consequently equation (24) turns out
to be

Iν(z) = γ(zth)Iν0,D ex2 ln2
φ e−x2 ln2∆G

ν0
0 [e∆G

ν0
0 − ex2 ln2∆G

ν0
0 ],

(25)
where ∆Gν0

0 means ∆Gν0
0 (z,zth). For lAMP ∼ 2 mm in this ex-

ample, ∆Gν0
0 is close to 12, so two exponential factors in the

front of the brackets, i.e., exp[−x2(∆Gν0
0 − 1) ln2] can be ap-

proximated to exp[−x2 ln2∆Gν0
0 ]. By expanding the second

term inside the brackets appearing in Eq. (25) and for x2� 1
by keeping the first term in this expansion, we have

Iν(z) = γ(zth)Iν0,D
s φ e−x2 ln2∆G

ν0
0 [e∆G

ν0
0 −1],

(for x2� 1). (26)

Equation (26) shows that the ASE intensity has a Gaussian
frequency distribution for x2� 1, which will be shown to cor-
respond to the z� zsat condition. The FWHM can be obtained
easily from this equation,

∆νASE,D

∆ν∗0
=

1√
∆Gν0

0 (z,zth)
. (27)

By ignoring the last two terms in Eq. (14a) and by letting
z−zth = lAMP and m′= gD

0 (0), we obtain Eq. (2) for the case of
D-broadening if equation (27) is used. Here again we observe
that Iν(z) for x2� 1 has a Gaussian frequency distribution.

Case (ii) For x2� 1, i.e., in the earliest stage of the ASE
propagation along the z direction, or when z� zsat is satisfied,
the first exponential term inside the brackets in Eq. (24) can be
expanded to yield

Iν(z) = γ(zth)Iν0,D
s ex2 ln2

φ

[
1+ e−x2 ln2

∆Gν0
0

+
1
2!
(e−x2 ln2

∆Gν0
0 )2 + · · ·−1

]
. (28)

By keeping the first 3 terms in the expansion, we have

Iν(z) = γ(zth)Iν0,D
s φ∆Gν0

0

[
1+

1
2

∆Gν0
0 e−x2 ln2

]
,

(for x2� 1). (29)

Equation (29) shows that the intensity spectrum again has
a Gaussian distribution added to a constant value given by
Iν0
x→∞ = γ(zth)I

ν0,D
s φ∆Gν0

0 . Thus, for the D-broadened line in
this case we obtain

Iν(z) = Iν0
x→∞(z)+

1
2

Iν0
x→∞(z)∆Gν0

0 (z,zth)e−x2 ln2, (29a)

which shows that Iν(z) has a Gaussian frequency profile if the
Iν0
x→∞(z) term, which is a constant background of the inten-

sity in a measurement, is removed, i.e., by defining ∆Iν(z) =

Iν(z)− Iν0
x→∞(z). In this case, the ASE bandwidth has the same

value as the spontaneous emission bandwidth, i.e.,

∆ν
ASE,D = ∆ν

∗
0 , (for x2� 1). (30)

The introduced analytical expression appearing in these
two subsections along with the numerical calculations that will
be given in Section 3, are used to explain the experimental ob-
servations appearing in the article by McGehee et al.[6] Gen-
erally, we learn from Subsections 2.1 and 2.2 that according
to the initial frequency distribution of the line-shape, which is
either a Lorentzian or a Gaussian function, the ASE intensity
distribution for z� zsat (or x2 � 1) has a Gaussian distribu-
tion. For z� zsat (or x2 � 1), on the other hand, if we start
with a homogeneously broadened transition, the IASE has a
Lorentzian line-shape and for an inhomogeneously broadened
system IASE has a Gaussian frequency distribution. Thus, with
the output spectrum measured at the exit face of a pumped
sample, and by knowing the numerical value of zsat one can
make an accurate evaluation for the initial frequency distribu-
tion for the type of the broadening mechanism involved in the
interaction.

3. Numerical calculation
We may consider solving the problem numerically, where

saturation and frequency dependences of the gain coefficient
are taken into account in the intensity rate equation. For
this purpose, gν

0 (z) from Eq. (4) is replaced by gν(z) =

gν
0 (z)

/
(1+ Iν

/
Iν
s )

µ . The notation µ is used for unifying the
three equations used in this study. µ takes values of µ =0, 1/2,
1, where µ =0 refers to the case where the saturation effect is
not considered for the calculation. µ =1/2, 1 refer to the sat-
urated with the inhomogeneously broadened transitions, and
the saturated with the homogeneously broadened transitions,
respectively. Thus, the intensity rate equation in a single equa-
tion can be written as

∂ Iν(z)
∂ z

=
gν

0 (z)I
ν(z)

(1+ Iν(z)/Iν
s )

µ
+

gν
0 (z)I

ν
s γ(z)φ

(1+ Iν(z)/Iν
s )

µ
, µ = 0,1/2,1.

