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Structural parameters, elastic constants, and thermodynamic properties of ordered and disordered solid solutions of
ZrHf alloys are investigated through first-principles calculations based on density-functional theory (DFT). The special
quasi-random structure (SQS) method is used to model the disordered phase as a single unit cell, and two lamella structures
are generated to model the ordered alloys. Small strains are applied to the unit cells to measure the elastic behavior and
mechanical stability of ZrHf alloys and to obtain the independent elastic constants by the stress—strain relationship. Phonon
dispersions and phonon density of states are presented to verify the thermodynamic stability of the considered phases. Our
results show that both the ordered and disordered phases of ZrHf alloys are structurally stable. Based on the obtained
phonon frequencies, thermodynamic properties, including Gibbs free energy, entropy, and heat capacity, are predicted
within the quasi-harmonic approximation. It is verified that there are no obvious differences in energy between ordered and

disordered phases over a wide temperature range.
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1. Introduction

The group-1V transition metals, such as titanium (Ti), zir-
conium (Zr), hafnium (Hf), and alloys have attracted consider-
able interest for their extensive applications in many fields.!]
Zr, Hf, Zr-, and Hf-based alloys play a great role in the
atomic energy industry and nuclear reactors due to their ex-
cellent hydrogen storage ability, their remarkable character of
neutron control, and their strong resistance to corrosion. >3]
In previous work, phase diagrams and mechanical properties
of Zr—H, Hf-H, and Zr—Hf-H systems have been thoroughly
studied by experiments and theoretical calculations.>*>! The
Zr-C, Hf-C, and Zr—Hf-C hard refractory ceramic materials
have also been investigated for their high melting points, de-
cent refractory hardness and strong corrosion, and oxidation
resistance.®7] Within all this research, the Zr—Hf-based al-
loys are an interesting topic, where the Zr-Hf-X systems are
mainly considered as ordered structures. Abriata et al.[3! dis-
cussed the phase diagram of Zr—Hf alloys at zero pressure and
found two types of phases in the solid state, i.e., the hcp and
bee phases. A later calculation by Levy er al.!”! added a sta-
ble C32 structure of Zr,Hf when the Zr and Hf proportion is
2:1. However, there is no further information about this new
phase, even about the lattice parameters. From another per-
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spective, Bittermann et al.[®! investigated the crystallographic
data of Zr and Hf metals and verified that Zr and Hf are com-
pletely soluble in one another, including the low-temperature
hcp phase and high-temperature bece phase. Therefore, a dis-
ordered phase should exist in Zr—Hf alloys.

In order to deal with the disordered phase, many ap-
proaches have been developed to model the solid solution al-
loys, such as the cluster expansion approach!'?! and the spe-
cial quasi-random structure (SQS) method.!"!! Shin ez al.!'?!
successfully calculated the enthalpy of mixed hcp-type Zr—Hf
alloys using the SQS method, indicating that this method is
suitable to deal with the disordered structure of Zr—Hf. Al-
though the phase diagram and formation enthalpy of Zr-Hf al-
loys have been presented both by experimental and theoretical
studies, the structure stability associated with elastic constants
and phonon dispersion has seldom been addressed, which, as
is fairly well known, is essential to the properties of these
alloys. These conditions restrain science’s understanding of
Zr—Hf alloys deeply, and motivated us to investigate the SQS
structure, elastic constants, phonon dispersion, and thermody-
namic properties of Zr—Hf alloys in this paper, wherein we
discuss the structural stability of the ordered and disordered
phases thoroughly.
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2. Theory and calculation methods

The first-principles calculations within density-functional
theory (DFT) are carried out by the Vienna ab initio simu-
lation package (VASP)!'3! via the projector-augmented-wave
(PAW) potential, and the generalized gradient approximation
(GGA) in the Perdew—Burke—Erzerhof (PBE)!'* is used to de-
scribe the exchange and correlation effects. The cutoff en-
ergy is set to 500 eV to obtain the accurate total energy. The
Brillouin zone (BZ) is sampled by 20 x 20 x 12 (2-atom cell),
10 x 20 x 12 (4-atom supercell), and 6 x 6 x 4 (16-atom cell)
grids with I'-centered k-point meshes, respectively. When the
energy convergence becomes less than 1.0 x 107> eV/atom, all
the atoms are considered to be fully relaxed.

The elastic constants are calculated by means of a Taylor
expansion of the total energy E(V,0), based on the following
law:

1
E(V,8) =E(VW,0)+V ;Tiéiaﬂriizj,cijaiéj&j , (D

where E(Vp,0) and Vy are respectively the total energy and
volume of the equilibrium cell with no strain, 7; is an element
in the stress tensor, and &; is a Voigt factor.!'3! The bulk modu-
lus B of the alloys is obtained by the Voigt—Reuss—Hill (VRH)
approximation!!®!

