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Effect of the dispersion on multipartite continuous-variable
entanglement in optical parametric amplifier∗
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Based on the quantum fluctuations, we adopt the method of generalized V1 criterion to investigate multipartite entan-
glement characteristics in an optical parametric amplification system with the consideration of dispersion. The nonlinear
interaction becomes strong because of the existence of dispersion coefficient σ . Considering the influence of dispersion
factor σ , with increasing the pump parameter µ , the value of minimum variance V1 decreases and the squeezing curve
nearly equals 1/(1+µ). The larger particle number N results in a smaller variance and higher entanglement.
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1. Introduction
The continuous variable (CV) entanglement light has

been an interesting research subject theoretically and ex-
perimentally, as it could be used as a basic resource for
this new type of information processing.[1] The experi-
mental achievements include demonstrations of quantum
teleportation,[2] quantum dense coding,[3] and quantum cryp-
tographic communication[4] by using the squeezed light. The
bipartite CV entanglement states of a light field were stud-
ied in Refs. [5] and [6] and demonstrated experimentally[7]

for a non-degenerate optical parametric amplifier (NOPA).
The production of tripartite CV entangled beams by mixing
squeezed states with linear optical elements can be found in
Refs. [8]–[13]. The genuine four-partite CV entanglement
has been experimentally generated.[14] Pfister et al. proposed
multipartite CV entanglement from concurrent nonlinearities
through the generalization of bipartite interaction Hamilto-
nian H1 = ih̄β χ(a†

1a†
2−a1a2) to N-partite interaction Hamil-

tonian HN = ih̄β χ
N
∑

i=1

N
∑
j>i

a†
i a†

j +H.C.[15] Based on previous

work,[16] we derive the generalized V1 criterion for multipar-
tite entanglement.[17]

At present, the squeezing and entanglement of pulse fre-
quency combs have attracted a great deal of attention be-
cause of their potential applications in quantum communi-
cation. The dispersion is one of the critical factors. In or-
der to avoid the dispersion effect, the interaction lengths may
be restricted to being very short, which limits the degree of
squeezing.[18–21] Takahashi et al. investigated the effects of
dispersion on both quadrature squeezing and photon statis-

tics by varying the interaction length when pumping a PPLN
crystal with fs pulses.[22] We studied the phase mismatched
phenomenon resulting from the dispersion effect, by period-
ically changing the polarity of crystal to obtain the optimal
squeezing condition, and obtained the characteristic of EPR
entanglements.[23] In this paper, we discuss the influence of
the dispersion effect, find the solution of the time-dependent
FPE with the dispersion, and investigate the entanglement
characteristics for N = 2–5 partite. The investigation is es-
pecially important for the pulse OPO and the quantum charac-
teristics of pulse frequency combs.

2. Theory model
The Hamiltonian describing this system for multipartite

entanglement is

H = H0 +V +W, (1)

where

H0 = h̄ω0a†
0a0 +

N

∑
m=1

h̄ωma†
mam + ih̄(E e−iωLta†

0−E∗ e iωLta0)

+ ∑
j

N

∑
m=1

h̄ω jB
†
jmB jm,

V = h̄∑
j

N

∑
m=1

k jB jma†
m + h̄∑

j

N

∑
m=1

k∗j B
†
jmam,

W =
ih̄
2

N

∑
j 6=k

(2ε jka†
ja

†
k−2ε

∗
jka jak).

According to the non-degenerate mode operators b1, . . . ,bN

obtained by Ref. [17] and the standard technique,[24] we de-
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fine α j =
〈
b j
〉
, j = 1∼ N, α0 = 〈a0〉. Assuming the dynamic

equation to have the initial values α10 = α20 = · · ·= αN0 = 1,
α00 = 0, we have α1 = α2 = · · ·= αN . Considering the inter-
action between the medium and the optical field, we have the
nonlinear susceptibility χ = χ ′+ iχ ′′, where χ ′ is the revised
refractive index, χ ′′ is the gain, the dispersion effect is ne-
glected, and only the imaginary part χ ′′ is retained. The semi-
classical equations describing the interactions between pump
wave α0(τ) and parametric waves α1(τ), α2(τ) become[25]

dα1

dτ
=−α1 +m

χ ′′

γ1
α0α

∗
1 ,

dα2

dτ
=−α2−

χ ′′

γ1
α0α

∗
2 ,

dα0

dτ
=−γrα0 +

ε̄

γ1
−m

χ ′′

2γ1
(α2

1 −α
2
2 ). (2)

Here τ = γ1t is the dimensionless time, γ1 and γ2 are the damp-
ing rates, and decay ratio γr = γ2/γ1, ε̄ is the amplitude of ex-
ternal coherent field, and m = N−1 is the number of particles.