(31)
Equation (31) is a general equation for the intensity rate equa-
tion and can be used according to our needs. For example, for
the investigation of the output spectrum when the effect of sat-
uration is not included in the intensity rate equation, we may
let µ = 0. In this case for the H-broadening from Eq. (31) we
have,

∂ Iν(z)
∂ z

=
gν0

0 (z)Iν(z)
1+ x2 +gν0

0 (z)Iν0,H
s γ(z)φ . (32)

To obtain Eq. (32) we have also used gν
0 (z) = gν0

0 (z)/(1+ x2),
and Iν ,H

s = Iν0,H
s (1+ x2). For the case of Doppler broaden-

ing, the e−x2 ln2 term is replaced by the 1/(1+ x2) term ap-
pearing in Eq. (32), and for Iν0,D

s we have used Iν0,D
s /Iν0,H

s =

(∆ν∗0/∆ν0)/
√

π ln2, where Iν0,H
s is given by Eq. (16). Thus,
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for the bandwidth calculation at any distance zi for a homoge-
neously broadened line shape, for example, equation (32) must
be solved numerically using x as a parameter and let it vary in a
wide range of the normalized frequency offset to obtain Izi(x).
The FWHM of Izi(x) gives ∆νASE,H at the specific distance zi.
When the calculation is carried out for all the values of given
zi, we will obtain the ∆νASE,H-profile, i.e., ∆λ ASE,H with re-
spect to z. For considering the effect of saturation, µ = 1, or
1/2 is used in Eq. (31) for homogeneously or Doppler broad-
ened line shapes, respectively. For the gν0

0 (z)-profile, again,
we use its analytical expressions, given by Eq. (3) as men-
tioned earlier. For µ = 1/2, a Voigt integral should be used,
where Iν

s inside the square root of Eq. (31) should be replaced
by Iν0,H

s .[26]

For the calculation of the ASE intensity at the resonance
transition of ν = ν0, we let x = 0, and consequently Iν0(z) is
calculated. When the effect of saturation is not considered, µ

in the intensity rate equation is equal to zero, whereas by in-
cluding the saturation effect, µ is equal to 1 or 1/2. For the nu-
merical calculation, it is necessary to use the z-dependency of
γ(z). As we deal with a small-sized sample having a width of
dAMP and a thickness s, we use γ(z) = sdAMP/4πz2 throughout
the calculation. Here, we examine the H- and D-broadenings,
both, and consequently we solve the equations with µ = 0,
µ = 1, and µ = 1/2 conditions. As both solutions for the cases
of using (µ = 0,1) or (µ = 0,1/2) explain one set of experi-
mental data points, the corresponding solutions for each case
must be overlapped with different gain-parameters. The inten-
sity profiles corresponding to the numerical solutions start at a
threshold length zth, and increase along the z direction. The re-
sults corresponding to the numerical and analytical approaches
are given in Section 4, and the corresponding parameters for
the H-broadened system appearing in the relevant calculated
graphs are also summarized in Table 1.

Table 1. Deduced gain parameters and threshold lengths and gain coefficients for lAMP = 0.2 cm.

Specifications Ip/(kW/cm2)
This work Ref. [6]

m′/cm−1 γmax
L b/cm−1 zth/cm gunsat

0 /cm−1 gsat/cm−1 gunsat
0 /cm−1

Refers to Fig. 1 for µ = 1 solution 4.1 60 0.15 0.05 0.0045 65.75 8.28 62
Refers to Fig. 2 for µ = 0 solution 4.1 1 1.6 0.05 0.0055 – 14.00 62

Solution for µ = 1 2.2 27 0.15 0.05 0.0037 32.75 10.26 41
Solution for µ = 1 1.2 10 0.15 0.05 0.0040 15.75 11.56 18

Refers to Fig. 7 for µ = 0 and µ = 1 solutions 0.61 0.1 0.15 0.05 0.0047 5.62 5.62 0.1

4. Results of numerical calculations
To observe the validity of the GDGC model, we use the

experimental measurements for planar wave guides of BuEH-
PPV reported by McGehee et al.[6] For the calculation, ini-
tially, the following parameters are used: λ0 = 562 nm, s =
200 nm, and dAMP = 350 µm (s is the thickness and dAMP is the
width of the target). n = 1.76 is the sample index of refraction.
∆λ0 = 47 nm is the measured spontaneous emission band-
width. In Ref. [6], the experimental measurements of IASE

versus excitation length are given with four different pumping
intensities of Ip = 0.61,1.2,2.2,4.1 kW/cm2. The measured
ASE bandwidths are also given by plots of ∆λ ASE versus exci-
tation length for Ip = 0.61 kW/cm2 and 4.1 kW/cm2. The gain
parameters (m′, γmax

