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Principal resonance response of a stochastic elastic impact oscillator
under nonlinear delayed state feedback∗
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In this paper, the principal resonance response of a stochastically driven elastic impact (EI) system with time-delayed
cubic velocity feedback is investigated. Firstly, based on the method of multiple scales, the steady-state response and its
dynamic stability are analyzed in deterministic and stochastic cases, respectively. It is shown that for the case of the multi-
valued response with the frequency island phenomenon, only the smallest amplitude of the steady-state response is stable
under a certain time delay, which is different from the case of the traditional frequency response. Then, a design criterion is
proposed to suppress the jump phenomenon, which is induced by the saddle-node bifurcation. The effects of the feedback
parameters on the steady-state responses, as well as the size, shape, and location of stability regions are studied. Results
show that the system responses and the stability boundaries are highly dependent on these parameters. Furthermore, with
the purpose of suppressing the amplitude peak and governing the resonance stability, appropriate feedback gain and time
delay are derived.
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1. Introduction
In an elastic impact (EI) system, as a kind of non-smooth

system, it is assumed that the impacting bodies are elastic
with either linear or nonlinear stiffness and damping. As is
well known, EI systems are often encountered in the engineer-
ing fields, such as cantilever systems, large-scale structures,
and rotor systems with clearances. Because of the existence
of impacts, many interesting phenomena can be found in this
system.[1–6] For example, the single or normal mode charac-
teristic of the forced frequency response of a system with mul-
tiple clearance has been found in Ref. [1]. Grazing chaos and
bifurcation of a forced cantilever system with impacts have
been investigated in Refs. [2] and [3]. The global dynamic be-
havior of the EI system with one random parameter has been
presented in Ref. [4]. However, the present research involv-
ing this system mainly focuses on the deterministic EI system.
There are a few conclusions about the stochastic EI system,
especially with time delay feedback control.

As is well known, time delays, which usually exist in the
feedback of controlled physical, mechanical or electrical sys-
tems, are always unavoidable due to the time spent in measur-
ing system states, calculating and executing the control forces,
etc. On the one hand, additional time delays in the feedback
path not only cause the transfer function of the controller to be
modified, but also may induce the instability of the controlled
system. On the other hand, time delays can be deliberately
implemented to achieve better system behavior. Therefore, in

the past two decades, a great deal of attention has been paid
to study the dynamics of the delay controlled systems.[7–25]

Famous examples are presented by Hu et al.[7,8] From the
concept of the equivalent damping ratio, they proposed an ap-
propriate choice of the feedback gains and time delays to en-
hance the control performance. Actually, most of the results
focused on the smooth dynamic systems, and limited results
are available for the non-smooth systems. Recently, Saha and
Wahi[21] considered a linear time-delayed position feedback
in controlling friction-induced vibration in a system on a mov-
ing belt with friction having hysteresis. A direct linear ve-
locity feedback strategy is called a skyhook damping for the
reason that in its “off” state, the damping coefficient is rela-
tively low, while in its “on” state, it is relatively high. This
may introduce a sharp increase in damping force and lead to a
jerk in the acceleration response.[25] Thus, in order to over-
come the disadvantage of a direct linear velocity feedback
strategy, a nonlinear cubic velocity feedback has been used to
explore the dynamics of a piecewise bilinear vibration isola-
tion system.[22] Compared with the on-off skyhook damping,
the feedback gain of the control strategy is a constant, and thus
the jerk induced by the abrupt change of damping force can be
avoided.

Motivated by the above findings, this study aims at gain-
ing an insight into the dynamics of an EI system with time-
delayed cubic velocity feedback subjected to stochastic ex-
citation. The rest of this paper is organized as follows. In
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Section 2, a brief description of the stochastic EI system with
time-delayed feedback is introduced. Then, based on the
method of multiple scales, the steady-state responses and sta-
bility conditions are derived. In Sections 3 and 4, the effects
of system parameters on the dynamic behaviors are revealed
in deterministic and stochastic cases, respectively. The jump
avoidance condition is given analytically. Finally, some con-
clusions are drawn from the present study in Section 5.

