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The tokamak start-up is a very important phase during the process to obtain a suitable equalizing plasma, and its
governing model can be described as a set of nonlinear ordinary differential equations (ODEs). In this paper, we first
estimate the parameters in the original model and set up an accurate model to express how the variables change during the
start-up phase, especially how the plasma current changes with respect to time and the loop voltage. Then, we apply the
control parameterization method to obtain an approximate optimal parameters selection problem for the loop voltage design
to achieve a desired plasma current target. Computational optimal control techniques such as the variational method and
the costate method are employed to solve the problem, respectively. Finally, numerical simulations are performed and the
results obtained via different methods are compared. Our numerical parameterization method and optimization procedure

turn out to be effective.
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1. Introduction

Nowadays, nuclear fusion has been regarded as the most
promising resource because it is a clean energy resource which
has tremendous potential.!!) The tokamak is believed to be the
most promising fusion reactor. In a tokamak, the toroidal field
is produced by electromagnets that surround the torus, and the
poloidal field is generated by a toroidal electric current that
is carried by the plasma. This current is induced inside the
plasma with secondary electromagnet sets.?! The structure of
a tokamak is shown in Fig. 1.
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Fig. 1. (color online) Schematic diagram of a tokamak chamber.

Since the tokamak fusion reactor is a very complex device
containing various connected subsystems with a large number
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of instabilities and during the working process it must deal
with extremum temperature, high pressure, and great current,
it has to face a lot of challenging control problems that ur-
gently need to be solved. The control of the current profile
in tokamak plasmas has been proved to be the enabler of ad-
vanced scenarios characterized by improved confinement, en-
hanced magnetohydrodynamic (MHD) stability, and possible
steady-state operation.*! There is a considerable interest in
the start-up phase, as well as the tokamak breakdown process.
This area is still far from completion. ) In an operating fusion
reactor, the electric field is applied to ionize the pre-fill gas
and to ramp up the plasma current. ! However, in the start-up
of a reactor, either initially or after a temporary shutdown, the
plasma will have to be heated to its operating temperature of
greater than 10 keV. In designing the power supply system of a
large tokamak, it is important to estimate the breakdown volt-
age and to decide the optimal voltage that we should supply to
achieve successful start-up and a stable plasma current.[®! In
this paper, we first study the properties of the zero-dimensional
(0D) model, and in the future more complex models governed
by partial differential equations (PDEs) can be used to gener-
ate more accurate results.

Now, we consider the most favourable situation that does
not take into account impurities and escaping electrons. The
model we use is described in Refs. [7]-{9], respectively. In this
model, the term describing the average absorbed ECRH (elec-
tron cyclotron resonance heating) power is substituted into the
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energy balance equation for electrons. The energy balance
equation for ions also takes into account the absorbed addi-
tional ICRH (ion cyclotron resonance heating) power. The
energy balance equations for electrons and ions in the 0D ap-
proximation are written as the following ordinary differential

equations:
3d 3 nekT;
Ea(nekTe) = Pou — PA — Pon — 3 erE < + Pecru,
(D
3d 3 nikT;
Ea(”likTi) =Pr—Fex— 5 —— + PCRH-

The terms on the left-hand side denote the energy modifi-
cation rates of electrons and ions. On the right-hand side,
(3/2)(nekT./t5) and (3/2)(mikT;/g) are transport losses of
energy and the other terms are the power inputs and power
losses, whose specific meanings and expressions are listed in
Table 1.

Table 1. Notations in the system.