9B, = (Ci11 +Cn+C33) +2(Ci1a+C3+C31), (2

1
E:(Sll+522+S33)+2(S]2+SZ3+S31)7 3)

1
B= E(BV +Bg), “4)

where S;; is an element of the inverse of the 6 x 6 matrix (Cj;).
The Helmholtz free energy F(T,V) can be calculated by

F(T,V)=E(V)+Fip(T.V) +Fa(T,V), Q)
Fel(TvV) = Eele(Tav) - TSe]e(T,V), (6)

where E(V) is the ground-state total energy at a given unit
cell volume V, F;,(T,V) is the vibrational energy of the
lattice ions, and Fy(7,V) is the thermal electronic contri-
bution to the free energy, which can be expressed by elec-
tronic entropy See(7,V) and energy due to the electron ex-
citations E¢.(7,V). Under quasi-harmonic approximation
(QHA),!"7211 the F;,(T,V) can be calculated by

Fip(T,V) :kBT/Omg(w)ln {Zsmh (22;07")} do, (7

where @ is the phonon frequencies and g(®) is the phonon
density of states (DOS). Finally, Seje(7,V) and Ege(T,V) can
be measured by

See(T,V) = —ks / n(e,V)[flnf
+(1—f)In(1-f)do, ()

&

Ee(T,V) = /n(e,V)fede—/ n(e,V)ede, (9)

where n(€,V) is the electronic DOS and f is the Fermi—Dirac
distribution, and €f in Eq. (9) is the Fermi energy.

3. Results and discussion
3.1. Structure and elastic properties

Two lamella structures are employed to build the ordered
structure of ZrHf alloys, as shown in Fig. 1. The visualiza-
tions of all the models are displayed by the VESTA code.*?!
One of the two structures was frequently used in a previous

23.24] and the other one is built in the same scheme. For

study,[
Fig. 1(a), the Zr and Hf atoms are located at different positions
in a “standard hcp unit cell”, forming the layers along the C
axis, and this structure can be called HCP-C. For Fig. 1(b),
a 2 x 1 x 1 supercell of HCP-C is built and modified as the
other unit cell of the ordered structure. These atoms can form
a layer similar to HCP-C but along the A axis, and this struc-
ture is labeled HCP-A. To calculate the phonon dispersions of
ZrHf alloys, we also prepared a 4 x 4 x 2 supercell for HCP-C
and a 2 x 4 x 2 supercell for HCP-A. Each supercell of the two
structures contains 64 atoms, as shown in Figs. 1(c) and 1(d),
and the layers in the models can be clearly seen in these views.
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Fig. 1. (color online) Schematics of ZrHf alloys for ordered structures
in panels (a) and (c) HCP-C structure and in panels (b) and (d) HCP-A
structure. The green balls are for Zr atoms and the brown are for Hf.

The special quasi-random structure (SQS) of ZrHf alloys
is generated for the calculation of disordered structure. In
general, eight-, sixteen- or thirty-two-atom models were used
in the previous work of Zr-based alloys.>>) Using a Monte
Carlo-based toolkit!?®! provided by ATAT, the 8-atom, 16-
atom, and 32-atom models are employed in our calculations.
Since the core of the SQS model is the method of searching pe-
riodic cells based on clusters to replace the disordered struc-
ture through approaching the periodic cell correlation to the
disordered structure correlation, all three structures are gener-
ated from the same clusters in this work, including all pairs
shorter than 10 A, triplets shorter than 6 A, and quadruplets
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containing no pairs longer than 5.5 A. Then, the energy mini-
mizations of all the three structures are carried out. The min-
imized energy difference between the 16-atom and 32-atom
models is about 1 meV per atom. Therefore, a 16-atom model
is adopted in the following work, and its structure is shown
in Fig. 2. To verify whether it satisfies the short-range statis-
tics of an hcp random solution, the corresponding correlation
function of the structure was also investigated, as listed in Ta-
ble 1. As seen, the lattice vectors and correlation function
of the structure are in agreement with the prior study.!!?! The
only difference between them is that some atoms of Zr and Hf
exchange their positions. The energy calculated in this model
differs only a little from the previously published one. Af-
ter the investigation of the SQS model, a 2 x 2 x 1 supercell
of this structure was prepared for the lattice vibration calcula-
tions, containing 64 atoms, like the lamella supercells.