L , b) deduced from the IASE versus lAMP

measurements should also be able to predict the ∆λ ASE ver-
sus lAMP measurements. This is the first criterion for a proper
evaluation of the gain parameters. The second requirement
is to have the µ = 0 and µ = 1 for H-broadening (or µ = 0
and µ = 1/2 for D-broadening) intensity solutions to be ap-
proximately overlapped with different gain parameters. This
requirement is due to the fact that in the IASE versus lAMP ex-
periment, we have just one set of measurements and the inten-
sity rate equation should be able to explain the occurrence of
the ASE event no matter whether applying the saturation effect
in the rate equation or not. The third requirement is to have the

solutions to predict just one value for the threshold length zth.
In fact, the ASE intensity starts at zth and then grows along the
z direction, the saturation will start to affect the ASE inten-
sity gradually. Naturally, the inclusion of the saturation effect
in the intensity rate equation should not change the z posi-
tion of the threshold length. The fourth criterion is to use the
measured ASE spectra, introduced by the plots of IASE versus
wavelength, and confirm them by using the GDGC model. Fi-
nally, the fitting of experimental data to the model must be ac-
complished perfectly for the whole range of excitation lengths.
With these restrictions, the gain parameters can be determined
within a relatively small error due to the parameters fitting pro-
cedure.

The fluorescence quantum yield of 0.62 is given in
Ref. [6], then it must be identified with one of the IASE ver-
sus lAMP experimental plots it belongs to. With the upper state
lifetime τu, nonradiative lifetime τnr, and Knr = τ−1

nr , we ob-
tain φ = 1/(1+Knrτsp), which shows that by increasing Knr,
the fluorescence quantum yield decreases and consequently
we obtain a higher value for the saturation intensity. To see
the effect of φ in the calculation, we also examine φ = 0.2,
and find that regardless of small changes that occur in the gain
parameters, the calculated results are close to the case when
φ = 0.62 is used. Thus, φ = 0.62 is considered throughout the
calculations.
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4.1. H-broadening: calculation of Ip = 4.1Ip = 4.1Ip = 4.1 kW/cm2 (high
pump intensity)

For the input pump intensity of Ip = 4.1 kW/cm2 and
φ = 0.62, the calculated output intensity at ν = ν0 is given in
Fig. 1. In this calculation Iν0,H

s = 9.86×105 W/cm2 is applied.
To use the experimental measurements, the scale of intensity
is modified according to the calculated value of Iν0,H

s . Gain
parameters, m′, γmax

L , and b, are obtained by changing them
continuously so as to obtain the best fittings to the intensity
and bandwidth experimental observations simultaneously. The
C1,H profiles in this figure refer to the µ = 1 solution when H-
broadening is used. The saturation lengths, zsat, corresponding
to the calculations with s = 150, 200, and 300 nm are slightly
different and lie in a range of 0.08 cm–0.09 cm. This length
corresponds to a length at which the ASE intensity is equal to
Iν0,H
s . The total length of the sample is lAMP = 0.2 cm, and it

zth=0.0045 cm

s=150 nm

s=200 nm

s=
30

0 n
m

zsat=0.080, 0.085, 0.090 cm

s (thickness): 300,200,150 nm

dAMP: (width): 350 mm

Ip=4.1 kW/cm2 C↪ H  (s=200 nm)

C↪ H

↼↽
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s 
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Fig. 1. (color online) Plots of the ASE intensity versus excitation length.
Sample thicknesses are: s = 150, 200, and 300 nm. The calculations are
carried out when µ = 1 is used for H-broadening (C1,H-profiles). The C(0)

1,H-
profile refers to the calculation for µ = 0, with gain parameters obtained from
the C1,H-profile with s= 200 nm, and it refers to the unsaturated intensity cal-
culation. The inset shows the chemical structure of the polymer.

zth=0.0045, 0.0055 cm

experimental data

s=200 nm
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Fig. 2. (color online) Plots of the ASE calculation with µ = 0 (dashed line),
and µ = 1 (solid line), showing the effect of the saturation effect in the
intensity rate equation. The C1,H-profile is borrowed from Fig. 1, and com-
pared with the C0-profile. The inset shows the analysis when equation (1) is
used for fitting to the linear part of the measurement in a logarithmic scale.
Measurements are given in Ref. [6].

