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Cluster synchronization in community network with nonidentical
nodes via intermittent pinning control”
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In this paper, cluster synchronization in community network with nonidentical nodes is investigated. By combining
intermittency with a pinning control scheme, some effective controllers are designed. In the control scheme, only one
node in each community is controlled and coupling weights of a spanning tree in each community are enhanced. Based
on the Lyapunov function method and mathematical analysis technique, two results for achieving cluster synchronization
are obtained. Noticeably, by introducing an adaptive strategy, some universal adaptive intermittent pinning controllers are
designed for different networks. Finally, two numerical simulations are performed to verify the correctness of the derived

results.
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1. Introduction

Over the past decade, synchronization and consensus as
common features in complex dynamical networks have at-
tracted more attention from a wide range of disciplines.!'~20]
Due to the complexity of real systems, many network mod-
els have been presented for better describing them, such as
the directed network, weighted network, community network,

colored network, and so on.[!-12

I Further, many synchroniza-
tion manners including complete synchronization, cluster syn-
chronization, and projective synchronization have been found
in different networked systems. For achieving these synchro-
nization manners, many control schemes have been proposed,
such as intermittent control, pinning control, impulsive con-
trol, etc.

As we know, many real systems have a commu-

nity structure, such as social and biological networks, [271

(28] and congressional cosponsor-

school friendship networks,
ship networks.!?) In a community network, the nodes in the
same community usually have identical dynamics and intend
to achieve the same goal, and the nodes in different commu-
nities have nonidentical dynamics and achieve different goals.
That is, the network achieves cluster synchronization.[!%-23]
Recently, cluster synchronization in dynamical networks has
been extensively studied via different control schemes. Wang
et al. studied the cluster synchronization in a community net-
work with nonidentical nodes via feedback control.['3] Deng
et al. studied the cluster synchronization in a community net-
work via impulsive control.['* Liu er al. studied the cluster

synchronization in directed networks with identical nodes via
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intermittent pinning control.['8] Both static and adaptive inter-
mittent pinning control schemes are considered. In this control
scheme, only the first node in every cluster is controlled by in-
termittent controllers and only the coupling weights in each
cluster are enhanced. As we know, the nodes in the same clus-
ter usually have a large number of edges, i.e., the number of the
coupling weights that need to be enhanced is very large. That
is, the control cost may rise and the controllers are not easy to
implement. From the view of practical applications, the less
the number of the enhanced coupling weights, the cheaper the
control cost and the easier the controllers are implemented.
Therefore, what is the least number of the enhanced coupling
weights and how to choose the enhanced coupling weights be-
come important issues and deserve further studies.

The main contribution of this paper is to give the least
number of the coupling weights that need to be enhanced and
Compared with Ref. [18], the
node dynamics in this paper is assumed to be nonidentical for

design universal controllers.

those in different communities, and the number of the cou-
pling weights need to be enhanced is heavily reduced, i.e.,
only the coupling weights of a spanning tree in each commu-
nity are enhanced. Similar to Ref. [18], only the first node in
every community is controlled by intermittent feedback con-
trollers. Firstly, the enhanced factor on the coupling weights
is assumed as a constant. According to the Lyapunov function
method and mathematical analysis technique, a sufficient con-
dition for achieving cluster synchronization is derived. Sec-
ondly, the enhanced factor is not a constant but changes adap-
tively according to the given updating law, i.e., the cluster syn-
chronization is achieved via adaptive intermittent pinning con-
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trollers. Finally, two numerical simulations are performed to
verify the effectiveness and correctness of the derived results.
Moreover, the adaptive intermittent pinning control scheme is
universal for different networks to some extent.

The rest of this paper is organized as follows. In Section
2, the community network model with nonidentical nodes is
introduced and some preliminaries are given. Combining the
intermittent and pinning control method, proper intermittent
pinning controllers are designed. In Section 3, two results for
achieving cluster synchronization are derived. In Section 4,
two numerical examples are provided to verify the effective-
ness of the obtained results. In Section 5, this paper is con-
cluded.