Meanings Unit
e concentrations of electrons 100 m=3
n; concentrations of ions, and ne = n; =n 1020 m—3
no concentration of neutrals 1020 m—3
T. temperatures of electrons keV
T; temperatures of ions keV
k 1.381 x 10723, Boltzmann constant JK!
Vi plasma column volume m?
V. vacuum vessel volume m?
Pou Ing /Vp, specific power of Ohmic heating MW
Ry 21R/a?, plasma resistance Q
n 1.65x 1073 (InL,) /T, Spitzer resistivity Qm
0.24[(T. — T;) /T,*3]n2, specific
Py equilibration power between electrons and ions MW
1.6 x 10"8ngn.S; Wi, specific energy
Pon losses through neutral gas ionization MW
2x 10713(7"6/Ry)1/2 exp(—Ry/Te)(6+Te/Ry) ' s,
Si neutral gas ionization rate m3.s~!
Wi 0.03 keV
Ry 0.0136 keV
2.4 x 10%neno(T; — To) 3%
Pex specific energy losses through charge exchange MW
Ty 2.59 % 1073 keV
TE energy confinement time S
particle confinement time, and
T assume that Tg =7, = 7 S
o 47 x 1077, vacuum permeability Hm!

The particle balance equations for electrons of concentra-
tion n. and neutrals of concentration ng are governed by

dne Ne
=noneSi — —,
dr T )
dng  Vp (ne s
—=— | =—nonS; | .
a v \g U

Note that dn./dt and dng/d¢ are the concentration modifica-
tion rates of electrons and ions. ngneS; allows for neutral gas
ionization and n. /7, is the transport loss of particles.

The electric circuit equation for the plasma current 1, is
governed by

L p _y 3)
Pge PP

which can be derived by Ohm’s law directly. L, =
HoR(In(8R/a)+1;/2—2) is the plasma column inductance and
U is the loop voltage, which is considered as a control vari-
able. Here, we set [; = 0.5 (flat current profile), and the other
notations used in Egs. (1)—(3) are listed in Table 1.

In the system of Egs. (1)-(3), k, Ry, W;, T, I;, lio are phys-
ical constants and n, ng, T, i, I, are variables. In this paper,
we will use the experimental parameters V,, Vy, R, a, T, L, and
the initial values of n, ng, Te, T;, I, which are parameters of
the experimental advanced superconducting tokamak (EAST).
EAST is the first shaped tokamak of mega-ampere scale to
achieve plasma utilizing a fully superconducting poloidal field
coil system located in Hefei, China.!" Parameters of EAST
that we have used are listed in Table 2.

Table 2. EAST parameters.

Variables ~ Value Remarks
R 1.85m major radius
a 0.4 m minor radius
Picru 10 MW ion cyclotron resonance heating power
Pscru 4 MW electron cyclotron resonance heating power
I, 1 MA plasma current

2. Problem formulation and basic analysis in
EAST

First of all, we rewrite Eqs. (1)—(3) as

dnT, 5 T.-T ,
T:(xﬁfﬁ e n” — ynnoS;(Te) — EnT,
= n7n 7T7T71 b
dnT; f(T 0Te 1 p) @
i —4i 2 0.327
dtl = eTel.Sln — &nno(T, — To) T, —&nT,
ég(nan()aTeaTi)v

where @ = 2.2 x 10%InL,/(kV,), B = 0.16k7!, y = 1.6 x
108W;/1.5k, E =171, { = 1.6 x 103k !,

dn n
a = nonSi(TC) 7 = h(”a”OvTe)v
o R )
W = —VV (n()nS](Té) - ;) = _vvh(nan(hn))
and
drf
LP(T;) +Ry(T)lp, = U, ©)

where R(T.) = 3.3 x 10°R(InLy) /a®T,>.

Because ng(n) = —(V,/Vy)n+ C, we then remove the
equation for the ion concentration dng, to obtain a new sys-
tem including four equations and transform the system (1)—(3)
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to the following compact form:

dn
E :h(nano(n)7n) :Fl (l’l,]é),
% _ f(nano(n)aTC7Tivlp) _Teh(nvno(n%]-ve)
dr n
:FZ(naTea’I-i7Ip)a (7)
@ _ g(n,ng(n),Te,Ti) - Tih(l’l,l’l()(n),TQ)
dr n
:F3(naTeaTi)7
dl, U—Ry(T.)l,
= ZTUOR (T, L, U).
dt Lp 4( erdp; )
For notational simplicity, we let X() =

(n(t), Te(t), Ti(t), I, (1)]T € R*, then the system can be ex-
pressed as
X(1) = F (e, X (1), U),

t>0. ®)