is seen that at this pumping level, the zsat < lAMP condition is

satisfied. The C(0)
1,H-profile, calculated for s = 200 nm, corre-

sponds to the case where µ = 0 is considered, while the gain

parameters from the C1,H-profile are used. Thus, the C(0)
1,H-

profile refers to the unsaturated ASE intensity. The corre-

sponding gain parameters are tabulated in Table 1. In Fig. 2,

the solution with µ = 0 is shown by the C0-profile. This pro-

file is comparable to the C1,H-profile given in Fig. 1. Both pro-

files with a negligible error explain the IASE measurement and

their threshold lengths are very close to each other as shown

in this figure. They are 0.0045 cm (for µ = 1) and 0.0055 cm

(for µ = 0). In the inset of this figure we also introduce the

plot analyzing the measurement when equation (1) is used. In

Fig. 3, based on the gain parameters deduced from solutions

of the rate equation, gain coefficients are calculated and they

are shown by profiles corresponding to the saturated gain pro-

file with the µ = 1 solution (G1,H-profile), unsaturated condi-

tion when the gain parameters from the G1,H-profile are used

in the µ = 0 solution (G(0)
1,H-profile), and the saturated condi-

tion with the µ = 0 solution (G0-profile). The saturated gain

profiles for µ = 0 and µ = 1 solutions (i.e., G0 and G1,H-

profiles) are slightly different, showing that the gain param-

eters, although they are remarkably different in their values,

introduce approximately the same saturated gain profiles of

the pumped sample. The unsaturated gain profile, as expected,

is higher than the saturated gain profile, and for lAMP = 0.2 cm,

it is calculated to be 65.8 cm−1, which is slightly higher

than the value of 62 cm−1 reported in Ref. [6], when equa-

tion (1) is used for analysis. The saturated gain coefficients

for lAMP = 0.2 cm corresponding to G1,H and G0-profiles are

8.3 cm−1, and 14.0 cm−1, respectively. As for large enough z,

we expect to obtain the saturated gain coefficient to approach

to a small value and also the effect of saturation on the IASE-

profile can be observed for the µ = 1 solution, so we consider

the saturated gain coefficient corresponding to the µ = 1 in-

tensity solution, i.e., gν0 = 8.3 cm−1 for Ip = 4.1 kW/cm2, to

be used in the plot of gν0 versus Ip. It clearly follows from

this example that when small-sized samples are pumped at a

high light intensity, the GDGC model gives two different val-

ues for the saturated and unsaturated gain coefficients, to some

extent the unsaturated gain coefficient can also be predicted by

Eq. (1). This is due to the measurements under high pump in-

tensities which appear with sharp rises of the IASE versus ex-

citation length in a logarithmic scale. However, equation (1)

definitely does not predict the saturated gain coefficient, as it is

given in this article. Further difference regarding the potential

of the model will be given in Subsection 4.4.
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Fig. 3. (color online) The saturated G1,H and G0 gain profiles for the
µ = 1, and µ = 0 calculations, according to the deduced gain param-
eters given in Table 1. The G(0)

1,H corresponds to the unsaturated gain
coefficient. For an excitation length of lAMP = 0.2 cm, the saturated
gain coefficients corresponding to excluding and including the satura-
tion effect in the rate coefficient are gν0 = 14.0 cm−1 and 8.3 cm−1,
respectively. The unsaturated gain coefficient is 65.8 cm−1. This gain
value should be compared with gν0

0 = 62 cm−1, analyzed by Eq. (1) and
is reported in Ref. [6]. The corresponding gain values for lAMP = 0.2 cm
are shown by symbols (4).

The calculated bandwidths for Ip = 4.1 kW/cm2 are
shown in Figs. 4(a) and 4(b). In Fig. 4(a), in addition to
the numerical calculations, the experimental measurements of
(∆λ )ASE, shown by the Bexp-profile are also introduced. Ac-
cording to three different views for the previously introduced
calculations of the saturated and unsaturated intensity profiles,
here three different views for the calculated bandwidths are
also given. They are shown by the B0, B1,H, and B(0)

1,H-profiles
for the H-broadened transition: B0 refers to the case where
µ = 0 is applied; B1,H is given for the case where µ = 1 is used,
and finally the B(0)

1,H-profile represents the solution with µ = 0,
but gain parameters are used from the B1,H-profile. These pro-
files show that the unsaturated bandwidth B(0)

1,H is very close to
the Bexp-profile at large distance. This calculation for the ASE
bandwidth shows that the saturation effect causes a bandwidth
rebroadening, which is inconsistent with the measurements.
In Fig. 4(b) the results of the numerical calculation for the
unsaturated condition, shown by B(0)