Fig. 2. (color online) SQS of ZrHf alloys for the disordered structure with
the green spheres for Zr atoms and the brown for Hf.

Table 1. Pair and multi-site correlation functions of the SQS. The de-
generacy factor is listed in the square bracket next to Iy ,,

SQS Random Difference Prior cal.?

I, [6] 0 0 0 0
11, [6] 0 0 0 0
I, [6] 0 0 0 0
32 0 0 0 0
M4 [12] 0 0 0 0
.4 [6] 0 0 0 0
II,5[12] 0 0 0 0
6 (6] —0.333 0 —0.333 —0.333
I, [12] 0 0 0 0
5 [12] 0 0 0 0
s, [12] 0 0 0 0
5, [2] 0 0 0 0
;2] 0 0 0 0
I3, [24] 0 0 0 0

2 Ref. [12]

The total energies of all the structures at different volumes
are calculated and shown in Fig. 3. To avoid problems due to
shear strain, all the models are relaxed according to a set of
constant volumes before the calculations. All the curves al-
most overlap, so it is difficult to distinguish which structure is
the most stable in terms of ground-state energy. Based on this,
the calculated equilibrium structural parameters for all three
models are listed in Table 2. For comparison, the calculated

results of pure Zr and Hf are also listed in Table 2 along with
the data reported in the literature. For the two pure elemental
metals, the crystal constants and c¢/a ratios are all in agree-
ment with the corresponding experimental results within a 1%
error. Compared with the previous calculated results, the crys-
tal constants of Zr in this work are much closer to the experi-
mental data. Both the crystal constants of HCP-C and HCP-A
are between the results of Zr and Hf, which obey “Vegard’s
law.”l?7! Considering that the SQS structure has a special unit
cell, it is reasonable to compare the volumes rather than the
lattice constants of these three structures. The calculated vol-
ume of SQS is 368.14 A3 in 16 atoms, and it equals 46.02 A3
in 2 atoms, which is in good agreement with the results of the
two lamella structures of 46.00 A3, indicating that the ordered
and disordered models are structurally similar.

—16.8

—17.2

—17.6

Energy/eV

|
—_
x
o]
T

—18.4

_ 18.8 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
32 36 40 44 48 52 56 60 64

Volume/A?

Fig. 3. (color online) Calculated ground-state energy as a function of vol-
ume per formula unit cell.

The resistance and mechanical features of crystal under
external stress or pressure can be measured through the elas-
tic constants. In this work, we apply stress tensors with vari-
ous small strains onto the optimized structures to calculate the
elastic constants. The strain amplitude  varies from —0.03 to
0.03 with a step of 0.006. The results are presented in Table 2.
As seen, all the elastic constants of the ordered and disordered
models are between the values of pure Zr and Hf. The me-
chanical stability of all three structures can be obtained from
restrictions based on the elastic constants data. Obviously,
both the ordered HCP-C, HCP-A, and the disordered SQS are
mechanically stable. In addition, the elastic constants and the
bulk modulus B obtained from the VRH approximations!'¢]
are shown in Table 2. Our calculated bulk modulus of pure
Hf is in agreement with the previous theoretical study. Be-
sides, the bulk modulus from VRH approximation of Zr is also
very close to the experiment, indicating that our calculations
of elastic constants and bulk modulus are reasonable. All the
three bulk moduli B of ZrHf alloys are larger than the value
of Zr and smaller than the result of Hf. This characteristic is
like the elastic constants, and no significant difference is found
among the three structures.
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Table 2. Calculated lattice constants (a and c/a), elastic constants, and bulk modulus (B) of SQS, HCP-C, HCP-A, Zr, and Hf at no external
pressure. For comparison, experimental results and other theoretical results are also listed.

Structure Method alA c/a C11/GPa C12/GPa C13/GPa C33/GPa Cy4/GPa B/GPa
Hf this work 3.203 1.580 192.9 59.5 68.6 195.1 533 108.2
prior cal. 3.202 1.581 194.0 59.0 68.8 196.2 52.7 108.2%
expt. 3.190 1.583b¢ 190.1 74.5 65.5 204.4 60.0¢
SQS this work 177.2 54.8 65.1 185.8 39.4 101.0
HCP-C this work 3.221 1.589 175.6 56.2 66.3 182.8 40.2 101.2
HCP-A this work 3.225 1.586 174.6 56.3 66.9 181.4 40.4 101.1
Zr this work 3.235 1.587 156.9 53.7 58.7 164.1 29.3 91.0
prior cal. 3.236 1.596¢ 153.0 56.8 64.8 165.7 26.1°
expt. 3.230 1.594b 144.0 74.0 67.0 166.0 33.0¢ 92.0M

a Ref. [24], ® Ref. [31], ¢ Ref. [32], 4 Ref. [33], € Ref. [34],  Ref. [35], & Ref. [36], ® Ref. [37].