2. Mathematic model and multi-scale analysis
In this paper, the nonlinear oscillator considered here is a

single degree-of-freedom system with an active vibration con-
troller as shown in Fig. 1, which serves as the model for a
wide range of EI systems in engineering practice. The cor-
responding differential equation of motion with time-delayed

cubic velocity feedback is given as follows:[4]

M0Ẍ(T )+KX(T )+B1Ẋ(T )+CX3(T )

+F(X(T ), Ẋ(T ))+B2Ẋ3(T −δ ) = f0ξ (T ), (1)

where

F(X , Ẋ) =

{
K1(X−∆)+C1Ẋ ,
0,

X ≥ ∆ ,
X < ∆

is the elastic impact force with spring stiffness K1 and damping
coefficient C1. It exists only when the impact happens. M0, K,
B1, and C are the mass, linear stiffness coefficient, linear vis-
cous damping coefficient, and nonlinear stiffness coefficient,
B2 and δ denote the feedback gain and the designed time de-
lay in the controller respectively.

controller

nonlinear stiffness

linear stiffness

B1

C1

M0

K1

∆

sensor

f0ξ↼T↽

X↼T↽

X↼T↽

B2X3↼T↩T0↽

.

Fig. 1. Sketch map of the elastic impact oscillator with an active vibration controller.

By introducing the following non-dimensional parame-
ters:

ω =
√

K/M0, X = ∆x, t = ωT, τ = ωδ ,

b = B1/M0ω, c =C∆
2/K, k1 = K1/K,

c1 =C1/M0ω, d = B2ωδ
2/M0, f = f0/K∆ ,

the following non-dimensional equation of motion is derived:

ẍ(t)+ x(t)+bẋ(t)+ cx3(t)

+ εF0(x(t), ẋ(t))+dẋ3(t− τ) = f ξ (t), (2)

where

F0(x, ẋ) =
{

k̂1(x−∆)+ ĉ1x,
0,

x≥ 1,
x < 1,

k1 = ε k̂1, c1 = ε ĉ1, ε ≤ 1 is a small parameter; dots indicate
derivative with respect to time t; b, c, d, and τ are positive.

The stochastic excitation ξ (t) represents an ergodic
narrow-band stochastic process with zero mean, and is gov-
erned by the following equation given by Wedig[26]

ξ (t) = cos(Ω t + γW (t)), (3)

where Ω is the center frequency, W (t) is the standard Wiener
process with the intensity of γ .

The method of multiple scales will be extended to inves-
tigate the responses and its stability of system (2). For the
necessity of the method of multiple scales, we may denote
b = ε b̂, c = ε ĉ, d = ε d̂, and f = ε f̂ . Thus, equation (2) can be
rewritten as

ẍ(t)+ x(t) = ε[−b̂ẋ(t)− ĉx3(t)−F0(x(t), ẋ(t))

− d̂ẋ3(t− τ)+ f̂ cos(Ω t + γW (t))]. (4)

Then, the uniformly approximate solution of Eq. (4) is
assumed to be in the form of

x(t,ε) = x0(T0,T1)+ εx1(T0,T1)+ · · · , (5)

where T0 = t is a fast time scale and T1 = εt is a slow time
scale. By denoting the differential operators D0 = ∂/∂T0 and
D1 = ∂/∂T1, we obtain

∂

∂ t
= D0 + εD1 + · · · ,

∂ 2

∂ t2 = D2
0 +2εD0D1 + · · · . (6)
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Substituting Eqs. (5) and (6) into Eq. (4) and comparing
coefficients of ε with the same powers, we obtain the follow-
ing equations:

D2
0x0(T0,T1)+ x0(T0,T1) = 0,

D2
0x1(T0,T1)+ x1(T0,T1) =−2D1D0x0(T0,T1)

− b̂x0(T0,T1)− ĉx3
0(T0,T1)

− d̂D3
0x0(T0− τ,T1)+ f̂ cos(ΩT0 + γ̄W (T1))

−F0(x0(T0,T1),D0x0(T0,T1)).

