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The knowledge of the energy level structures of atoms and molecules is mainly obtained by spectroscopic experiments.
Both photoabsorption and photoemission spectra are subject to the electric dipole selection rules (also known as optical
selection rules). However, the selection rules for atoms and molecules in the scattering experiments are not identical to
those in the optical experiments. In this paper, based on the theory of the molecular point group, the selection rules are
derived and summarized for the electric monopole, electric dipole, electric quadrupole, and electric octupole transitions
of diatomic molecules under the first Born approximation in scattering experiments. Then based on the derived selection
rules, the electron scattering spectra and x-ray scattering spectra of H2, N2, and CO at different momentum transfers are
explained, and the discrepancies between the previous experimental results measured by different groups are elucidated.
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1. Introduction
Energy level structures and dynamic parameters of atoms

and molecules are the essential contents of the atomic and
molecular physics. The energy level structures of atoms and
molecules are almost entirely obtained by the spectroscopic
experiments, either photoabsorption or photoemission spec-
troscopy. In spectroscopic experiments, the transition from the
initial state to the final state in atom or molecule should obey
the optical selection rules. For atoms and molecules the opti-
cal selection rules are described in detail in the corresponding
textbook of the atomic and molecular physics.[1,2] In fact, the
selection rules in the spectroscopic experiments are the electric
dipole selection rules, i.e., a transition can only occur between
two states with a nonzero electric dipole moment:

𝑀fi =
∫

Ψ
∗

f

(
e

N

∑
j=1

𝑟 j

)
Ψi dτ. (1)

Shown in the spectroscopic experiments, the transitions have
observerable strengths. In formula (1), Ψi and Ψf are the wave
functions of the initial and final states, respectively, 𝑟 j is the
position vector of the j-th electron in the atom or molecule,
dτ represents the integration with respect to the position vec-

tors and spins of all electrons, and e
N
∑
j=1

𝑟 j is the operator

of the electric dipole transition. In fact, in addition to the
electric dipole transitions, there are magnetic dipole, electric

quadrupole transitions, etc., but the probabilities of these tran-
sitions are very small in optical spectroscopy. So in the spec-
troscopic experiments about the neutral atom and molecule,
they are difficult to observe.

Scattering experiment is another commonly used exper-
imental method to study the energy level structures and dy-
namics of atoms and molecules. Compared with the spectro-
scopic method, the transition in scattering experiment does not
need to follow the electric dipole selection rules. The reason
is that in a scattering experiment the momentum and energy
transferred from the incident particle to the atom or molecule
are not one-to-one correspondence, i.e., for a definite energy
state the energy transfer is fixed while the momentum trans-
fer is determined by the scattering angle. Considering the fact
that the photon momentum in the visible and VUV region is
very small and can be regarded as zero, the exchanged mo-
mentum between photon and atom or molecule is near zero
in the photoabsorption or photoemission process. Therefore,
compared with the traditional optical experiment, the scatter-
ing experiment provides new information about the momen-
tum transfer dependence behavior, i.e., the three-dimensional
information about the excitation energy–momentum transfer–
transition strength of atom and molecule. The scattering ex-
periment has the unique advantages in detecting the optically
forbidden transitions under the condition of the large momen-
tum transfer, i.e., the electric monopole, electric quadrupole,
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and electric octupole transitions at the large scattering angles.
Previous electron scattering[3–6] and photon scattering[7–10]

experiments have confirmed this prediction. For the atom,
its electric multipolarities can be elucidated easily.[1,3–5] How-
ever, for the diatomic molecule and linear triatomic molecules,
we cannot find a comprehensive investigation about their se-
lection rules for the electric multipolarities, and only fragmen-
tal discussions can be found in the literature.[11–17] Because
of the lack of the knowledge of the selection rules of electric
multipole transitions of the diatomic molecule, some dipole-
forbidden transitions were ignored inadvertently when ana-
lyzing the scattering spectra of diatomic molecules, which re-
sulted in the inaccurate final results such as the discrepancies
of the differential cross sections of C1Πu of H2.[18] Actually,
many previous experimental investigations[19,20] ignored the
contributions of the dipole-forbidden transitions of EF 1Σ+

g in
H2.

From the above survey it can be learnt that the in-
vestigations about the selection rules for the electric multi-
pole transitions, especially for the electric monopole, electric
quadrupole, and electric octupole ones of diatomic molecules,
are absent and unsystematic. Therefore, in this paper the se-
lection rules for the electric multipole transitions of diatomic
molecule are derived and summarized, and the valence-shell
excitation spectra of H2, N2, and CO measured by the fast
electron impact and inelastic x-ray scattering are explained.

