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Time fractional dual-phase-lag heat conduction equation∗
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We build a fractional dual-phase-lag model and the corresponding bioheat transfer equation, which we use to interpret
the experiment results for processed meat that have been explained by applying the hyperbolic conduction. Analytical
solutions expressed by H-functions are obtained by using the Laplace and Fourier transforms method. The inverse fractional
dual-phase-lag heat conduction problem for the simultaneous estimation of two relaxation times and orders of fractionality
is solved by applying the nonlinear least-square method. The estimated model parameters are given. Finally, the measured
and the calculated temperatures versus time are compared and discussed. Some numerical examples are also given and
discussed.
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1. Introduction
It is well known that the classical Fourier heat conduction

law implies an infinitely fast propagation of a thermal signal.
To consider a finite speed of thermal propagation, Cattaneo
and Vernotte proposed a thermal wave model. However, some
predictions of that wave model do not agree with experimen-
tal results. A further study shows that it has only taken ac-
count of the fast-transient effects, but not the micro-structural
interactions.[1] To incorporate the microscopic effects into a
macroscopic description, Tzou[2,3] proposed the dual-phase-
lag (DPL) model. This universal model is claimed to be able
to smoothly bridge the gap between the microscopic and the
macroscopic approaches, covering a wide range of heat trans-
fer models. Numerous efforts have been invested in the devel-
opment of an explicit mathematical solution to the heat con-
duction equation under the DPL model (see Ref. [1] and refer-
ences therein). Shen and Zhang[4] also studied the DPL heat
conduction equation with various initial boundary conditions
by employing a high-order numerical scheme. The DPL heat
conduction model has widely used in the heat transfer field,
such as bioheat transfer across the tissue,[5] heat transport in
amorphous media,[6] and layered-film heating in superconduc-
tors, fins, and reactor walls.[7] The experiments of Mitra et
al.[8] with processed meat have attracted much attention. They
found that the measured temperature in the processed meat has
non-Fourier behaviors and they explained these behaviors us-
ing the hyperbolic heat conduction model. Antaki[9] offered a
new interpretation for the evidence of non-Fourier conduction
in experiments of Mitra et al.[8] using the DPL model.

In the past decades, the subject of fractional calculus has
become a rapidly growing area and it has found applications in
a wide range of fields, including physics, geophysics, hydrol-
ogy, mathematical biology, and mathematical finance.[10–14]

One of the main reasons for this is the global dependency or
nonlocal property of the fractional derivatives. These features
allow us to model phenomena across multiple time and space
scales.[15] Recently, many studies have shown that fractional
calculus is very useful in the area of biorheology. Suki et
al.[16] found that the pressure/volume response of a whole lung
can be aptly characterized by a Newtonian fractional-order
viscoelastic material model. Chen et al.[17] showed that the
dynamic mechanical properties of agarose gels can be char-
acterized with a fractional order derivative model. Kiss et
al.[18] conducted dynamic tests on normal and thermally ab-
lated canine liver specimens to fit a fractional Kelvin–Voigt
model. Kohandel et al.[19] used the fractional Zener model to
describe the frequency dependence of brain tissue. Craiem and
Armentano[20] used a multiple element fractional model to de-
scribe the arterial viscoelasticity. The fractional Zener model
was also used to describe the viscoelastic property of the fins,
muscle, and skin of Crucian carp.[21] Vosika et al.[22] derived
a new class of fractional models for electrical impedance and
applied them to human skin.