1,H, are compared with the
analytical calculations for x2 � 1, shown by Bana

x2�1, and for
x2� 1, shown by Bana

x2�1. In this figure the Bexp-profile is also
shown to observe the degree of consistency between the an-
alytical solution and the measurements. At large z, when the
condition of x2 � 1 is satisfied, the bandwidth that is shown
by the Bana

x2�1-profile and given by Eq. (13), becomes close to
the experimental measurements, whereas for short distances,
i.e., when the condition of x2 � 1 is applied, equation (23)
is able to explain the measurements as shown by the Bana

x2�1-
profile. This calculation confirms that a Lorentzian line-shape
for z � zsat, which corresponds to x2 � 1, can explain the
ASE bandwidth behavior. That is, at the earliest stage of the

ASE propagation, the bandwidth is explained by a Lorentzian
line-shape. This figure also clearly shows that the analytical
approaches for two limits of small and large z are consistent
with the numerical calculations and also with the experimen-
tal measurements.
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Fig. 4. (color online) (a) Plots of the calculated ASE bandwidth versus
the excitation length. The B0-profile corresponds to the µ = 0 solution.
The B1,H-profile for µ = 1, and the B(0)

1,H-profile for µ = 0, but in this case
gain parameters from the B1,H-profile are used. Profiles refer to the satu-
rated (B0 and B1,H-profiles) and unsaturated (B(0)

1,H-profile) bandwidths. (b)

To compare the B(0)
1,H-profile with the analytical formulations, this profile

is introduced, showing the overlapping of the solutions (for x2 � 1 and
x2 � 1) with the B(0)

1,H-profile and the measurements. The Bana
x2�1-profile

refers to Eq. (13). The Bana
x2�1 refers to the calculated bandwidth for using

three terms [Eq. (23)] in the expansion appearing in Eq. (17). The values
of Bexp in both figures refer to measurements.[6]

The numerical calculations for the ASE output inten-
sity versus x for large and also short distances (for example
z = 0.203 cm and z = 0.013 cm, respectively) are carried out
and the results are given in Figs. 5(a) and 5(b), respectively.
For identifying the calculated intensity distribution, a Gaus-
sian and a Lorentzian function of the type

IG = IG
0 +

A

w
√

π/2
exp
[
−4

(x− xc)
2

w2 ln2
]

(33)

and
IL = IL

0 +
2A
π

w
w2 +4(x− xc)2 (34)
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are fitted to the numerically calculated profiles, and the param-
eters IG

0 , IL
0 , A, xc, and w are determined separately. The large

distances (i.e., z� zsat) correspond to very small x, where the
condition of ν ∼ ν0 is satisfied. In this case, as shown also
in the analytical approach, the ASE intensity has a Gaussian
distribution. This is indicated in Fig. 5(a), showing that for
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Fig. 5. (color online) Plots of the calculated ASE intensity versus normal-
ized frequency offset x = 2(ν−ν0)/∆ν0 (a) for z = 0.203 cm, showing
that the calculated intensity favors a Gaussian distribution and verifies the
x2 � 1 approximation for the intensity; (b) for z = 0.013 cm, showing
that the calculated intensity has a Lorentzian distribution and that corre-
sponds to the x2� 1 approximation. Both panels (a) and (b) correspond to
Ip = 4.1 kW/cm2; (c) the plots of normalized ASE intensity versus wave-
length for Ip = 5.2 kW/cm2 measurements as given in Ref. [6]. The ex-
perimental measurements show that IASE at high pump intensity, when
z� zsat is satisfied, favors a Gaussian frequency distribution.

z = 0.203 cm the intensity favors a Gaussian distribution com-
pared with a Lorentzian line-shape. For z = 0.013 cm which
corresponds to a large x, we observe that the ASE intensity
favors a Lorentzian line-shape. For x → ∞ also we obtain
from Eq. (19) that IL

0 ≡ Iν0
x→∞(z) = γ(zth)I

ν0,H
s φ∆Gν0

0 (z,zth).
This distance is also indicated in Fig. 5(b). The parameters
obtained in this case are IL

0 = 1.14× 103 W/cm2, xc = 0,
w = 1.43, and A = 6.43× 103 W/cm2. Thus, IL

0 is consid-
ered as a good parameter to verify that the intensity has a
Lorentzian distribution. For the value of zth = 0.0045 cm, we
obtain γ(zth) = 0.0028. Also, ∆Gν0