2. Model description and preliminaries

Consider a community network consisting of N nodes and
m communities with 2 < m < N, which can be described by

m
X = fo,(xi(t)) + Z Z aiI" (x;(t) —xi(t)), (1)
k=1jEVy

where x;(t) = (xi1(t),x2(t), ..., xin(t))T € R" is the state vari-
able of node i, I' = diag(y1,%,.-.,%) is a positive-definite
diagonal matrix and denotes the inner coupling matrix, Vj
(k =1,2,...,m) denotes the set of all nodes belonging to
the k-th community. The matrix A = (a;;) € RV*V is the
zero-row-sum outer coupling matrix, which denotes the cou-
pling strength and network topology, defined as, if there is
a connection between node j and node i (i # j), then a;; =
aji # 0; otherwise, a;j = 0. The function ¢ is defined as
¢:{1,2,....N} = {1,2,...,m}, if node i € V, then ¢ (i) =k,
denoted as ¢; = k. The function fy, : R" — R" describes the
node dynamics in the ¢;-th community. Moreover, if ¢; # ¢;,
then fj, #* f¢j, i.e., the node dynamics in different communi-
ties is assumed to be nonidentical.

Let s¢,(¢) be a solution of an isolated node in the ¢;-th
community, i.e., $g, (1) = fo,(54;(t)), i=1,2,...,N. The com-
munity network (1) is said to achieve the cluster synchroniza-
tion, if limy . [|x;(t) — 54, (t)|| = O, where || - || denotes the Eu-
clidean norm.

For convenience, assume that the N node is divided
into Vo = {re—1+1,...,rs} with ry=0and r,, =N, 0 =
1,2,...,m. Then, the matrix A can be represented in the fol-
lowing block form:

Apin A .. A
Ay Axp ... Ay

A= . . . , 2
Aml Am2 Amm

where A;; € RUi—ri—)x(rj=rj—1)
Let & be the set of edges in the k-th community, Gy =
(V. &) be the corresponding graph, and T = (Vi, &) be

a spanning tree of G. For achieving the synchronization of
the community network (1), proper intermittent pinning con-
trollers are designed and the controlled network is described
by

xrk,1+1(t)
= fk(xrk,1+1(t))+ Z ar/\r7|+1,jr(xj(t)_xrk7|+1(t))
G.i)ggl
+c(t) Z ar, 1,1 (xj(t) =%, 41(1))
(i.j)e&]

— ()KL (v, (1) —5¢(1)), 1 € [IT,IT +6),
%i(1) = fita(@)+ ) aiT(x;(1) —xi(1))
)¢el
o) Y @il (xi(r) —xi0)),
(i.j)e&]

i=r1+2,...,r, t € [lT,lT+9),
N
%(1) = fo (xi(0)) + ) aiI (x;(1) —xi(1)),
=
i=1,2,...,N, 1 €[IT+6,(I+1)T), 3)

where k =1,2,...,m,1=0,1,2,..., c(t) > 0 is control gain,
K > 0 is a positive constant, 7 > 0 is control period, 6 is con-
trol width with 0 < 8 < T, ¢(¢) > 0 is an enhanced factor to
enhance the coupling weights of the spanning tree EZ .

Define matrices A = (d;;) € RV*N and A = (a;;) € RNV

as follows:

dij = ajj, (i>j)¢5k7—7
dij:()a (l,J)Engv 175]7 1.7.].:1’2""’1\77
N
T o Y
J=Lj#
&ij:()ﬂ (la.]) ¢51<T» dij:aij’ (l’]) Eglj7
l?éjy i»j:1727...,N,

N
Qi = — Z é\l‘j—K,l'ZI‘k,l—G-l, k=1,2,....m,
J=Lj#
N
Gii=— Y diji=r1+2n 1435
J=1.j#i
k=1,2,...,m.