The topic of heat and mass transfer is to some extent new.
Compute and Metzler[23] proposed three possible time frac-
tional generalizations of the Cattaneo model. Povstenko[24]

used the fractional heat equation, which is obtained through
a time fractional Fourier law, to model thermoelasticity. The
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time fractional heat conduction equation in the general orthog-

onal curvilinear coordinate system was also built by Jiang and

Xu.[25] Based on the above work, Povstenko[26] studied the

time fractional Cattaneo-type equations and formulated corre-

sponding theories of thermal stresses. Ezzat[27] used the mod-

ified Fourier’s law to study the heat transfer in MHD for a

thermoelectric medium. Jiang and Qi[28] derived a fractional

thermal wave model of skin burns caused by spatial heat-

ing. The multi-term time–space fractional advection–diffusion

equations on a finite domain were considered and the ana-

lytical solutions were derived by Jiang et al.[29] The numer-

ical methods of solving the diffusion equations have also been

studied, such as the meshless method[30–32] and the numerical

inverse Laplace transform method.[33] Some research on the

fractional Cattaneo model and its applications can be found in

Refs. [34]–[39] and the references therein. Recently, Ghaz-

izadeh et al.[40] showed that the Levenberg–Marquardt (L–

M) method can be successfully applied on the inverse frac-

tional heat transfer problem. The L–M method was also used

in Ref. [22] for fitting the experimental data. More recently,

Atanacković et al.[38] proposed the fractional Jeffreys-type

heat conduction law and obtained the analytical solution to

the Cauchy problem of the corresponding fractional Jeffreys-

type heat conduction equation. The concept of a dynamic-

order fractional dynamic system was also introduced by Sun

et al.[41], and it was also used to describe the diffusion sys-

tem. Ezzat et al.[42] introduced a mathematical model of two-

temperature magneto-thermoelasticity, where the fractional

dual-phase-lag heat conduction law was considered. Further-

more, Ezzat et al.[43,44] also derived a fractional Fourier law

of three-phase lag of thermoelasticity.

The objective of the present study is to establish a frac-

tional dual-phase-lag model for biological tissue, by which ex-

periments I and III in the study of Mitra et al.[8] that are used

to show the wave nature of heat transfer in processed meat

can be explained. In Section 2, we first present the fractional

dual-phase-lag model for biological tissue. Then in Section 3,

the analytical solution of the fractional dual-phase-lag equa-

tion with certain initial and boundary conditions is obtained

through the Laplace and Fourier transforms method. In Sec-

tion 4, the inverse problem of estimating τq, τT , α , and β is

studied based on the non-linear least-square method. We show

the experimental examples graphically and discuss the influ-

ence of four parameters τq, τT , α , and β . Finally, we present

our conclusions in Section 5. To the author’s knowledge, this

fractional dual-phase-lag model for biological tissue has not

been reported so far.

2. Time fractional dual-phase-lag model
The classical Fourier’s law, which relates heat flux to the

temperature gradient, can be written as

𝑞(𝑟, t) =−k ∇T (𝑟, t), (1)

where 𝑟 stands for a material point, t is the time, k is the ther-
mal conductivity of the material, 𝑞 is the heat flux, T is the
temperature, and ∇ is the gradient operator. To account for
the micro-scale effect, Tzou[2,3] has proposed a dual-phase-lag
model in the following form:

𝑞(𝑟, t + τq) =−k∇T (𝑟, t + τT ), (2)

where τq and τT are the phase lag of the heat flux and the
temperature gradient, respectively. The delay time τT is inter-
preted as being caused by micro-structural interactions, such
as the phonon–electron interaction or phonon scattering. Tak-
ing the first-order Taylor series expansion on both sides of
Eq. (2) with reference to time t (neglecting the second- and
higher-order terms) yields

𝑞(𝑟, t)+τq
∂𝑞

∂ t
(𝑟, t) =−k

{
∇T (𝑟, t)+τT

∂

∂ t
∇T (𝑟, t)

}
. (3)

In the literature, relation (3) is also called the DPL relation
between the heat flux and the temperature gradient. By com-
bining Eq. (3) and the law of conservation of energy with con-
stant thermal properties and no heat source, one obtains the
DPL heat conduction equation

∇2T + τT
∂

∂ t
(∇2T ) =

1
a

∂T
∂ t

+
τq

a
∂ 2T
∂ t2 , (4)

where a is the thermal diffusivity. By comparing with the clas-
sical heat equation (τq = τT = 0), it is evident that the phase
lag of the heat flux, τq, is responsible for the wave nature of
non-Fourier heat conduction. On the other hand, the phase lag
of the temperature gradient, τT , brings an additional diffusion-
like feature into the thermal wave equation (τT = 0 and τq 6= 0).