Considering the influence of dispersion,

ε = χα0 = (χ ′+ iχ ′′)α0

is the dielectric coefficient, the refractive index of the nonlin-
ear susceptibility is

n =
√

1+ ε = 1+(χ ′+ iχ ′′)α0/2 = n′+ in′′,

the real part n′ denotes the revised refractive index when
the light with different frequencies passes through a medium,
whereas the imaginary part n′′ denotes the gain.[23] When
α1 = α2, in terms of Eq. (2), the semi-classical equation for
the DOPA system becomes

dα1

dτ
=−α1− im

χ

γ1
α0α

∗
1 ,

dα0

dτ
=−γrα0 +

ε̄

γ1
−m

χ ′′

2γ1
(α2

1 −α
2
2 ). (3)

Assuming α0 to be real and writing the complex α1 as α1 =

β1 + iβ̃1 containing real and imaginary parts, equation (3)
turns into

dβ1

dτ
=−β1 +m

χ ′′

γ1
α0β1−m

χ ′

γ1
α0β̃1,

dβ̃1

dτ
=−β̃1−m

χ ′′

γ1
α0β̃1−m

χ ′

γ1
α0β1,

dα0

dτ
=−γrα0 +

ε̄

γ1
−m

χ ′′

2γ1
[(β 2

1 + β̃
2
1 )− (β 2

2 + β̃
2
2 )]. (4)

We take the parameters χ ′′/γ1 =
√

2γrη , ε̄/γ1 =

µ
√

γr/2η , and assume the dispersion factor σ = χ ′/χ ′′= 0.5,
the numerical solutions of α0, ᾱ0s and β1 with γr = 0.5,
η = 1/1000, and µ = 2 are depicted in Fig. 1.
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Fig. 1. Relations among the pump wave α0 (solid line), steady state
value ᾱ0s of the pump wave (straight line), and the parameter wave β1
(dashed line) for σ = 0,1, N = 2–5 respectively.

Figures 1(a) and 1(b) describe the relations among pump
wave α0, steady state value ᾱ0s of the pump wave, and param-
eter wave β1 for σ = 0,1, N = 2–5, respectively. Considering
the effect of dispersion, the straight line corresponds to steady
state value ᾱ0s, the solid line corresponds to pump wave α0,
and the dashed line corresponds to parameter wave β1. Com-
paring Fig. 1(b) with Fig. 1(a), we have ᾱ0s = ᾱ0/

√
1+σ2,

where ᾱ0 = γ1/χ ′′ denotes the steady state value of the pump
wave without dispersion. The squeezing curve contracts to the
left, nearly equals 1/(1+µ).

3. Multipartite entanglement for NOPA system
with dispersion
Considering the effect of dispersion, according to Eq. (2),

the complex α1 = β1 + iβ̃1 and α2 = β2 + iβ̃2, the semi-
classical equations for the NOPA system turn into[26]

dβ1

dr
=

1
µ

(
−β1 +m

χ ′′

γ1
α0β1−m

χ ′

γ1
α0β̃1

)
,

dβ̃1

dr
=

1
µ

(
− β̃1−m

χ ′′

γ1
α0β̃1−m

χ ′

γ1
α0β1

)
,

dβ2

dr
=

1
µ

(
−β2−

χ ′′

γ1
α0β2 +

χ ′

γ1
α0β̃2

)
,

dβ̃2

dr
=

1
µ

(
− β̃2 +

χ ′′

γ1
α0β̃2 +

χ ′

γ1
α0β2

)
,

dα0

dr
=

1
µ

{
− γrα0 +

ε̄

γ1
−m

χ ′′

2γ1
[(β 2

1 + β̃
2
1 )− (β 2

2 + β̃
2
2 )]