(7)

Here, the statistical property of the standard Winner pro-
cess

γW (t0) = γW (εt0)/
√

ε = γ̄W (T1) (8)

is used in the second expression of Eq. (7).
Denoting excitation frequency as Ω = 1+ εσ (σ is the

detuning parameter), considering the primary resonance of
system (2), and according to Eq. (7), the general solution can
be expressed as

x0(T0,T1) = A(T1)cos(T0 +φ(T1)), (9)

where A = A(T1) and φ = φ(T1) are functions of the slow time
scale.

Introducing new variables ψ(T0,T1) = T0 + φ(T1) and
η(T1) = σT1− φ(T1)+ γ̄W (T1), and submitting Eq. (9) into
the second equation of Eq. (7), we can obtain

D2
0x1(T0,T1)+ x1(T0,T1)

= 2A′(T1)sinψ +2A(T1)φ
′(T1)cosψ + b̂A(T1)sinψ

− ĉA3(T1)cos3
ψ + d̂A3(T1)sin3(ψ− τ)

+ f̂ cos(ψ +η)−F0(x0(T0,T1),D0x0(T0,T1)). (10)

According to Eq. (2), F0(x0,D0x0) is a piecewise lin-
ear function. Using the periodic property of cosine func-
tion, the integral can be calculated in three intervals: [0,ψ0],
[ψ0,2π − ψ0], [2π − ψ0,2π], where ψ0 corresponds to the
phase of the discontinuity point in one period. Then, the
Fourier coefficients of basic harmonic terms of F0(x0,D0x0)

can be given as follows:
G1 =

1
π

∫ 2π

0
F0(x0,D0x0)sinψ dψ =

ĉ1

π
G,

G2 =
1
π

∫ 2π

0
F0(x0,D0x0)cosψ dψ =− k̂1

π
G,

in which G = sinψ0−Aψ0.
In order to eliminate the secular term in Eq. (10), the

right-hand side of Eq. (10) should not include the terms sinψ

and cosψ , thus we have
A′(T1) =−

b̂
2

A(T1)−
3
8

d̂A3(T1)cosτ +
f̂
2

sinη +
ĉ1

2π
G,

A(T1)η
′(T1) = σA(T1)−

3
8

ĉA3(T1)−
3
8

d̂A3(T1)sinτ

+
f̂
2

cosη +
k̂1

2π
G+ γ̄A(T1)W ′(T1).

(11)

Therefore, by solving Eq. (11) for the amplitude A(T1) and the
phase η(T1), the lowest-order expansion of the solution can be
written as

x(t,ε) = A(εt)cos(Ω t−η(εt))+O(ε). (12)

2.1. Steady-state responses and stability conditions for de-
terministic excitation

Firstly, the steady-state response of system (2) as γ = 0 is
determined. In this case, according to Eq. (8), γ̄ = 0 is satis-
fied in Eq. (11). The steady-state solutions of system (2) are
denoted as A0 and η0 with conditions A′ = 0 and η ′ = 0 satis-
fied, which leads to the following results:

b̂
2

A0 +
3
8

d̂A3
0 cosτ− ĉ1

2π
G0 =

f̂
2

sinη0,

− σA0 +
3
8

ĉA3
0 +

3
8

d̂A3
0 sinτ− k̂1

2π
G0 =

f̂
2

cosη0.

(13)

Therefore, the frequency response equation can be ex-
pressed as(

b̂
2

A0 +
3
8

d̂A3
0 cosτ− ĉ1

2π
G0

)2

+

(
−σA0 +

3
8

ĉA3
0 +

3
8

d̂A3
0 sinτ− k̂1

2π
G0

)2

=
f̂ 2

4
. (14)

Next, we examine the stability of the steady-state re-
sponse by introducing the perturbation terms as

A = A0 +A1, η = η0 +η1, (15)

where A0 and η0 are governed by Eq. (13), A1 and η1 are per-
turbation terms.