Considering the successful applications of fractional cal-
culus in various complex systems[45] and the widespread of
anomalous diffusion in nature,[46,47] we replace the two first-
order derivatives with respect to time by the fractional oper-
ators, and the phase lags τq and τT by τα

q and τ
β

T , which are
introduced to maintain the dimensions in order. Thus, the time
fractional dual-phase-lag model is obtained as

𝑞(𝑟, t)+ τ
α
q

∂ α𝑞

∂ tα
(𝑟, t) =−k

{
∇T (𝑟, t)+ τ

β

T
∂ β

∂ tβ
∇T (𝑟, t)

}
,

(5)
where 0 < α , β < 1. The fractional derivative in Eq. (5) is
defined as

∂ α

∂ tα
f (𝑟, t) =

1
Γ(1−α)

∫ t

0

f ′(𝑟, t ′)
(t− t ′)α

dt ′, (0 < α < 1), (6)

034401-2



Chin. Phys. B Vol. 24, No. 3 (2015) 034401

which is referred to as the Caputo fractional derivative.[10] It
should be noted that we can also arrive at the time fractional
DPL model through the recently introduced fractional Taylor
formula from Eq. (4) (for details, see Ref. [48]). For α = β ,
equation (5) reduces to the fractional Jeffreys-type heat con-
duction law in Ref. [38], and for α = β = 1, the DPL model (3)
is recovered.

Heat transfer in biological systems is usually modelled by
the Pennes’ equation[49] based on Fourier’s law (1) as

ρc
∂

∂ t
T (𝑟, t) =−∇ ·𝑞(𝑟, t)+Q(𝑟, t), (7)

where Q(𝑟, t) = wbcb(Ta−T (𝑟, t))+qm +qr. Here, ρ , c, and
T are the density, the specific heat, and the temperature of the
skin tissue, respectively; cb is the specific heat of the blood, wb

is the blood perfusion rate; Ta is the temperature of the arterial
blood; qm is the metabolic heat generation in the skin tissue;
and, qr is the heat source due to spatial heating. The combi-
nation of Eqs. (5) and (7) provides a bioheat transfer equation
with two fractional parameters, α and β , which includes the
relaxation time τq and the delay time τT . They are all con-
sidered as the intrinsic thermal properties of biological tissue.
For the special case τT = 0, the fractional thermal wave model
in Ref. [28] can be obtained. Thus, we hope that system (5)
and (7) can provide a unified approach for the bioheat transfer
system.

3. Solution of the fractional dual-phase-lag heat
conduction equation
In this section, we will give the theoretical temperature

profiles for the specified experiments of Mitra et al.[8] based
on the time fractional DPL model (5) and the pennes’ equa-
tion (7). Since the experiments in Ref. [8] were carried out
with dead tissue, wb and qm both vanish. Besides, there is no
external heat source, i.e., qr = 0. Furthermore, the temperature
distribution is one dimensional. Equations (5) and (7) can then
be rewritten in the following forms:(

1+ τ
α
q

∂ α

∂ tα

)
q(x, t) =−k

(
1+ τ

β

T
∂ β

∂ tβ

)
∂

∂x
T (x, t), (8)

ρc
∂

∂ t
T (x, t) =− ∂

∂x
q(x, t), (9)

with the initial conditions

T (x,0) = T0 f (x), q(x,0) = 0, (10)

and the boundary conditions

lim
x→±∞

q(x, t) = 0, lim
x→±∞

T (x, t) = 0, t > 0, (11)

where T0 is a constant. For convenience in the subsequent
analysis, the following dimensionless quantities are intro-
duced:

T ∗ =
T −T0

Tref−T0
, t∗ =

t
τref

, x∗ =
x√

Dτref
,

q∗ =
q
√

Dτref

k(Tref−T0)
, τ
∗
q =

τq

τref
, τ
∗
T =

τT

τref
, (12)

where D = k/ρc, and Tref and τref are the reference temper-
ature and the reference time, respectively. Equations (8) and
(9) are then rewritten in the following non-dimensional forms
after omitting the asterisks:

(
1+ τ

α
q

∂ α

∂ tα

)
q =−

(
1+ τ

β

T
∂ β

∂ tβ

)
∂T
∂x

, (13)

∂q
∂x

=−∂T
∂ t

, (14)

and the corresponding initial and boundary conditions are

T (x,0) = g(x), q(x,0) = 0, (15)

lim
x→±∞

q(x, t) = 0, lim
x→±∞

T (x, t) = 0, t > 0, (16)

where g(x) = T0
Tref−T0

( f (x)−1).

In order to obtain the solution of Eqs. (13)–(16), the
Laplace and the Fourier transforms are used. By applying the
Laplace transform

u(·,s) = L [u(·, t)](·,s) =
∫

∞

0
u(·, t)e−st dt (17)

to Eqs. (13) and (14) under the initial conditions, we have

q+ τ
α
q sα q =−∂T

∂x
− τ

β

T sβ ∂T
∂x

+ τ
β

T sβ−1 dg(x)
dx

, (18)

∂q
∂x

= g(x)− sT . (19)

The Fourier transform with respect to x

û(ω, ·) = F [u(x, ·)](ω, ·) =
∫

∞

−∞

u(x, ·)e−iωx dx (20)

yields

q̂+ τ
α
q sα q̂ =−iωT̂ − iωτ

β

T sβ T̂ + iωτ
β

T sβ−1ĝ(ω), (21)

iω q̂ = ĝ(ω)− sT̂ . (22)

From Eqs. (21) and (22), we obtain

T̂ =
1+ τα

q sα + τ
β

T sβ−1ω2

s(1+ τα
q sα)+ω2(1+ τ

β

T sβ )
ĝ(ω), F̂(ω,s)ĝ(ω), (23)

where

F̂(ω,s) =
1+ τα

q sα + τ
β

T sβ−1ω2

s(1+ τα
q sα)+ω2(1+ τ

β

T sβ )
.

By introducing the solution kernel

F(x, t) = L −1(F−1(F̂(ω,s))), (24)
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the analytical solution of this problem can be written as

T (x, t) = F(x, t)∗g(x), (25)

where the asterisk “∗” denotes the convolution, which is de-
fined as ( f ∗g)(x) =

∫
∞

−∞
f (t)g(x− t)dt.

The first step to obtain the solution kernel is to get the in-
verse Fourier transform of F̂(ω,s). After using the following
property of the inverse Fourier transform:

F−1
[

1
a+ω2

]
(x) =

e−
√

a|x|

2
√

a
, a > 0, x ∈ R, (26)

and the Taylor series expansion, we obtain

F(x,s) =
τ

β

T sβδ(x)

s(1+ τ
β

T sβ )
+

√
1+ τα

q sα

2(1+ τ
β

T sβ )

√
s(1+ τ

β

T sβ )

×exp

(
−|x|

√
s(1+ τα

q sα)

1+ τ
β

T sβ

)
, F1(x,s)+F2(x,s), (27)

where δ(·) is the Dirac Delta function,

F1(x,s) =
τ

β

T sβδ(x)

s(1+ τ
β

T sβ )
, (28)

F2(x,s)

=

√
1+τα

q sα

2(1+τ
β

T sβ )

√
s(1+τ

β

T sβ )

exp

(
−|x|

√
s(1+τα

q sα)

1+τ
β

T sβ

)

=
∞

∑
m=0

(−|x|)m

2m!