0 (z,zth) is equal to 1.73 for
z = 0.013 cm. The calculated value of IL

0 for using γ(zth) is
2.96× 103 W/cm2, which gives an error of 160% compared
with the fitted value of 1.14× 103 W/cm2. Thus, a better
value for γ(z) for this evaluation is needed. The numerical
calculation for the intensity to obtain an overlap with the an-
alytical calculation gives γnum = 0.0012. This value corre-
sponds to z = 0.0068 cm which is slightly higher than zth, and
IL
0 in this case is equal to 1.27× 103 W/cm2. This calcula-

tion gives an error of 11% with respect to the fitted value of
1.14× 103 W/cm2. The present argument definitely indicates
that at large x (or small z), when the ASE propagation is in its
earliest stage, the ASE frequency distribution is a Lorentzian
function when an H-broadened transition is initially used for
the calculation. A clear deviation of the fitted Gaussian func-
tion from the exact numerical calculation is clearly shown in
Fig. 5(b). Calculations for the intensity profiles are also ex-
tended for two different values of z: one is slightly lower and
the other is slightly higher than zsat, i.e., z = 0.073 cm and
z = 0.093 cm, and we find that both Lorentzian and Gaussian
distributions have equal contributions on the transition from
a Lorentzian to a Gaussian function at the saturation length
(zsat = 0.085 cm). This also indicates that the transition occurs
smoothly. We can further refer to the measurement given in
Fig. 5(c) for the output intensity spectrum at the exit face of
the pumped sample at Ip = 5.2 kW/cm2, and this figure also
verifies that the ASE has a Gaussian frequency distribution at
the high pump intensity. As the narrowed spectrum has 0–0
and 0–1 vibrational peaks, the fitting is accomplished using
the leading part of the fluorescence spectrum corresponding to
the 0–0 vibrational peak.

4.2. H-broadening: calculation of Ip = 0.61Ip = 0.61Ip = 0.61 kW/cm2 (low
pump intensity)

For Ip = 0.61 kW/cm2, in addition to the reported ASE in-
tensity and bandwidth versus excitation length measurements,
a plot of the normalized measured intensity versus wavelength
is also given in Fig. 6. For the 0–0 vibrational transition when
two different types of functions: Gaussian and Lorentzian are
fitted to the leading portion of the spectrum, as seen in the fig-
ure, the distribution favors a Lorentzian function at this low
incident intensity. Thus, for this experimental condition, at
the exit face of the target, we have enough confidence that the
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condition of z� zsat is satisfied and consequently the intensity
distribution keeps homogeneously broadening throughout the
excitation length. For the further verification of the model, the
calculation is performed numerically for the ASE and band-
width reduction according to the measurements reported in
Ref. [6]. In Fig. 7, the calculated IASE versus the excitation
length for µ = 0 and µ = 1 solutions are given. The over-
lapped profiles in this figure show that at the low value of the
input pump intensity Ip, the condition of Iν/Iν

s � 1 is satisfied,
and this can also be observed in the gain profiles appearing in
the inset of the figure. The G0 and G1,H-profiles refer to the
calculations when µ = 0, and µ = 1 are used, while the G(0)

1,H-
profile refers to the solution with µ = 0 when gain parameters
from the µ = 1 solution are used. Figure 8 shows the calcu-
lated bandwidths of the overlapped profiles of B0, B1,H, and
B(0)

1,H. In this figure the Bexp-profile refers to the bandwidth
measurements.
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Fig. 6. (color online) Normalized experimental measurements of IASE ver-
sus wavelength for Ip = 0.61 kW/cm2 reported in Ref. [6]. The fittings to a
Gaussian function and a Lorentzian function show that the intensity distri-
bution favors a Lorentzian function at low input intensity.
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Fig. 7. (color online) Calculated ASE intensity corresponding to Ip =
0.61 kW/cm2 input intensity for µ = 0 and µ = 1 solutions shown by
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1,H-profiles. The inset shows the corresponding gain

shown by the G0, G1,H and G(0)
1,H-profiles, where for the Iν/Iν0 ,H

s � 1 con-
dition, both intensity and gain profiles are overlapped. For lAMP = 0.2 cm,
gν0

0 ∼ gν0 = 5.62 cm−1 (4) is calculated. Experimental data are deduced
from Ref. [6].
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Fig. 9. (color online) The numerical calculation for the ASE inten-
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0.61 kW/cm2 at: (a) z = 0.203 cm, and (b) z = 0.013 cm. Both pro-
files show that the intensity distributions favor Lorentzian functions at
large, as well as, short distances.