2. Theoretical method
In this paper, we focus on the selection rules of electric

multipole transitions in the fast electron scattering and inelas-
tic x-ray scattering, in which the first-order Born approxima-
tion (FBA) is valid. Under the FBA, the corresponding tran-
sition probability between two states i and j is proportional to
the square of the transition matrix element:[21]

ζ (q,En) =

∣∣∣∣∣
∫

Ψ
∗

f

N

∑
j=1

e i𝑞·𝑟 jΨi dτ

∣∣∣∣∣
2

=
∣∣ε (q; f ,ν ′,J′,M′← i,0,J,M

)∣∣2 , (2)

where ζ (q,En) is also called the inelastic squared form factor,
En = Ei−Ef is the energy loss of the incident particle, which
corresponds to the excitation energy of atom or molecule,
𝑞 = 𝑘i−𝑘f is the momentum transfer while 𝑘i and 𝑘f are the
momenta of the incident and the scattering particles, respec-

tively, and
N
∑
j=1

e i𝑞·𝑟 j is the transition operator in the scattering

process, which can be expanded as

e i𝑞·𝑟 j =
∞

∑
l=0

(2l +1) il jl (qr j)Pl (cosγ). (3)

Here, γ is the angle between 𝑞 and 𝑟 j, Pl (cosγ) is the Leg-
endre polynomial while jl (qr j) is the spherical Bessel func-

tion, and the terms of l = 0,1,2, and 3 correspond to the elec-
tric monopole, electric dipole, electric quadrupole, and electric
octupole transitions, respectively. More higher-order electric
multipole transitions can be determined easily with the recur-
rence relation. According to the Born–Oppenheimer approxi-
mation, the wave function of a molecule can be written as

Ψ=ψe (𝑟,R)ψν (R)ψJM (Θ ,Φ) . (4)

Here, ψe (𝑟,R), ψν (R), and ψJM (Θ ,Φ) are the electronic, vi-
brational and rotational wave functions, respectively, 𝑟 is the
electron’s position vector whose coordinate system is fixed on
the molecule, and the direction (Θ ,Φ) of the molecular axis
refers to the laboratory coordinate system (X ,Y,Z).

Herein we consider a molecular transition from the initial
state (i,0,J,M) to the final state ( f ,ν ′,J′,M′), where i and f
represent the electronic states, while 0, J, and M are the vibra-
tional and rotational quantum numbers of the initial state. For
the neutral diatomic molecule at room temperature, generally
the vibrational level of the initial state is ν = 0 and we write it
directly as 0 here. ν ′, J′, and M′ are the vibrational and rota-
tional quantum numbers of the final state. Substituting Eq. (4)
into Eq. (2), the transition matrix element can be written as

ε
(
q; f ,ν ′,J′,M′← i,0,J,M

)
=
∫∫∫

Y∗J′M′ (Θ ,Φ)ψ
∗
ν ′ (R)εe (𝑞;R,Θ ,Φ)

×YJM (Θ ,Φ)ψ0 (R)sinΘ dRdΘ dΦ , (5)

where εe (𝑞;R,Θ ,Φ) is the electronic transition matrix ele-
ment and expressed as

εe (𝑞,R,Θ ,Φ)

=
∫

ψ
∗
f (𝑟1,𝑟2, . . . ,𝑟N ,R)

×
N

∑
j=1

e i𝑞·𝑟 j ψi (𝑟1,𝑟2, . . . ,𝑟N ,R) d𝑟1 d𝑟2 · · · d𝑟N . (6)

Since most scattering experiments cannot resolve the ro-
tational states, averaging the population of rotational states and
neglecting the weak dependence of εe (𝑞,R,Θ ,Φ) on different
j, the transition matrix element can be written as

ε
(
q; j,ν ′← i,0

)
=
∫

ψ
∗
ν ′ (R)εe (𝑞;R,Θ ,Φ)ψ0 (R) dR. (7)

Here, εe (𝑞;R,Θ ,Φ) has the form of Eq. (6). From Eq. (3) we
have

Pl (cosγ) =
l

∑
m=−l

Y∗lm
(
θ
′,ϕ ′
)

Ylm (θ j,ϕ j). (8)