To figure out how the system works we first calculate
values of the four variables for ¢ € [0,2]. Figure 2 shows
how the variables change when U = 6 V, Pgcry = 4 MW,
Picru = 10 MW with initial values [n 7. T; I] = [2 x 1075 1 x
10733 x 1073 1]. It is obvious that in this situation I, will in-
crease rapidly and reach 1 x 10° A at about 0.904 s. Now, we

1.2
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5 03 Y':0.001195
E
= 0.4
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focus on determining the control of the loop voltage U to op-
timize other variables, particularly the plasma current I,. In
this paper, we only discuss a simple situation in which we
The first step
is to set U = 6 V which is actually the upper bound and
Pecru =4 MW, Picr = 10 MW until 7, = 1 x 10° A at the fi-
nal time instant # = 0.904 s. The second step is to control U so
that 7, can stay at 1 x 10% A. Since the first step is stable, the

separate the whole progress into two steps.

main control purpose is to maintain the plasma current after
t = 0.904 s. For convenience, we reset the initial timet =0's
at the beginning of the second step, as well as initial condition

X (0) = X, = [0.001195,4989,380.6,1 x 10617, (9)

Thus, the altered problem is to minimize the following objec-
tive function:

J(U) = (:[[(Ip(t) RO /0 " 10)

The control U must satisfy 0 V <U <6V and II’)‘ =1x10°A,
ty is the final time, A is the weight of control cost. Now, we
may state our problem formally as follows.

Problem 1 Given the dynamic system (8) with initial
condition (9), find an admissible control U € [0 V,6 V] such
that the cost functional (10) is minimized.

>
0]
i
>
A
3
&
0 L L L L L L L
0 0.4 0.8 1.2 1.6 2.0
Time/s
2.5
2.0
<
© 1-5
S
Al
~ 1.0 X :0.904
T ooslx:o Y': 1x106
Y - 27755%104 (d)
0
0 0.4 0.8 1.2 1.6 2.0
Time/s

Fig. 2. (color online) Variable values in the first 2 s (U = 6 V). (a) n, (b) T¢, (¢) T;, and (d) 1.

3. Numerical solution methods
3.1. Control parameterization

To solve Problem 1, we will apply the control
parametrization method introduced in Refs. [11]-[13]. Here
we use two different methods.

Method 1 The control is approximated by a piecewise
constant function with possible discontinuities at a set of fixed

switching points.

The values of the piecewise constant functions then be-
come decision variables to be selected optimally. In this pa-
per, we will divide the time horizon [0,#] into 10 subintervals
[tk—1,%), k=1,2,3,...,10 and to,12, . ..,10 is equally placed
time points such that

O=t<h<nh< - <tg<to=t, (11)

and the control function U is approximated by a constant value
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on each subinterval denoted by ¥, then U can be expressed

as
lo
U<t) ~ Z c X[tk—lvlk)(t)’ (12)
k=1
where X, | ;) : R — Ris the indicator function defined by

ift € [tr1,4),

13
otherwise, (13)

1
Xty ,tk)(t) = {0

and o* satisfies 0 V < of < 6 V. For convenience, we use o
to denote [6!,62,...,0'0].
When we finish the control parameterization procedure,

the dynamic system (8) becomes

10
X(1) I;IF(th(t)»Gk)X[tk,l,rk)(t)

Fi(1,X(1),0),

t € [0,z], (14)

and the cost functional (10) becomes

+a’ Z/0 [GkX[lkfl,tk)(t)]zdl. (15)

Now we can state the approximate parameter selection
problem as follows.

Problem 2 Given the dynamic system (14) with ini-
tial condition (9), find admissible control parameter vector
o € [0 V,6 V] such that the cost functional (15) is minimized.

Method 2 The control is approximated by a polynomial
U(t) = &3 + 6>+ Et 4+ &y, where £, &, &3, &4 € R, are the
parameters to be optimized.