Similar to the block form of matrix A in Eq. (2), the matrices
A and A can be written as

A Ap Atm

_ Ay Ap Aoy

A= . . )
Aml A~m2 A~mm
i, 0 0

. 0 Axn 0

A == . 9

0 0 Aumm
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where A;; € RUi=7i=0x0j=ri-0) A, e RUi—7i-)x(i=ric1) - et

ei(t) = xi(t) = 5¢,(1). E(r) = (e, 41(0). ... ef ()T, E(r) =
(ET(0), - Ep(0)", F(Ex(t)) = ((f (0 1(1)) = fse(e)
o (fer (1)) — f sk (t)))M)T. Then, one has the following er-
ror systems:
Ex(t) = F(Ex(1) +Z (A ®T)E;(1)
j=1
+c(t) (A @)E(1), t € [IT,IT 4 6),
Ei(t) = F(E(t) +Z (Arj @ T)E;(1),

Jj=
teIT+6,(I+1)T),

1=0,1,2,...., k=1,2,....m. 4)

Definition 1 Matrix A = (a;;) € RVV is said to belong
to class My, denoted as A € M, if:

Dajj=a;>0,i#j, ai=—Yj1 jzaj i=12,...,N;

ii) A is irreducible.

Definition 2 Matrix A = (a;;) € RV *M is said to belong
to class M, denoted as A € M>, if each of its row-sum is zero.

Definition 3 Suppose that A € RV*V can be divided into

the following block form

All Al ... A
A Ay ... Azm

A= . . . ) (5)
Aml Am2 Amm

where A;; € RUi=7i=1)x(rj=rj-1)  Matrix A is said to belong to
class M3, denoted as A € M3, if A;; € My, and A;; € M, (i # ).

Lemma 15! If A = (a;;) € R™*™ is an irreducible matrix
with Rank(A) = m — 1 and satisfying A;; = Aj; > 0, if i # j,
and Yy a;j =0, fori=1,2,...
constant €, all eigenvalues of the matrix

,m. Then, for any positive

ajl—€&€ ap ... dadim
az ann azm

. )
am1 am2 Amm

are negative.
Lemma 2['8 Suppose

where x(t) € R, M(-) : R — R is continuous and satisfies
xM(x) < Lyx?, where Ly > 0, and M(0) = 0. Function
H(t) : {OUR,} — Ris the adaptive intermittent feedback con-
trol gain defined as

0, t=0,
Ht)=<H(lo+86), t=(1+1)T,1=0,1,...,
0, IT+0<t<(I+1)T,1=0,1,...,

with the following rule
H(t) =x*(1), IT <t <IT+6,1=0,1,...,

then
lim x(¢) = 0.

[—>o0
Assumption 1 Suppose that there exists a positive-

definite diagonal matrix A = diag(6;, &, ...,8,) such that the

function f;(x) satisfies

(=" (o) — /) <
forallx,ye R, k=1,2,....m

(x_y)TA(x_y)a

3. Main results

In this section, the cluster synchronization of network (3)
is considered in two cases: (i) c(f) is chosen as a constant,
i.e., c(t) = ¢; (ii) c¢(t) changes according to an adaptive law.
Let A1, A, and A3 be the largest eigenvalues of the matrices
AT, I®A+AQT, and Iy @ A +A®T respectively.

Theorem 1 Suppose that Assumption 1 holds, A € M3
and ¢(¢) is chosen as a constant c. If the following condition

(A4+cA)0+23(T—6)<0 (6)

holds, then the controlled community network (3) can achieve
cluster synchronization.
Proof Consider the following Lyapunov function

V) =1 Y BB,

When ¢ € [IT,IT + 0), the derivative of V(¢) along the
trajectories of Eq. (4) can be calculated as

I
(agE
<,
=
e
=

V(t)

»
Il

Il
s
o
=
=
+
M
M

x~
Il
N
~
Il
—_
~
Il
—_

i 1) (A ®T)E(t)

< )(Iy ©A)E(
+cET(t) (AR )E(t)
(Ao +cM)ET(1)E (1)
2(Ma+ M)V (1),

A
eS|
-

IN

which gives
V() <V(IT)exp(2(A2 +cA)(t —IT)), @)

Whent € [IT 4+ 6,(l+1)T), one has

V(t):iE +ZZEk )(Arj ®)E;(t)
k=1
< ET(t)(Iy®A)E(t) +ET(I)(A®F)E(I)
< 23V (1),
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which gives
V() <V(IT+6)exp(2A3(t —IT — 0)). (8)

According to inequalities (7) and (8), for [ = 0, one has

=
2
IA

V(0)exp(2(A2 +cA1)0),
V(0)exp(2A3(T — 0))
V(0)exp(2(A2 +¢cA1)0 +243(T — 0)),

=
=
N IA

for [ =1, one has

V(T+6) < V(T)exp(2(A2+cA)0)
< V(0)exp(4(Adx+cA1)0 +243(T — 0)),
V(2T) < V(T +0)exp(223(T — 0))
< V(0)exp(4(A2 +cA1)0 +4A3(T — 0)).