Substituting Eq. (15) into Eq. (11) and neglecting the non-
linear terms, we can obtain the linearization modulation of
Eq. (11) at A0 and η0

A′1 =
(
− b̂

2
− 9

8
d̂A2

0 cosτ +
ĉ1

2π
G′0

)
A1 +

f̂
2

cosη0η1,

η ′1 =

(
σ

A0
− 9

8
ĉA0−

9
8

d̂A0 sinτ +
k̂1

2πA0
G′0

)
A1

− f̂
2A0

sinη0η1,

(16)

where

G′0 =
(

cosψ0
dψ0

dA
−ψ0−A

dψ0

dA

)∣∣∣∣
A=A0

.

By means of the characteristic equation of the coefficient
matrix of Eq. (16) and the Routh–Hurwitz criterion,[27] the
steady-state solutions of Eq. (11) are asymptotically stable if
the following two inequalities hold simultaneously:

M =I1− I4 < 0, N =− I1I4− I2I3 > 0, (17)
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where

I1 =−b̂/2−9d̂A2
0 cosτ/8+ ĉ1G′0/2π,

I2 = σ/A0−9ĉA0/8−9d̂A0 sinτ/8+ k̂1G′0/2πA0,

I3 = f̂ cosη0/2, I4 = f̂ sinη0/2A0.

In fact, if N is negative, the corresponding steady-state so-
lutions in Eq. (14) lose stability via a saddle node bifurcation,
which means that the jump phenomenon could happen. In ad-
dition, the steady-state solutions associated with M2−4N < 0
are foci, while those associated with M2− 4N > 0 are nodes.
These points are stable (unstable) when M < 0 (M > 0). Ac-
tually, the stability boundary M indicates the critical condition
that the signs of the real parts of both roots of the character-
istic equation change. A change from negative real parts to
positive real parts indicates the presence of a Hopf bifurca-
tion. Therefore, the non-trivial solutions are stable if and only
if the conditions M < 0 and N > 0 are satisfied.

2.2. Mean square responses and stability conditions for
narrow-band random excitation

In this part, the steady-state response of system (2) is dis-
cussed in the mean square sense as γ 6= 0 but is sufficiently
small. Let

A = A0 +A11, η = η0 +η11, (18)

in which A0 and η0 are governed by Eq. (13), A11 and η11 are
the small perturbations.

Linearizing Eq. (11) at (A0,η0) with respect to A and η ,
the following Itô stochastic differential equations can be ob-
tained as{

dA11 = (I1A11+I3η11)dT1,

dη11 = (I2A11− I4η11)dT1+γ̄dW (T1).
(19)

By combing the moment method and the property of

dEA11/dT1 = dEη11/dT1= dE(A2
11)/dT1

= dE(η2
11)/dT1 =dE(A11η11)/dT1 = 0,

the first-order and second-order steady-state moments of A11

and η11 can be obtained from Eq. (19) as follows:

EA11 = EA11 = 0, (20)

E(A2
11) =

I2
3 γ̄2

2I1I2I3 +2I2
1 I4−2I1I2

4 −2I2I3I4
, (21)

E(η2
11) =

(I2
1 − I1I4− I2I3)γ̄

2

2I1I2I3 +2I2
1 I4−2I1I2

4 −2I2I3I4
, (22)

where E(•) denotes the mathematical expectation.
According to Eqs. (21) and (22), the necessary conditions

for the existence of the second-order moments of the response
are E(A2

11)≥ 0 and E(η2
11)≥ 0, i.e.,

I1I2I3 + I2
1 I4− I1I2

4 − I2I3I4 > 0, I2
1 − I1I4− I2I3 > 0. (23)

By using the Routh–Hurwitz criterion,[27] the non-trivial
steady-state solution is asymptotically stable, when the follow-
ing inequalities hold:

I1 < I4,

4I1I2I3 +13I2
1 I4−13I1I2

4 −4I2I3I4−3I3
1 +3I3

4 > 0. (24)

Combining Eqs. (18) and (21), the mean square steady-state
response of system (2) is

EA2 = A2
0 +

I2
3 γ̄2

2I1I2I3 +2I2
1 I4−2I1I2

4 −2I2I3I4
. (25)

3. Effects of system parameters on the determin-
istic responses

In this section, we consider the dynamic response prop-
erties of the controlled EI system under deterministic excita-
tion. The numerical simulations are performed by numerically
integrating the time-delayed EI system using the fourth-order
Runge–Kutta algorithm. Throughout our study, the parameters
of system (2) are set as b= 0.06, c= 0.02, d = 0.01, k1 = 0.05,
c1 = 0.02, f = 0.2, and ε = 0.1, unless otherwise stated.