∞

∑
n=0

(−1)n

n!

∞

∑
l=0

(−1)l

l!

Γ

(
n−m+1

2

)
Γ

(
l+

m+3
2

)
Γ

(
−m+1

2

)
Γ

(m+3
2

)
×τ

(m−2n+1)α/2
q

τ
(m+2l+3)β/2
T

1
s((m+2l+3)β−(m−2n+1)α−m+1)/2 . (29)

The second step gives the inverse Laplace transforms of
F1(x,s) and F2(x,s),

F1(x, t) = Eβ (−τ
−β

T tβ )δ(x), (30)

F2(x, t)=
∞

∑
m=0

(−|x|)m

2m!

∞

∑
n=0

(−1)n

n!
τ

(m−2n+1)α
2

q

τ

(m+3)β
2

T

t
(m+3)β−(m−2n+1)α−m−1

2 H1,2
2,4

τ
−β

T tβ

∣∣∣∣∣∣
(

1−n+m+1
2 ,0
)
,

(
1−m+3

2 ,1
)

(0,1),
(

1+m+1
2 ,0
)
,

(
1−m+3

2 ,0
)
,

(
1−(m+3)β+(m−2n+1)α+m

2 ,β

) ,
(31)

where Eα(·) and Hm,n
p,q (·) are the Mittag–Leffler function and

the Fox-H function, respectively.[10,50] In course of leading to
Eq. (31), the following expression of the Fox-H function is
used:

H1,p
p,q+1

[
z
∣∣∣(1−a1,A1),··· ,(1−ap,Ap)

(0,1),(1−b1,B1),··· ,(1−bq,Bq)

]
=

∞

∑
n=0

(−z)n
∏

p
j=1 Γ(a j +A jn)

n!∏
q
j=1 Γ(b j +B jn)

. (32)

Thus, equations (25), (30), and (31) are the obtained closed-
form solution, which is suitable for numerical computation.

4. Results and discussion
4.1. Experimental data fitting

In Ref. [40], the nonlinear L–M parameter estimation
technique was successfully used for simultaneous estimation
of the parameters in the fractional single-phase-lag heat con-
duction equation. There the predictions of experiments I and
III in Ref. [8] with the DPL model were used as experimental
results. Recently, Vosika et al.[22] derived fractional models
for the electrical impedance and applied them to human skin.
The nonlinear L–M least-square algorithm was also used for
experimental data fitting. Thus, we will use the data of exper-
iments I and III in Refs. [8] and [9] to estimate the parameters

α , β , τq, and τT in the time fractional DPL model. In addition,
the nonlinear least-square algorithm (L2-norm) will be used.

Experiments I and III were designed to show the wave na-
ture of heat transfer in processed meat. For further detail, see
Refs. [8] and [9]. For experiment I, the initial function g(x) is
given by

g(x) = 2(1−H(x)), (33)

where H(·) is the Heaviside step function. For experiment III,

g(x) = 2
(

Tci−Tmi

Tri−Tmi
H(x−d)+H(−x−d)

)
, (34)

where Tci, Tmi, and Tri are the initial temperatures of the three
samples, and 2d represents the nondimensional thickness of
the sample sandwiched between the other two semi-infinite
samples. By treating k, ρ , c, α , β , τq, and τT as constants,
then fitting the fractional DPL predictions to the temperatures
measured in Refs. [8] and [9] by the nonlinear least-square
method, we obtain