Now &, &, &, &4 are decision variables to be selected
optimally. The dynamic system (8) becomes

X(t)=F(t,X(1),U),
:FZ(I,X(I),€1,€2,€3,€4), re [Oatf]v

and the cost functional (10) becomes

(16)

b= [0 -0 Rar
+l/0tf(§1t3+§2t2+<§3t+<§4)2dt. a7

When using Method 2, we must ensure that U(r) €
[0 V,6 V]. Therefore, we add some inequality constraints
generated by the sampling method. In this paper, we will di-
vide the time horizon [0,#] into 20 subintervals [tj_1,t;),j =
1,2,3,...,20 and ty,12, ...ty are equally placed time points.
Then the inequality constraints can be described as 0 V <
&3 +&at7 + &3+ 84 <6 V where j = 1,2,...,20.

Now, we can state the approximate parameter selection
problem as follows.

Problem 3 Given the dynamic system (16) with initial
condition (9), find admissible control parameters &;, &, &3, &4
such that the cost functional (17) is minimized.

Howeyver, in some situation, it will be more convenient for
the numerical computation if we transform the integral part of
the cost functional to a terminal state of the dynamic system.
Here, we define a new variable X” satisfying

d / 2 2

X - +

dr (Up = 1)+ A7, (18)
x’(0)=0.

Notice that X’ (#) equals cost functional J in Eq. (10),
and we add X’ to the dynamic system (8). We introduce the
following new state variable vector:

{Xn(t) = [n(t), Te(t), T.(2), I, (1), X7 (1)]T € R,

. ’ (19)
Xn(t) :Fn(tﬂX"(t)vU)a te [Ovtf]v

with the initial condition
X,,(0) = [1.195 x 1072,4989,380.6,1 x 10%,0]T.  (20)
Then, the cost functional (10) becomes
Jo =X’ (7). 21)

Now we can state the approximate parameter selection
problem as follows.

Problem 4 Given the dynamic system (19) with initial
condition (20), find admissible controls U € [0 V,6 V] such
that the cost functional (21) is minimized.

Similarly we can apply Methods 1 and 2 to Problem 4 to
obtain other approximate problems by changing the dynamic
systems (14) and (16) into

an([):Fnl(l,an(t),U), (22)

an([):Fnz(t,an(t),51,52,53,54). (23)

Meanwhile, we change the cost functional Egs. (15) and (17)
into a terminal time representation

Jut = X! (1), (24)

Jo =X (1). (25)

Problem 5 Given the dynamic system (22) with ini-
tial condition (20), find admissible control parameter vector
o € [0 V,6 V] such that the cost functional (24) is minimized.

Problem 6 Given the dynamic system (23) with initial
condition (20), find admissible control parameters &;, &, &3,
&, such that the cost functional (25) is minimized.
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3.2. Variational method

As problems 2, 3, 5, and 6 are optimal parameter selection
problems in a canonical form then we can solve them as non-
linear optimization problems using the active-set!!* or SQP
method.!">! Algorithm 1 below is the optimization algorithm
for solving the approximate problem.

Algorithm 1

Step 1 Give an initial guess;

Step 2 Compute objective value and gradient value at the
current points;

Step 3 If it is optimal, algorithm ends. Otherwise, go to
Step 4;

Step 4 Calculate search direction;

Step 5 Determine optimal step length;

Step 6 Generate new parameter vector, then go back to
Step 2.

There is a nonlinear optimization solver FMINCON in
MATLAB which can automatically carry out Steps 3-6. In
spite of this, we need to supply the gradient formula of the
cost functional. Here, we solve Problem 5 using the varia-
tional method.!'®) We define the state variation with respect to
o as follows:
dx(t|o)

(o) = 257

(26)
From Eq. (22), we have
t
Xt (1) = X (0) + /0 Foi(s, Xm(),0)ds.  (27)

Thus, we take the derivative with respect to o to obtain

aan([) _ aX,,l (0)

t O Fy (s, X1 (5),0) X1 (s)
9o 9o +/0 X 9o 98
1 O Fy (s, X1 (5),0)
+ /0 = ds. (28)