3.1. Frequency island response and stability analysis

In Fig. 2, several frequency response curves defined by
Eq. (14) are plotted for different values of time delay τ = π/2
and τ = 3π/4, respectively. The solid lines represent approxi-
mate analytical results by the multiple scale method. By com-
paring Fig. 2(a) with Fig. 2(b), it can be seen that the time de-
lay can cause a great change in the frequency response. Specif-
ically, for τ = π/2, M is negative in the Ω–A0 plane, thus,
the shaded region (N < 0) covers all the unstable solutions.
The solutions in the shaded region (M2− 4N > 0) are stable
nodes, while outside this region they are stable foci. How-
ever, as time delay increases such as τ = 3π/4 in Fig. 2(b),
for larger f ( f = 0.2), the frequency response curve is con-
tinuous with the apparent maximum. As f decreases, the left
and right branches get closer to each other ( f = 0.15). There
exists a critical value f = 0.08575 (this shows up more clearly
in Fig. 3), the frequency response curve is separated into two
parts (as depicted for f = 0.08), which is called the frequency
island. Furthermore, the steady-state solutions, which not
only exist in the shaded region (N < 0) but also lie above the
dash line (M = 0), are unstable. Hence, the frequency islands
here are formed by two unstable solution branches,[27] which
is different from the general case that the frequency islands
are created by either two stable solution branches or at least
one stable solution branch. Accordingly, the classification of
the steady-state solutions is also presented in Fig. 2(b) when
τ = 3π/4.

The numerical results are denoted by circles in Fig. 2 and
the good agreement between numerical results and analytical
ones can be found. Additionally, the steady-state response
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curves below the line A0 = 1 are the special case, which are
derived in the degradation case, that is to say, the gap ∆ is infi-

nite, thus the value of the non-dimensional elastic impact force
F0(x, ẋ) is always zero.

4

3

2

1

0
0.7 0.9 1.1 1.3

Ω

(a) τ=π/2 (b) τ=3π/4

stable foci
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Fig. 2. (color online) Steady-state responses versus excitation frequency (solid lines: analytical results; circles: numerical results).

3.2. Analysis of jump avoidance

In Subsection 3.1, the existence of the jump phenomenon
is indicated. Because of the undesirable and destructive effects
of jumps in practical situations, it is important to find the con-
dition required to avoid the jump.[28,29] A jump can be avoided
if it can be ensured that the frequency response of the system
is unique. According to Eq. (14), the excitation frequency can

be derived as follows:

Ω = 1+
3
8

cA2
0 +

3
8

dA2
0 sinτ +

k1G0

2πA0
±

√
f 2−4C2

5

2A0
, (26)

where C5 = bA0/2+3dω2A3
0 cosτ/8− c1G0/2π .

Differentiating both sides of Eq. (26) with respect to A0

and substituting dΩ/dA0 = 0 yield

3c
4

A0 +
3
4

dA0 sinτ +
k1

2π

(
G′0
A0
−

G2
0

A2
0

)
±
(
−

√
f 2−4C2

5

2ωA2
0
−

2C5(b/2+9dA2
0 cosτ/8− c1G′0/2π)√

f 2−4C2
5A0

)
= 0. (27)

According to Eq. (27), figure 3 depicts the critical ampli-
tude A0 as a function of excitation amplitude f when τ = π/2
and τ = 3π/4. As shown in Fig. 3(a) (τ = π/2), there is more
than one point satisfying dΩ/dA0 = 0 for f > 0.12877, indi-
cating the existence of a jump. When f < 0.12877, there is no
critical amplitude, and therefore no jump. Hence, f = 0.12877
is the maximum and acceptable value of f in the practical
design to avoid the jump. However, for the special case of
τ = 3π/4 in Fig. 2(b), the critical amplitude A0 also presents
particular features; it can be analyzed specifically in the fol-
lowing part by means of the frequency response curves.