Here, (θ ′,ϕ ′) and (θ j,ϕ j) are the directions of 𝑞 and 𝑟 j in
the coordinate system fixed on the molecule. Since the spa-
tial orientations of the molecules are random in most collision
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experiments, (θ ′,ϕ ′) can take any values. It should be empha-
sized that (θ ′,ϕ ′) can be converted into the laboratory coor-
dinate system, and written as a function of (Θ ,Φ). Thus the
squared form factor which represents the transition probability
in a collision process can be written as

ζ (𝑞) =
∣∣ε (q; j,ν ′← i,0

)∣∣2
=

1
4π

∫∫
sinΘ dΘ dΦ

×
∣∣∣∣∫ ψ

∗
ν ′ (R)εe (𝑞;R,Θ ,Φ)ψ0 (R)dR

∣∣∣∣2 . (9)

Here, the integration with respect to Θ and Φ means an av-
erage over the random orientation of the diatomic molecule.
So the selection rules for a diatomic molecule in a collision
process can be determined by the following transition matrix
element:

εe (𝑞,R,Θ ,Φ)

=
∞

∑
l=0

(2l +1) il
l

∑
m=−l

Ylm
(
θ
′,ϕ ′
)∫

ψ
∗
f (𝑟1,𝑟2, . . . ,𝑟N ,R)

×
N

∑
j=1

jl (qr j)Ylm (θ j,ϕ j)ψi (𝑟1,𝑟2, . . . ,𝑟N ,R)

× d𝑟1 d𝑟2 · · · d𝑟N . (10)

Herein Ylm(θ
′,ϕ ′) comes from the random direction of 𝑞 rela-

tive to the molecular axis as mentioned above. In Eq. (10), the
terms of l = 0,1,2, and 3 correspond to the electric monopole,
electric dipole, electric quadrupole, and electric octupole tran-
sitions, respectively. For the higher order electric multipole
transitions, it can be easily determined.

Although the integration in Eq. (10) is very difficult to
calculate, it is simple to judge whether the integral value
is zero based on the knowledge of the group theory. Be-
cause the radial integration with respect to r j is not zero,
we just need to judge the integration with respect to (θ j,ϕ j).
For convenience, we rewrite the spherical harmonic functions
Ylm (θ j,ϕ j) shown in Eq. (10) as the real spherical harmonic
functions which are commonly used in quantum chemistry[22]

and shown in Table 1.

Table 1. Angular parts of the transition operators of the electric multipole transitions of the diatomic molecule as well as their irreducible
representations.

Monopole Dipole Quadrupole Octupole

SHF∗ Y0,0 Y1,0,Y1,±1 Y2,0,Y2,±1,Y2,±2 Y3,0,Y3,±1,Y3,±2,Y3,±3

Real-SHF∗ s pz,(px, py) dz2 ,(dxz,dyz),(dxy,dx2−y2 )

{
fz3 ,( fxz2 , fyz2 ),( fz(x2−y2), fxyz),

( fx(x2−3y2), fy(3x2−y2))

D∞h Σ+
g Σ+

u ,Πu Σ+
g ,Πg,∆g Σ+

u ,Πu,∆u,Φu

C∞v Σ+ Σ+,Π Σ+,Π,∆ Σ+,Π,∆,Φ

∗SHF: spherical harmonic function.

The advantage in using the real spherical harmonic func-
tions is that the transition operator belongs to the definite ir-
reducible representation of the molecular point group. For
example, Y00 or s is the totally symmetric irreducible repre-
sentation for any point group, and Y10 or pz is Σ+ irreducible
representation in the C∞v point group. Diatomic molecules be-
long to C∞v or D∞h point group. The corresponding irreducible
representations of the transition operators are also listed in Ta-
ble 1.[22] Considering that the initial and final electronic states
of diatomic molecule correspond to definite irreducible repre-
sentation, according to Eq. (10), if the direct product of the
irreducible representation that the initial and final electronic
states and the transition operator belong to contain the totally
symmetric irreducible representation, the electronic transition
matrix element shown in Eq. (10) is not zero. In mathematical
formula, it is

Γi⊗Γ
t⊗Γf = ∑

n
anΓn ⊇Γ0. (11)

Here, Γi and Γf are the irreducible representations of the ini-
tial and final electronic wave functions respectively, Γ t is the
irreducible representation of the transition operator, Γn is an
irreducible representation of the corresponding point group,

the summation means the decomposition of the direct prod-
uct with an being the expansion coefficients, and Γ0 is the to-
tally symmetric irreducible representation of the correspond-
ing point group. Since the direct product of the molecu-
lar point group and decomposition of reducible representa-
tion can be found in the textbook of group theory or quantum
chemistry,[23] herein we do not give the detailed description.