For observing that at a low Ip-value the Lorentzian dis-
tribution function maintains a Lorentzian frequency distri-
bution along the whole excitation length of the sample, the
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ASE intensities for the excitation lengths of z = 0.20 cm and
z = 0.01 cm are numerically calculated and the results are
shown in Fig. 9. Again, fittings of a Lorentzian function and a
Gaussian function to the calculated intensity profiles show that
in both cases the frequency distributions favor a Lorentzian
function. Thus, it is shown that by different approaches of
using experimental measurements, as indicated in Ref. [6] and
numerical calculations, a homogeneously broadened transition
is involved in the light–matter interaction for the BuEH-PPV
sample at different pump intensities. Figures 6 and 5(c) show
that by increasing Ip from Ip = 0.61 kW/cm2 to 5.2 kW/cm2,
the peak of the IASE shifts from 564.70 nm to 562.55 nm, i.e.,
it is blue-shifted. This behavior has also been shown by exper-
imental graphs in slab organic crystals in the study of two-
photon pumped ASE.[27] Here, regardless of the frequency
shift, the effect of the pump intensity on the intensity behav-
ior on switching from the Lorentzian distribution to the Gaus-
sian distribution when the pump intensity increases is also ex-
plained by the proposed approach.

4.3. D-broadening: calculation of Ip = 4.1Ip = 4.1Ip = 4.1 kW/cm2

In order to complete our analysis on the BuEH-PPV sam-
ple, the numerical calculations are also carried out on the as-
sumption that the line is inhomogeneously broadened. In this
case, the calculation results of bandwidth and gain coefficient
have not explained the experimental measurements correctly.

To observe the results corresponding to the D-broadening,
in Fig. 10 the ASE intensity versus lAMP is depicted. C1,D

and C(0)
1,D-profiles correspond to the case where the saturation

is included in the rate equation (i.e., µ = 1/2) and µ = 0
is used, when gain parameters from the µ = 1/2 solution
are used. For the calculation Iν0,D

s = 6.68× 105 W/cm2,
∆λ ∗0 ∼ ∆λ0 = 47 mÅ, s = 200 nm, and dAMP = 350 µm
for Ip = 4.1 kW/cm2 are used. This calculation gives zsat =

0.0871 cm, and zth = 0.0045 cm. Gain parameters for D-
broadening are m′ = 35 cm−1, γmax

L = 0.7, and b = 0.05 cm−1.
Although, apparently, the IASE behavior in this case is similar
to that in Fig. 1, but with the deduced gain parameters we ob-
serve that the calculated gain-profiles are lower than expected.
The calculated gain profiles corresponding to D-broadening
lines are shown in the inset of Fig. 10. The G(0)

1,D and G1,D

are the profiles corresponding to the unsaturated and satu-
rated solutions, respectively. For lAMP = 0.2 cm, gν0,D

0 turns
out to be 43.50 cm−1, which is ∼ 1/2 of that calculated for
H-broadened line (we remember that for Ip = 4.1 kW/cm2,
gν0,H

0 = 65.75 cm−1, and even equation (1) gives 62 cm−1).
The gν0,D is also calculated to be 12.39 cm−1, which is higher
than that of the H-broadened line (8.28 cm−1). In Fig. 11 the
calculated results corresponding to the ASE bandwidth for the
µ = 1/2 solution are given. The B1,D and B(0)

1,D-profiles show
the bandwidth behaviors for the saturated and unsaturated con-

ditions, respectively while Bana
x2�1 corresponds to the analytical

solution given by Eq. (27). All the calculated ASE bandwidths
are higher than the measurements as shown by the Bexp-profile
in this figure, thus they can be rejected. Finally, with these cal-
culations we confirm that the homogeneously broadened tran-
sition is responsible for the interaction. Our arguments in this
respect are that the calculated ASE intensity and bandwidth
profiles are consistent with those obtained from the measure-
ments.
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Fig. 10. (color online) Plots of the calculated ASE intensity for D-broadened
line-shape for saturated C1,D- and unsaturated C(0)

1,D-profiles. The inset shows

the calculated gain profiles for the unsaturation (G(0)
1,D-profile) and satura-

tion (G1,D-profile) conditions. For lAMP = 0.2 cm, gν0 ,D
0 is calculated to be

43.50 cm−1, which is much lower than expected. Thus, the D-broadened
line is not able to explain the ASE behavior.
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Fig. 11. (color online) ASE band width calculations for saturated
and unsaturated conditions, B1,D and B(0)

1,D; and the analytical solution,
Bana

x2�1, using Eq. (27). The calculated bandwidths for all three cases are
higher than the values corresponding to measurements, shown by the
Bexp-profile.