}
.(5)

040302-2



Chin. Phys. B Vol. 24, No. 4 (2015) 040302

Considering the initial condition β10 = β̃10 = β20 = β̃20 = 1,
α00 = 0, the numerical solutions of Eq. (5) yield the depen-
dences of the parametric functions α1, α̃1; α2, α̃2 on the
squeezing parameter r

α1(r) = β1(r)/β1(0),

α̃1(r) = exp
[
− 2r

µ

]
(β1(r)/β1(0))−1,

α2(r) = exp
[
− (m+1)r

mµ

]
(β1(r)/β1(0))−1/m,

α̃2(r) = exp
[
− (m−1)r

mµ

]
(β1(r)/β1(0))1/m. (6)

The quantum fluctuation of the time-dependent linearly driven
NOPA system is[27]

〈
[X1]

2〉 =
〈
[Yj]

2〉= 1
2

[
1
2
(α2

1 (r)+ α̃
2
1 (r))

+
1
µ

α
2
1 (r)

∫ r

0
α
−2
1 (l)dl +

1
µ

α̃
2
1 (r)

∫ r

0
α̃
−2
1 (l)dl

+
1
2
(α2

2 (r)+ α̃
2
2 (r))+

1
µ

α
2
2 (r)

∫ r

0
α
−2
2 (l)dl

+
1
µ

α̃
2
2 (r)

∫ r

0
α̃
−2
2 (l)dl

]
. (7)

The correlation between X1 and Y2 is

〈
X1Yj

〉
=

1
2

[
1
2
(α2

1 (r)− α̃
2
1 (r))+

1
µ

α
2
1 (r)

∫ r

0
α
−2
1 (l)dl

− 1
µ

α̃
2
1 (r)

∫ r

0
α̃
−2
1 (l)dl

− 1
2
(α2

2 (r)− α̃
2
2 (r))−

1
µ

α
2
2 (r)

∫ r

0
α
−2
2 (l)dl

+
1
µ

α̃
2
2 (r)

∫ r

0
α̃
−2
2 (l)dl

]
. (8)

The variance criterion V1 is[23]

V1(r) =
〈
[X1]

2〉− N

∑
j=2

〈
X1Yj

〉2〈
[Yj]2

〉 . (9)

In the following, we investigate the influence of disper-
sion on multipartite entanglement. (i) µ = 0.5 for below-
threshold, (ii) µ = 1 for the threshold, (iii) µ = 2 for the above-
threshold, and (iv) µ = 10 for far-above-threshold. The results
of numerical calculation of V1 versus r with η = 1/1000 and
γr = 10 for N = 2–5 are depicted in Figs. 2 and 3.

Figures 2 and 3 depict the minimum variance V1 as a func-
tion of squeezing parameter r = µτ for σ = 0,1, respectively.
From bottom to top, the plots are for bipartite entanglement
(N = 2, solid curve), tripartite entanglement (N = 3, narrow
dashed curve), four-particle entanglement (N = 4, wide dashed
curve), and five-particle entanglement (N = 5, dashed–dotted
curve). Given dispersion factor σ , with the increase of pump
parameter µ , the value of minimum variance V1 decreases.
Comparing Fig. 3 with Fig. 2, the scope of entanglement de-
creases from 10 to 2. The phase increases with the increase of
pump parameter µ , namely ϕ = µr = 10×1.5≈ 5π , the polar-
ity of gain medium changes many times, the net gain descends
as shown in Figs. 2 and 3.
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Fig. 2. Plots of variance V1 versus τ with σ = 0, µ = 0.5 (a), µ = 1 (b), µ = 2 (c), µ = 10 (d).
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Fig. 3. Plots of variance V1 versus τ with σ = 1, µ = 0.5 (a), µ = 1 (b), µ = 2 (c), and µ = 10 (d).

4. Conclusions
In this paper, we investigate the multipartite entanglement

of FNOPA system with considering the effect of dispersion,
the results are as shown in Figs. 1–3. The nonlinear interac-
tion becomes strong due to dispersion coefficient σ . With the
increase of pump parameter µ , the minimum variance V1 de-
creases. The minimum variance V1 decreases with the increase
of the number N of particles.
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