According to mathematical induction, one has

V((I+1)T) <V (0)exp ((I+1)(2(A2 +cAy)0 +243(T — 0))).

Then, if condition (6) holds, one has lim;_..V((I +
1)T) = 0, which implies V() — 0 and ¢;(t) — 0 as t — oo.
That is, the cluster synchronization is achieved and the proof
is completed.

Remark 1 According to Lemma 1 and the definition of
A, one has A,-i is a negative-definite matrix. Therefore, the
largest eigenvalue of matrix A ® I is negative, i.e., 4, < 0. In
other words, for any given network with fixed 7 and 6, one
can always choose ¢ > (—A3(T — 6) — A,0)/(A,0) such that
condition (6) holds. However, the estimated value of ¢ may be
much larger than the needed one, i.e., the condition is conser-
vative. On the other hand, the node dynamics and topological
structures of different networks are usually nonidentical. That
is, the controllers with fixed ¢, T, and 0 are not universal for
different networks. In the following, for designing universal
controllers, ¢(¢) is not chosen as a constant, but changes adap-
tively according to the updating law.

Theorem 2 Suppose that Assumption 1 holds and A €
M3. The controlled community network (3) with the follow-
ing adaptive rules

0, =0,
c(t) =4 c(IT+0), t=(14+1)T,1=0,1,2...,
0, IT+0<t<(I+1T,1=0,12...,
N
ét) =nY e (1)ei(t), IT <t <IT+06,1=0,1,..., (9

can achieve cluster synchronization, where 11 > 0 is the adap-
tive gain.

Proof Let F(E(t)) = (FY(E\(t)),...,FY(En(t)))T, then
the error system (4) can be written as

E(t) = F(E(t)) +(A®D)E(t)+c(1)(A®T)E(1),

t€IT,IT +6), (10)
E(t) = F(E(t))+(A®D)E(t),
reIT+6,(1+1)T),[=0,1,2,.... (11)

Define a function
F(E(t))+(A®T)E(1),

~ t € IT,IT +0),

F(E(t)) =
FE@®)+(A®D)E(t),
tellIT+6,(1+1)T),1=0,1,2,....

Then, the error system (10) can be written as

~ ~

E(t) =F(E(t))+c(t)(A®)E(1), (12)
and one has
ET(t)F(E(1)) < max{Ay, 3 }ET(1)E(2).

Choose Q(t) = ET(t)E(t), then the derivative of Q(¢)
along the trajectories of Eq. (12) can be calculated as
O(t) = 2E(1)"E(r)
2E(1)TF(E(1)) 4+ 2¢()E(t)"(A® T)E(r)
< 2max{A2,A3}0(t) +24:¢(¢)0(2).

A

Then, according to Lemma 2 and the proof of Theorem 3
in Ref. [18], one has
lim Q(¢) =0,

t—ro0
which gives
lim [[E(1)]| =0.
That is, the cluster synchronization is achieved and the proof
is completed.

Remark 2 From Theorem 2, it is clear that the largest
eigenvalues Ay, A3, and A3 do not need to be known before-
hand for estimating the control period 7', control width 6 or
the control gain c. In other words, for different networks with
different T and 6, the control gain ¢(¢) can adjust itself to the
proper value, i.e., the proposed control scheme is universal to
some extent.

4. Numerical simulations

Consider a community network consisting of 18 nodes
and 3 communities, which is shown in Fig. 1. The outer cou-
pling matrix A in Fig. 1 is defined as: if nodes i and j (j # i)
are connected by a solid line, then g;; = 1; if nodes i and j
(j # i) are connected by a dashed line, then g;; = —1. Fig-
ure 2 shows the spanning trees of 3 communities respectively.
Choose the node dynamics of the first community as a Lorenz
system:BO]

X = 10()62 —xl),

Xy = 28x1 —x1x3 — X3,
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X3 = X1X3 — 8/3X3,

the second community as a Chen system: 3]

X1 :35()(2 —xl),
Xy =(28 —35)x1 — x1x3 + 28x7,
X3 =x1x — 3x3,
the third community as a Lii system: 3%
X1 236()62 —xl), Xy = —x1x3 +20x3,

X3 =x1x2 — 3x3,

and the inner coupling matrix as an identity matrix, i.e., I’ =
diag{1,1,1}.