3. Results and discussion
The diatomic molecules with a center of symmetry, such

as H2 and N2, belong to the point group D∞h, while the
diatomic molecules without a center of symmetry, such as

Table 2. Transition selection rules of diatomic molecule belonging to
point group C∞v. The selection rules for the electric monopole, electric
dipole, electric quadrupole, and electric octupole transitions are shown
from left to right. X indicates the transition that is allowed while O
represents the transition that is forbidden.

C∞v Σ+ Σ− Π ∆ Φ

Σ+ X|X|X|X O|O|O|O O|X|X|X O|O|X|X O|O|O|X
Σ− X|X|X|X O|X|X|X O|O|X|X O|O|O|X
Π X|X|X|X O|X|X|X O|O|X|X
∆ X|X|X|X O|X|X|X
Φ X|X|X|X
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CO and NO, belong to the point group C∞v. According to
Eqs. (10), (11), and Table 1, we can determine the electric
multipolarity of a transition between any two electronic states
of diatomic molecules, and the corresponding selection rules

for different electric multipolarities are listed in Table 2 and
Table 3. It should be emphasized that the transitions should
also obey the selection rule of the spin, i.e., the spin does not
change in the scattering process.

Table 3. The same as Table 2 but for the diatomic molecules belong to point group D∞h.

D∞h Σ+
g Σ−g Πg ∆g Φg Σ+

u Σ−u Πu ∆u Φu

Σ+
g X|O|X|O O|O|O|O O|O|X|O O|O|X|O O|O|O|O O|X|O|X O|O|O|O O|X|O|X O|O|O|X O|O|O|X

Σ−g X|O|X|O O|O|X|O O|O|X|O O|O|O|O O|O|O|O O|X|O|X O|X|O|X O|O|O|X O|O|O|X
Πg X|O|X|O O|O|X|O O|O|X|O O|X|O|X O|X|O|X O|X|O|X O|X|O|X O|O|O|X
∆g X|O|X|O O|O|X|O O|O|O|X O|O|O|X O|X|O|X O|X|O|X O|O|X|O
Φg X|O|X|O O|O|O|X O|O|O|X O|O|O|X O|X|O|X O|X|O|X
Σ+

u X|O|X|O O|O|O|O O|O|X|O O|O|X|O O|O|O|O
Σ−u X|O|X|O O|O|X|O O|O|X|O O|O|O|O
Πu X|O|X|O O|O|X|O O|O|X|O
∆u X|O|X|O O|O|X|O
Φu X|O|X|O

Figure 1 shows an inelastic x-ray scattering spectrum of
H2 that is measured at SPring-8 by our group, and the ex-
perimental conditions are indicated in the figure’s caption.
The scattering angle of 18◦ corresponds to a squared momen-
tum transfer of 0.35 a.u. (a.u. is the atomic unit), so the
measured spectrum includes both the electric dipole-allowed
transitions of B 1Σ

+
u ← X 1Σ

+
g and C 1Πu ← X 1Σ

+
g and the

dipole-forbidden transition of EF 1Σ
+
g ← X 1Σ

+
g . According

to Table 3, besides the electric dipole component, B 1Σ
+
u and

C 1Πu also contain the electric octupole components. From
the spectrum unfolding it can be noticed that although EF 1Σ

+
g

is electric dipole-forbidden transition (i.e., electric monopole
and quadrupole are allowed), its strength is not weak at q2 =

0.35 a.u. It can also be seen from Fig. 1 that the transitions
in the energy loss spectrum overlap severely. Due to the com-
plex energy level structures of a diatomic molecule, i.e., the
electronic and vibrational states, it is very easy to ignore some
transitions in the spectra analysis when lacking the systematic
knowledge of selection rules, especially for the collision ex-
periment where the energy resolution is not very good and the
dipole-forbidden transitions are accessible. For example, in
Fig. 1 the energy level interval between EF 1Σ+

g and C 1Πu is
very small. So even if the EF 1Σ+

g is not taken into account in
the spectrum unfolding process, the fitting results still repro-
duce the observed spectra very well. But ignoring the EF 1Σ+

g

transition will result in the obtained strength of each vibronic
level of C 1Πu being larger than its true value. Recently, Kato
et al. measured the differential cross sections of the valence-
shell excitations of H2,[18] and their experimental results of
B 1Σ+

u accord with the previous ones very well.[24,25] But the
differential cross sections of C 1Πu are significantly larger than
the previous ones.[25] The reason for this discrepancy may be
that in their data analysis they did not consider the contribution
of the dipole-forbidden transition of EF 1Σ+

g , while in Ref. [25]

the contribution of EF 1Σ+
g was considered. Similarly, in some

previous investigations[19,20] the contributions of EF 1Σ+
g were

also ignored.
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Fig. 1. (color online) Inelastic x-ray scattering spectrum of H2 at an
incident photon energy of about 9900 eV and a scattering angle of 18◦.
The unit 1 atm = 1.01325×105 Pa.