3.2. Phonon dispersion and thermodynamic properties

The phonon curves and phonon DOS are measured by using density-functional perturbation theory (DFPT)[?8 implemented
in the PHONOPY code.?*! For the BZ integration, the 3 x 3 x 3 k-point meshes are used for the calculations of force constants.
The pure metals use the same method as HCP-C to calculate the phonon curves and DOS for comparison and analysis. All
the calculated results are shown in Fig. 4. Obviously, all three structures are stable at ground-state, and interaction between
acoustic and optical branches exists among all the models, which is similar to TiZr alloys;>3! however, it differs in a way from
the TiHf alloys, for which there is no interaction in alpha phase.!?*! Compared with the phonon DOS of lamella structures and
pure metals, the result of SQS is smoother, possibly resulting from the large cell (16 atoms in one cell) of the quasi-random
model. Interestingly, the highest phonon frequency of Hf is about 4.7 THz, and the phonon dispersions of ZrHf alloys above this
frequency are not empty. Consequently, it can be concluded that all the phonons at high frequency (> 4.7 THz) are provided by
Zr, in accordance with the fact that ZrHf alloys can be regarded as an ideal solid solution. [&-8-3%]
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Fig. 4. (color online) Calculated phonon dispersions (left panel) and phonon DOS (right panel) of ZrHf alloys, Zr and Hf. Panels (a)—(e)
represent SQS, HCP-C, HCP-A, Zr, and Hf, respectively.
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The thermodynamic properties, including the Gibbs free
energy, the entropy, and the specific heat at constant volume
(Cy) can be calculated by using QHA for all the structures, as
shown in Fig. 5. Apparently, there is no crossing of C,, en-
tropy, and free energy of all the structures used in this work.
Besides, the calculated C,, entropy, and free energy of the
three different alloys are almost identical. Compared with the
properties of pure Zr and Hf, the thermodynamic properties
of Zr—Hf alloys are between those of Zr and Hf, similar to
the results of elastic properties, indicating that the ZrHf alloys
are more like a mechanical mixture, regardless of whether the

phase is ordered or disordered.
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Fig. 5. (color online) Thermodynamic properties for HCP-C, HCP-A,
SQS, Zr, and Hf as functions of temperature.

3.3. Stability analysis of ordered and disordered phases

Finally, we present in Fig. 6 the Gibbs free energy differ-
ences to analyze the stability of the three phases. The HCP-C
is set to be zero for comparison. The difference values of free
energy between all the phases are smaller than 0.5 meV/atom
at the temperature of O K. With an increase of temperature, the
curves of free energy difference become larger, with no indi-
cation that they will intersect at higher temperatures. There-
fore, no spontaneous phase transition will occur among those
three structures. When the temperature increases to 1000 K,
the maximum difference of free energy reaches 5 meV. How-
ever, this energy is still so small that we propose that all of

them can coexist in these alloys.

T T T T

o ——HCP-A~HCP-C ]
- --- SQS~HCP-C
8 4
s
%
g3
~
>
80
g 2
=
(]
(]
g1

O — L L L L

0 200 400 600 800 1000
Temperature/K

Fig. 6. (color online) Calculated Gibbs free energy differences of HCP-A
and SQS with respect to HCP-C as a function of temperature by QHA at
ambient pressure.

4. Conclusions

In summary, the structure, elasticity, phonon spectra, and
thermodynamic properties of ZrHf alloys have been theoreti-
cally studied by the first-principles calculations. The volumes
of SQS structure and ordered lamella structures are almost the
same. The calculated elastic constants show that both ordered
and disordered structures of the ZrHf alloys are mechanically
stable. By comparing the elastic constants and bulk modulus,
it is found that the compression resistances of these phases are
nearly identical. The stable phonon dispersion curves indicate
the thermodynamic stability of all the three structures of the
ZrHf alloys. Based on the phonon frequencies, the thermo-
dynamic properties, such as entropy, Gibbs free energy, and
heat capacity of ordered and disordered phases have been the-
oretically calculated. Similar to the elastic behavior, the free
energy, entropy, and heat capacity of the three different phases
are almost identical, and the elastic and thermodynamic prop-
erties seem to be independent of atomic arrangements. No
ordered—disordered phase transition can spontaneously occur
within the temperature domain of phase stability, and the three

phases can coexist in the alloys.
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