Obviously, as f > 0.08575 in Fig. 3(b), there are two
points satisfying dΩ/dA0 = 0, which means the existence of
a jump. Actually, f = 0.08575 is the critical amplitude for
the continuous frequency response and the frequency island
phenomenon; the cases of f = 0.0856 and f = 0.0858 are
taken for examples, which are plotted in Figs. 4(a) and 4(b).
Then, in the small interval of 0.08036 < f < 0.08575, there

are four points satisfying dΩ/dA0 = 0. On the one hand, the
branch of the frequency island of the lower amplitude part
presents the jump phenomenon, therefore there are two points
at which dΩ/dA0 = 0; on the other hand, the other two points
come from the island, such as in the cases of f = 0.0856 and
f = 0.085 shown in Figs. 4(b) and 4(c). When the excita-
tion amplitude f < 0.08036, there remains only two points at
which dΩ/dA0 = 0. In fact, two kinds of responses still ex-
ist: one is the case of f = 0.08 in Fig. 4(d), which is com-
posed of the lower amplitude part and the higher amplitude
part (the closed loop); the other one is for the case of f = 0.05
in Fig. 4(f) and there remains only the branch of the higher am-
plitude part. The gradual change process of the response can
be seen from Figs. 4(d)–4(f), and the lower branch disappears
gradually with the decrease of f .

In this subsection the jump avoidance condition is derived
and the effectiveness is also confirmed by comparing with the
corresponding frequency response curves.
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Fig. 3. (color online) No-jump region indicating maximum acceptable values of excitation amplitude f .
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Fig. 4. (color online) Steady-state responses versus excitation frequency: (a) f = 0.0858; (b) f = 0.0856; (c) f = 0.085; (d) f = 0.08; (e) f = 0.06;
(f) f = 0.05. (Solid lines: analytical results; dash–dot lines: vertical tangent).

3.3. Equivalent damping

In view of the dominant factor of the damping in the EI
system, therefore, the equivalent damping of the controlled
nonlinear system is introduced.

Multiplying both sides of Eq. (14) with ε2, equation (14)
can be rewritten as(

b+
3
4

dA2
0 cosτ− c1G0

πA0

)2

A2
0

+

(
−2σεA0 +

3
4

cA3
0 +

3
4

dA3
0 sinτ− k1G0

π

)2

= f 2. (28)

Therefore, the equivalent damping ratio can be defined

as[7]

beq =
b
2
+

3
8

dA2
0 cosτ− c1G0

2πA0
. (29)

We only consider the positive velocity feedback, obvi-
ously, the extreme values of the damping ratio are

bmin =
b
2
− 3

8
dA2

0−
c1G0

2πA0
, bmax =

b
2
+

3
8

dA2
0−

c1G0

2πA0
.

Therefore, when τ lies in [0,π/2] and [3π/2,2π], the fol-
lowing inequality is satisfied:

b
2
− c1G0

2πA0
≤ beq ≤

b
2
+

3
8

dA2
0−

c1G0

2πA0
.
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Fig. 5. (color online) Comparison of frequency responses among the uncon-
trolled system (dot line), controlled system without time delay (dash–dot line),
and controlled system with different values of time delays (solid lines).

Note that b/2−c1G0/2πA0 is the equivalent damping ra-

tio of an uncontrolled system and b/2+3dA2
0/8−c1G0/2πA0

is the equivalent damping ratio of a controlled system with-
out time delay. It means that compared with the case of the
uncontrolled system, the velocity feedback with nonzero time
delay has the function of increasing the equivalent damping
value and reducing the response amplitude, but less efficient
than without time delay, which can be verified by Fig. 5.

When τ lies in [π/2,3π/2], we have

b
2
− 3

8
dA2

0−
c1G0

2πA0
≤ beq ≤

b
2
− c1G0

2πA0
.