By differentiating with respect to time, we can obtain

d{aX,ﬂ} _ OF,(t, X (2),0) 0 X (1)

dr | do 00X, Jdo
0F,(t, X
+ nl(ta nl(t)ao-). (29)
do
Thus, I'(-|o) is the solution of the following variational sys-
tem:
. aFnl(l,an(l‘),O')
Ir = Ir
(o) D )
8F,,1 (I,an(t),O')
30
+ e ) (30)
with the initial condition
dX,1(0)
roy=———==0. 31
(0= a1

Now we can use the chain rule to compute the gradient of
the cost functional with respect to the decision variables
(o)  0X! (T|o) X/ (T|o)

8nl
do — axy LUle)r—5e— G2

By integrating with the nonlinear programming algorithm in
MATLAB using this gradient, then Problem 5 can be solved
numerically.

3.3. Costate method

Next we introduce the costate method to compute the cost
functional gradient. Here we compute Problems 2 and 3 using
this method.

According to classical optimal control theory,!'! the
Hamiltonian of Problem 2 can be defined by

H(t,X(t),0,pn)

10
— ((tle) =+ 1 Y [0 ()
k=1
+IJ’TF1(I7X(I)7O')7 (33)

where g1 € R* is called the costate vector. Using the maximum
principle, the costate system is defined by

T
falr) = - ["HW (7)., 10)

p(tr) = 0.

, te [07tf]7 (34)

Let 1(-|o) denote the solution of this costate system, then we
can compute the cost functional gradient

o4\ (o) :/rf OH(t. X (o), o.pt]0)) 4, (5
0

Jdo Jdo

We can use Simpson’s rule to evaluate this integral term in
Eq. (35). Let ¢ be an even integer. Choose a partition {;}7_,
such that

to =0,

hh—t1=h, 14=1,

then

't JH (t)
do
- h |:&H(t0)

dr

(=]

8H(t1) aH(tz) aH(Z‘3)
Jdo +a Jdo +2 do +a do
J0H (t4) JH (t4—1) N JH(t,)
Jdo Jdo do

~ -

3

+2 +--44 (36)

The Hamiltonian corresponding to Problem 3 is defined
as

H(t, X, & p) = (—Ip) + A(&1F + &t + &t + &4)?
+u By (1, X (1),61,6.83,&), (37)

and the rest of the computation is similar to Egs. (34)—(36).
With the computation of gradient of the cost functional,
Problems 2 and 3 can be solved numerically.
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4. Comparison of results
4.1. Method 1
In simulation, we set the time interval [0, 1] and equally

divide it into 10 subintervals. Then, we optimize the loop volt-
age U(l),1=1,2,...,10. The numerical results of Method 1

are shown in Figs. 3 and 4. The curve of I, during the whole
start-up phase (both the first part in which U = 6 V and the
second part in which optimal control is applied are included)
is shown in Fig. 5. From these figures we can see that the

optimal control is quite effective.

3.5 3.5 3.5
(a) (b) (c)

> 3.0 > 3.0 = 3.0
~ ~ ~
& & s
< 2.5 < 2.5 ] 2.5
= = =
Q) 9] )
> > >
2 2.0 2 2.0 2 2.0
o o o
o e) 3
— — —

1.5 1.5 1.5

1. 1. 1.

00 0.5 1.0 00 0.5 1.0 OO 0.5 1.0
Time/s Time/s Time/s

Fig. 3. (color online) Optimization results of piecewise-constant loop voltage. (a) Optimation without gradient, (b) optimation with
gradient in variational method, (c) optimation with gradient in costate method.
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3 9.9985
h 9.9980
0.88 0.92 0.96
! ! ! ! ! ! ! Time/s
9'990% 0.2 0.4 0.6 0.8 1.0
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Fig. 4. (color online) Optimization results of , with respect to

piecewise-constant loop voltage.
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X :0.9144

< sh Y': 1X106
i
o
i
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0 0.4 0.8 1.2 1.6
Time/s

Fig. 5. (color online) Optimization results of /, during the whole period.