4.4. Results of gain calculations

According to the measurements appearing in Ref. [6] and
the introduced model for data analysis, as given here, we cal-
culate the gain parameters, unsaturated and saturated gain co-
efficients for Ip = 4.1,2.2,1.2,0.61 kW/cm2. By referring to
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Fig. 12, in addition to introducing the plot of the unsaturated
gain coefficient gν0

0 versus Ip as indicated in Ref. [6] using
Eq. (1), the profiles of gν0

0 versus Ip, m′ versus Ip, and the satu-
rated gain coefficient gν0 versus Ip in the present work are also
given in this figure. We observe that gν0

0 and the m′-parameters
are linearly related to Ip with excellent linear fittings in the
whole range of the given input intensity. A rough estimation
of applying Eq. (1) to explaining the gain coefficient at low Ip,
is also indicated in this figure. Thus, we are convinced that the
plots of gν0

0 versus Ip and m′ versus Ip are linear. The calcu-
lated saturated gain coefficient, gν0 , versus Ip is also given in
this figure, showing that at low values of the input intensity Ip,
the system is not saturated, so we have gν0 ∼ gν0

0 . By increas-
ing Ip, the value of gν0 starts to increase, and after passing
a maximum at Ip ≈ 1.2 kW/cm2, it decreases at high values
of Ip. In fact, gν0 refers to the net saturated gain coefficient.
In Ref. [6], the measurement of IASE versus Ip shows that the
corresponding plot has a change of slope at Ip ≈ 1.2 kW/cm2

that cannot be considered as a coincidence with the value of Ip

corresponding to the measured peak of the gν versus Ip profile.

By using Fig. 12, if we let

m′ = m′p = αp +βpIp, (35)

where αp and βp are constants, then equation (3) shows that
for gν0

0 under the pumping condition, we can write

gν0
0,p = (αp+βpIp)+

1+γmax
L

z
+bγ

max
L

∞

∑
i=1

i
(i+1)!

(−bz)i, (36)

where z = lAMP = 0.2 cm, i.e., the total excitation length is
used for this analysis. m′p and gν0

0,p are the m′ and gν0
0 -values of

these quantities at the pump intensity. If we let

Γp(lAMP) = αp +
1+ γmax

L
lAMP

+bγ
max
L

∞

∑
i=1

i
(i+1)!

(−blAMP)
i ,

(37)
then, we observe that equation (36) is simplified into

gν0
0,p = Γp +βpIp, (38)

which is true for the present analysis, as according to Ta-
ble 1, γmax

L and b remain constant in the analysis that has been
made. Equation (37) shows that Γp > αp, and also accord-
ing to Eqs. (35) and (38), both m′p and gν0

0,p in the plots of m′p
and gν0

0,p versus Ip have the same slope value of βp. If we use
N2 ≈ gν0

0 /σ
ν0
stim = Rpτu, we can also confirm that gν0

0 = σ
ν0
stimN2

is linearly related to Ip. We may also notice from Fig. 12 that
Ip = 1.2 kW/cm2 corresponds to the peak of gν0

p versus Ip. It is
seen that, as mentioned earlier, the m′-parameter in this analy-
sis, carries both saturation and pumping effects in the present
experimental conditions.
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respectively; (�) refers to the analysis made using Eq. (1).[6]

5. Conclusions
In this work, the ASE in a planar waveguide BuEH-

PPV sample of 2 mm in length, pumped by a laser pulse of
0.34 kW/cm2 to 5.2 kW/cm2, is investigated. For this purpose
a model of geometrically dependent gain coefficient and the
intensity rate equation are used to explain the ASE intensity
behavior and bandwidth reduction for the pumped sample. It
is shown that the system is homogeneously broadened with a
Lorentzian frequency distribution, which at high input inten-
sity switches smoothly to a Gaussian frequency distribution.
That is, when the z� zsat condition is satisfied, the distribu-
tion is a pure Gaussian function. At the low input intensity,
on the other hand, the distribution behaves as a Lorentzian fre-
quency function, because the experimental conditions have not
reached the saturation. This corresponds to the z� zsat con-
dition. By analyzing the measured ASE intensity and band-
width, the unsaturated gν0

0 and saturated gν0 gain coefficients
are determined and the corresponding plots of gν0

0 and gν0 with
respect to pump intensity, Ip are introduced. The D-broadening
mechanism has also been examined by the analytical and nu-
merical calculations, and their inconsistency with the mea-
surements is confirmed. Thus, we are convinced that in this
specific example, the transition line follows the homogeneous
broadening mechanism. The GDGC model has already shown
its potential for explaining the ASE behaviors in gas lasers of
long excitation lengths. Here, its successful application of the
model to solid organic materials proves further that the GDGC
model, regardless of the pumping mechanism, gives a suitable
method to be used in small-sized media. The mathematical ap-
proach made in this work confirms the validity of the GDGC
model, where the proposed model explains the reported high
values of gain coefficients in small-sized media. In general,
with our present understanding of the GDGC model, due to
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the presence of the z-dependent power loss introduced in the
intensity rate equation, the approach gives a powerful method
of analyzing and explaining the ASE behaviors in excited laser
media in the pulsed mode of operation.
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