V) Vs
Vs ——
P
Vs il N e
Pl RS
Vs
P Vin Vi
5
A\
10
Vi 7 Vo
N ’
\ \ 1l
\ \ I /
N \ I /
AN ) Vi3 /
\ \Wig ] /
N /
i1
\ /
\ ‘/
Vs Vis

Viz Vig

Fig. 1. A community network consists of 18 nodes with 3 communi-
ties. The top-left, top-right, and bottom are the first, second, and third
communities respectively. The outer coupling matrix A is defined as: if
nodes i and j (j # i) are connected by a solid line, then a;; = 1; if nodes
iand j (j # i) are connected by a dashed line, then a;; = —1.

Fig. 2. (color online) The blue lines denote three spanning trees of the
three communities in Fig. 1.

According to the discussion about the Chen system in
Ref. [6], one can discuss the Lorenz and Lii systems and
choose the positive-definite diagonal matrix A = 5575 such that
Assumption 1 holds.

Example 1 Consider the cluster synchronization of com-
munity network (3) with constant control gain, i.e., c¢(t) = c.
In numerical simulations, choose T'= 0.1, 6 = 0.09, K = 10,
the spanning trees 7 (k = 1,2,3) as the blue lines in Fig. 2.
By simple calculations, one has A} = —0.3482, A, = 55.9447,
and A3 = 55. According to Remark 1, one can choose ¢ = 179
such that condition (6) holds. Moreover, the initial values of
x;(t) and sy, (¢) are chosen randomly. Figure 3 shows the orbits
of x;() and s4,(t) in the 3 communities respectively.

@80 — 811 - --Til (a) 1
—~ — 812 - - - X2 1
@« S13 X3

—~

S

=

8

Fig. 3. (color online) The orbits of x;(r) and s¢,(¢) in 3 communities,
i=1,2,...,18. The top, middle, and bottom denote the first, second,
and third communities respectively.

80
— S11
— S12
40 513

zi(t), s1(t)
> :

137(t) 5 Sg(t)

80 “s31 R ' ' '
\% — 832 - -T2 OF
® 40 533 T3 |
S i /// t\\\\ )
g ()P-’/ N
0 0.2 0.4 0.6 0.8 1.0
t

Fig. 4. (color online) The orbits of x;(r) and s¢, (¢) in 3 communities,
i=1,2,...,18. The top, middle, and bottom denote the first, second,
and third communities respectively.
Example 2 Consider the cluster synchronization of com-
munity network (3) with adaptive control gain in system (9).
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In numerical simulations, choose the same parameters as those
in Example 1 and 11 = 0.05. Figure 4 shows the orbits of x;(#)
and s¢, (¢) in 3 communities respectively. Figure 5 shows the
orbits of the adaptive gain c(¢). From Fig. 5, it is clear that the
needed value of control gain ¢ is much less than the estimated
value in Example 1.

20 T T

—
16}
12}
=
Q
8.
4.
ol
0 0.2 0.4 0.6 08 1.0

t

Fig. 5. (color online) The orbit of the adaptive control gain ¢(z).

5. Conclusions

In this paper, proper intermittent pinning controllers are
designed for achieving cluster synchronization in a commu-
nity network with nonidentical nodes. In the proposed control
scheme, in each community, only the first node is controlled
and only the coupling weights of a spanning tree are enhanced.
The enhanced factor is first assumed to be a constant and a
corresponding sufficient condition is provided. Further, the
enhanced factor changes adaptively and adaptive intermittent
pinning controllers are designed. Noticeably, due to the fact
that the enhanced factor can adjust itself to the proper value
for the given network with a fixed control width and period,
the adaptive intermittent pinning control scheme is universal
for different community networks. Finally, the obtained re-

sults are illustrated by two numerical examples.
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