We can see the I, curves fluctuate around the desired
value (1 MA) and tend to be stable with the time increases.
We set the same initial guess for the loop voltage parameters
66‘, k=1,2,...,10. The results of parameters obtained using

three different methods, i.e., numerical gradient (NG), varia-
tional method (VM), and costate method (CM) are almost the
same, while the computational time is significantly different.
Note that the NG method means we do not supply the gradient
of the objective function and the software compute gradients
using finite differences. Table 3 illustrates the comparison of
computing time and optimized results. The costate method
(CM) spends the least time to obtain the similar minimum ob-
ject value.

Table 3. M1 computation time and optimized results.

Method Object value Time/s
NG 47291.7 2103.53
VM 47291.8 321.13
CM 48628.9 61.56

The advantage of M1 is that the loop voltage is piecewise-
constant, which is easy to control. However, the smoothness
of I, cannot be ensured and the computation time is relatively
long.

4.2. Method 2

The loop voltage is in the parameterization form of 3-
order polynomial about time ¢. Then, it can be expressed as
U(t) = &1 + & 4+ &t + &4, where &1, &, &, and & are
optimal parameters. The numerical calculations of Method 2
are shown in Figs. 6 and 7. Table 4 illustrates the compari-
son of computing time and optimized results. The weight in
the figures stands for the weight (1) of the control cost in the
cost functional. It has influence on the optimal cost functional
value, but has little impact on the optimal control parameters.
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Because there are only four parameters, the computing time
is much less than that of Method 1 and the two methods (CM
and VM) have some minor differences in values and time.

< <

> 3@ > 3 (®)

o o

g g

g 2 £ 2

o o

e} e}

S 1 S 1

= 0 0.4 0.8 0 0.4 0.8
Time/s Time/s

< <

> 3] (@ % 3f @

o0 a0

g g

g 2 g 2

o) o

(@) le)

9 1 S 1

= 70 0.4 0.8 0 0.4 0.8
Time/s Time/s

Fig. 6. (color online) Optimization results of 3-order polynomial loop
voltage. (a) VM with weight=0, (b) VM with weight=2000, (c) CM
with weight =0, (d) CM with weight =2000.

< 10.002|(2) « 10.002 (P)
= S
= 9.9980 = 9.9980
Sy <
9.9940 9.9940
0 0.4 0.8 0 0.4 0.8
Time/s Time/s
« 10.002(¢) < 10.002{ (d)
S =
= 9.9980 = 9.9980
= 5
9.9940 9.9940
0 0.4 0.8 0 0.4 0.8
Time/s Time/s

Fig. 7. (color online) Optimization results of /, with respect to 3-
order polynomial loop voltage. (a) Variational method with weight=0,
(b) variational method with weight=2000, (c) costate method with
weight =0, (d) costate method with weight=2000.

Table 4. M2 computing time and optimized results.

Method Object value Time/s

VM weight=0 56229.8 11.73
VM weight=2000 70357.6 12.35
CM weight=0 56869.1 10.99
CM weight=2000 71029.4 10.51

Though the object value of M2 is slightly larger than M1,
it is much faster.

5. Conclusion and remark

We present an effective computational method for plasma
current design during the start-up phase in a tokamak. The
simulation results listed above have demonstrated that both of

the control parametrization methods are effective. Besides,
during the simulation progress, we have compared the vari-
ational method with the costate method to compute the cost
functional gradient. It turns out that the costate method is
much faster than the variational method while the final cost
functional is quite similar, especially when we use Method
1, which spends longer time since it has more parameters to
be decided and more numerical ODEs to be computed. Even
though, there is still a great deal of room for improvement.
For instance, in this paper we have designed the current curve
during the whole time interval. However, in many situations,
we only care about the states of the terminal time and do not
need to track a fixed current curve. In our future work, we will
consider another situation in which we only set the terminal
state constraints and it will generate the optimal current curve
automatically without any additional constraints.

Remark 1 While using the variational method, it may
need to compute the dynamic system and the variational sys-
tem separately. This means that we need to compute the dy-
namic system first and then use the interpolation of the vari-
able values to compute the variational system, because the
ODESs may be singular and give wrong results if we put them
together.

Remark 2 When it comes to the costate method, X” (¢) is
not suitable to be added, because we will encounter a problem
when computing dH /dX”.
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