Figure 2 shows the electron energy loss spectra of N2

measured at an incident electron energy of 1500 eV and scat-
tering angles of 0.5◦, 5◦, and 10◦. Since the squared momen-
tum transfer of 0.014 a.u. at 0.5◦ is very small, the optical
approximation is approached. So the experimental spectrum
at 0.5◦ only consists of the electric dipole-allowed transitions
of b 1Πu, b′ 1Σ+

u , c3
1Πu, and c′4

1Σ+
u← X 1Σ+

g in a range of
12.4 eV–13.1 eV, while electric dipole-forbidden transitions of
a 1Πg ← X 1Σ+

g , w 1∆u ← X 1Σ+
g , and a′′ 1Σ+

g ← X 1Σ+
g are

absent although they are observed clearly at larger momentum
transfers as shown in Figs. 2(b) and 2(c). The relative intensi-
ties of a 1Πg←X 1Σ+

g , w 1∆u←X 1Σ+
g , and a′′ 1Σ+

g ←X 1Σ+
g

become larger and larger with increasing the scattering angle.
It is clear in Fig. 2(c) that at a scattering angle of 10◦, i.e.,
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q2= 3.342 a.u., the strength of the electric dipole-forbidden
transition is higher than those of most of the allowed ones,
which is consistent with the tendency of dipole-allowed and
dipole-forbidden transitions along the momentum transfer in-
creasing.

For heteronuclear diatomic molecule, the behaviors are
similar. For example, D 1∆ ← X 1Σ+ of CO is an electric
dipole-forbidden transition, but it is the electric quadrupole-
and octupole-allowed ones. In the fast electron energy
loss spectrum of CO at a large scattering angle of 7◦ is
observed,[26] while it is absent at 0◦.[27] This is in accordance
with the theoretical predictions.

0

4000

8000

12000

0

200

400

8 9 10 11 12 13
0

80

160

240

(a) θ=0.5Ο

v′=0...

(b) θ=5.0Ο

In
te

n
si

ty
/
a
rb

. 
u
n
it
s

15

14

1v′=0

6v′=0...

(c) θ=10.0Ο

Energy loss/eV

15

14

1v′=0

v′=0  1  2 ...

v′=0  1  2 ...

6

c4 1Su

b′ 1Su

b′ 1Pu

+

+
c3 1Pu

+

v′=0...

v′=0...

c4 1Su

b′ 1Su

b′ 1Pu

+

+

+

c3 1Pu
+

′



a′′ 1Sg

v′=0...

c4 1Su

b′ 1Su

b′ 1Pu

+

+

+

c3 1Pu

′

a′′ 1Sg

a 1Pg

w 1Du

v′=0  1  2 ...

v′=0  1 2 ...

a 1Pg

w 1Du

Fig. 2. (color online) Electron energy loss spectra of N2, measured
at an incident electron energy of 1500 eV and the scattering angles of
0.5◦, 5◦, and 10◦, respectively. The corresponding squared momentum
transfers at 0.5◦, 5◦, and 10◦ are 0.014 a.u., 0.841 a.u., and 3.342 a.u.,
respectively.

4. Conclusions
In the scattering experiment, the momentum transfer and

energy transfer of the incident particle to the target are not
one-to-one correspondence, so the electric dipole-forbidden

transition can be observed at the large scattering angles. How-
ever, the selection rules about the dipole-forbidden transitions,
i.e., the electric monopole, electric quadrupole, and electric
octupole transitions, are fragmental and unsystematic. So in
this paper, we deduce and summarize the selection rules for
electric multipole transitions of diatomic molecules based on
the knowledge of the molecular point group, and the results
are summarized into Tables 2 and 3. On this basis, the inelas-
tic x-ray scattering spectrum of H2 and the electron energy loss
spectra of N2 are analyzed, and the electric multipolarities of
the valence-shell excitations of H2 and N2 are elucidated. Fur-
thermore, the discrepancies between the previous experimen-
tal results of H2 measured by different groups are elucidated.
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