As a result, the equivalent damping value is even smaller
than the equivalent damping of the uncontrolled system, thus,
the response amplitude in the resonance region could rise com-
pared with the uncontrolled system (Fig. 5).

Figure 5 shows the effect of time delay on the response
amplitude in the range of [0,2π], which coincides with the
variation of equivalent damping beq discussed in the above
analysis.

3.4. Effects of time delay and feedback gain on the system
responses

In this section, we focus on analyzing the effects of time
delay and feedback gain on the steady-state response. The
value of excitation frequency is fixed to be Ω = 1.05. Figure 6
shows the effects of time delay τ on the steady-state response
under different values of feedback gain d.
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Fig. 6. (color online) Effects of time delays on the steady-state responses and stability boundaries: (a) d = 0.0045; (b) d = 0.005; (c) d = 0.01;
(d) d = 0.05. (Solid lines: steady-state response curves; dash and dash–dot lines: unstable boundaries; dot lines: nodes boundaries).
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As indicated in Fig. 6, shaded regions I and II present the

unstable regions which are predicted by inequality (17). Ob-

viously, when the value of feedback gain d is smaller (d =

0.0045 in Fig. 6(a)), the response curve lies outside the un-

stable region, which means that the steady-state solutions are

stable everywhere in spite of different time delays. As feed-

back gain increases gradually, the size of the unstable region I

increases and then there are some parts of the response curve

which lie in the unstable region I (d = 0.005 in Fig. 6(b)).

Moreover, from two independent parts (in Figs. 6(a) and 6(b)),

the unstable regions I and II intersect with each other (in

Figs. 6(c) and 6(d)) as feedback gain increases further. How-

ever, unstable solutions can be found only in unstable region I

rather than unstable region II, actually, which is caused by the

larger value of f .

For the classification of the steady-state solutions, it

should be noted that steady-state solutions, which lie in un-

stable region II, are saddle points; while the steady-state solu-

tions in the node region are nodes and outside this region they

are foci. The boundaries of the unstable region I are the divi-

sion lines for stable and unstable nodes and foci. In addition,

the points in the boundaries of the unstable region I are Hopf

bifurcation points, which are denoted by circles in Fig. 6.

The results in this subsection indicate that the size, shape,

and location of stable and unstable regions depend on the sys-

tem parameters and the feedback control gains.

3.5. Selecting feedback parameters for suppressing peak
amplitude

From the analysis in the previous sections, it can be found

that high amplitude response suppression can be performed

with appropriate time delays and feedback gains. In this part,

we aim to find suitable feedback parameters which can give a

stable steady-state response and reduce the peak amplitude.

Taking the peak amplitude A0 = 2 for example, the re-

lation of time delay τ with feedback gain d can be derived

from Eq. (14) and is presented by solid lines with f = 0.2 and

f = 0.3 in Fig. 7. The regions above these two curves are the

optional parameter regions corresponding to the peak ampli-

tude smaller than 2. However, the whole parameter pairs do

not satisfy the stability conditions above these curves. We can

derive the stable boundaries from the stability condition (15),

which are depicted with the dash–dot lines and dash lines, re-

spectively.

The results in this section suggest that the time delay and

feedback gain can be used as a control switch to control the

peak amplitude and stability of the steady-state responses.

d
0 4 8 12 16

τ

0.08

0.06

0.04

0.02

0

stable
region region

stable

f/.

f/.
Amax<

Amax>

Fig. 7. (color online) Design control parameter pairs (time delay and feed-
back gain) for suppressing the maximum amplitude; the shaded regions rep-
resent the unstable parameters regions.

4. Mean square response and stability analysis

In this section, we determine the effects of the noise term

ξ (t) on the primary response in the case γ 6= 0. For the sim-

ulation of narrow-band random noise, readers can refer to

Refs. [30] by Shinozuka and Ref. [31] by Zhu.