τq = 15.7804s, τT = 0.0059s, α = 0.9973, β = 1

for experiment I, and

τq = 12.6553s, τT = 0.0326s, α = 1, β = 0.8164
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for experiment III. The results of the parameter estimation in
this study for the fractional DPL model, together with the pre-
vious non-Fourier models of Refs. [8] and [9], are summarized
in Table 1. A comparison between the measured and the esti-
mated temperatures for experiment I is shown in Fig. 1. It can
be seen that the fractional DPL prediction (solid line) closely
follows the measurement and captures the rapid increase in the
temperature well. For experiment III, the comparison of the
measured and the estimated temperatures are shown in Fig. 2.
Although there are still differences with the experimental data,

the calculation shows that the L2 error of the fractional DPL
model for experiment III is the lowest in the three models. The
fractional DPL model also well predicts the rapid increase in
the measured temperature. However, the decrease is signifi-
cantly less rapid than that of the measurement, like the DPL
model. The above comparison shows that the fractional DPL
model can give a good temperature prediction for the prob-
lem under study. Thus, the fractional DPL model in this paper
provides a new theoretical perspective for an in-depth study of
non-Fourier heat conduction.

Table 1. Comparison of different non-Fourier heat equations in modelling experiments I and III.[8]

Experiment I Experiment III
α β τq τT error α β τq τT error

Thermal wave[8] 1 0 15.5 0 0.0749 1 0 15.5 0 0.3016
DPL[9] 1 1 16 0.043 0.0499 1 1 14 0.056 0.2380

Fractional DPL 0.9973 1 15.7804 0.0059 0.0073 1 0.8164 12.6553 0.0326 0.1175
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Fig. 1. (color online) Comparison of the measured temperature[8,9] and pre-
dictions for experiment I.
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τq=12.6553 s, τT=0.0326 s  
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τq=15.5 s, τT=0 s 

DPL: α=β=1, τq=14 s, τT=0.056 s 

Fig. 2. (color online) Comparison of the measured temperature[8,9] and pre-
dictions for experiment III.

4.2. Numerical examples

In order to show the behavior of the solution to the sys-
tem (13)–(16), several numerical examples are also given for

0 0.5 1.0 1.5 2.0 2.5

(b)

(a)

3.0
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x
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x

T
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↪t
↽
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T
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↽

α=0.6, 0.7, 0.8, 0.9, 1.0

β=0.2, 0.3, 0.4, 0.5, 0.6

τq=3, τT=1, β=0.5, t=0.5

τq=3, τT=1, α=0.8, t=0.5

Fig. 3. (color online) Plots of T (x, t) for T (x,0) = δ(t) when τq > τT .
The arrow indicates plots with increasing (a) α or (b) β .
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the initial condition g(x) = δ(x), where δ is the Dirac distribu-
tion. Generally, we assume τq > τT in the DPL model. While
a large number of applications of the DPL model are specif-
ically related to the case τq < τT , such as the ultrafast pulse-
laser heating on a metal film,[3,4] we also make a comparison
for τq > τT and τq < τT using Figs. 3–5. Figures 3 and 4

show the temperatures for various α and β when τq > τT and
τq < τT , respectively. It can be observed that figure 3 displays
the wave character and figure 4 displays the diffusive character
of the temperature. Figure 5 shows the solution T for fixed po-
sitions. It shows that the ratio τq/τT affects the time at which
the temperature of a fixed position reaches the maximum.
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Fig. 4. (color online) Plots of T (x, t) for T (x,0) = δ(t) when τq < τT . The arrow indicates plots with increasing (a) α or (b) β .
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Fig. 5. (color online) Plots of T (x, t) for T (x,0) = δ(t) when the positions are considered: (a) τq = 3, (b) τq = 0.3.

5. Conclusion

In the present paper, we study the time fractional DPL
model for bioheat transfer. Based on the experiments of Mi-
tra et al.,[8] the exact solution of the fractional DPL heat con-
duction equation is obtained under suitable initial and bound-
ary conditions with the help of integral transforms and the
H-function. The model is further used to study the temper-
atures of experiments I and III in Ref. [8] with the nonlinear
least-square method and a consistent result is obtained. This
shows that the fractional DPL model can help to promote the
understanding of heat conduction in biological tissues, such

as human tissue. The effect of the model parameters are also
discussed. The wave and the diffusion characters are shown.
We hope that the fractional DPL heat conduction model will
be useful in the description of non-Fourier heat conduction.
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