4.1. Mean square response and jump avoidance

In Fig. 8 the variations of mean response EA2 with Ω are

shown as γ̄ = 0.01 under different time delays. The stabil-

ity boundaries are derived by inequality (24). Mean responses

and their stability may be quite different for different time de-

lays. However, it is similar to the deterministic case, there-

fore, we will not analyze the properties in detail. Actually,

under small noise intensity, the topological properties of sys-

tem (2) (as shown in Fig. 11) do not change, therefore, the

response characteristic is similar to that for the deterministic

case. Figure 8 also shows that numerical simulation results

and analytical ones are in good agreement. That is to say,

for the stochastic EI system with time-delayed feedback, the

method of multiple scales is very effective.
Then, according to the relation between the steady-state

response and the mean square response, we can also derive the
critical value of f for jump avoidance in the stochastic case as
shown in Fig. 9, which also have the same characteristics as
that for the deterministic case under small noise intensity.

040502-8



Chin. Phys. B Vol. 24, No. 4 (2015) 040502

10

8

6

4

2

0
0.7 0.9 1.1 1.3

Ω Ω

Ε
Α
2

Ε
Α
2

(a) τ=π/2 (b) τ=3π/4

f/.

f/.

f/.

f/. 

f/.

f/. f/.

unstable
boundary

unstable
boundary

20

15

10

5

0
0.9 1.1 1.31.0 1.2

Fig. 8. (color online) Mean square responses versus excitation frequency for γ̄ = 0.01: (a) τ = π/2; (b) τ = 3π/4 (sold lines: analytical
results; circles: numerical results).

25

20

10

15

5

0 0.1 0.2 0.3

jump

avoidance

region

jump

occurance

region

jump

avoidance

region

jump

occurance

region

f/.

f/.f/.

(a) τ=π/2 (b) τ=3π/4

Ε
Α
2

Ε
Α
2

f
0 0.1 0.2 0.3

f

25

20

10

15

5

Fig. 9. (color online) No-jump regions indicating the maximum acceptable value of excitation amplitude f for the mean square response.

4.2. Effect of time delay on mean square response

Without loss of generality, when the excitation ampli-
tude and frequency are given as f = 0.2 and Ω = 1.05,
figure 10 shows the variations of mean square response
EA2 when time delay is taken as a control parameter. The

unstable

boundaries

16

12

8

4

0 2 4 6

τ

Ε
Α
2

Fig. 10. (color online) Mean square responses versus time delay (solid
line: mean square response curve).

solid line represents the mean square response curve derived
from Eq. (25). In addition, according to inequality (24), we
also obtain the stability boundary of the mean square response,
which has the same shape as that for the deterministic case.

4.3. Effect of noise intensity on the response of EI system

Finally, in order to study the effect of noise intensity on
the response of system (2) more clearly, phase portraits and re-
sponse time histories of system (2) are plotted in Fig. 11. The
parameters of system (2) are just the same as those in the pre-
vious section, while time delay τ = π/2 is given as an exam-
ple. Compared with the case in Figs. 11(d), 11(e), and 11(f),
the random noise γW (t) may change the response of system
(2) from a periodic solution to a quasiperiodic one, and the
corresponding phase trajectory can be changed from a limit
cycle to a diffused limit cycle. Further numerical simulation
shows that the width of the diffused limit cycle increases with
the increase of the noise intensity. However, the topological
property of the system does not change.
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Fig. 11. (color online) Phase portraits and time histories with time delay τ = π/2.

5. Conclusions
In the present paper, the principal resonance responses of

an EI system with cubic time-delayed velocity feedback and
narrow-band random excitation are studied. Multi-valued re-
sponses are found, in contrast to the traditional frequency re-
sponse curve,[32] where the middle of the three solutions is
unstable, and the smallest and largest ones are stable, only the
smallest amplitude of the response is stable under certain time
delays, which is also demonstrated by numerical integration
and found in Ref. [33] as well. Then, the jump avoidance con-
dition is obtained. For the case without random disturbance,
the effects of feedback parameters on the steady-state response
as well as the size, shape, and location of stability regions are
discussed. Meanwhile, the classification of steady-state solu-
tions is also discussed. For the case with small noise intensity,
mean square responses display similar characteristics to those
for the deterministic case; actually, this is determined by the
topological property, which does not change under small noise
intensity.
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