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Projectile angular-differential cross sections for single electron
transfer in fast He+ He collisions
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The four-body Coulomb–Born distorted wave approximation is applied to investigate the integral as well as projectile
angular-differential cross sections for single-electron capture in the collision of energetic singly positive charged helium
ions with helium atoms in their ground states. The formalism satisfies the correct boundary conditions. The influence of
the dynamic electron correlations on the cross sections is studied by considering the inter electronic interactions in the
complete perturbation potentials in post form. Also, the sensitivity of the cross sections to the static electronic correlations
is studied by using the single-zeta and the highly correlated Byron–Joachain wave functions to describe the initial bound
state of the active electrons. The obtained results for the energy range of 40–5000 keV/amu are reported and compared with
other three- and four-body theoretical data and available experimental measurements. The comparison leads us to discuss
the validity of the applied approach and survey the interaction effects on the cross sections by recognizing the electron–
electron interaction. Particularly, for differential cross sections, the comparison of the present four-body method with the
experiment shows that the agreement is not as good as that for its three-body version.
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1. Introduction

Photon– and ion–atom collisions play a central role in the
study of a large number of basic physical phenomena. Among
the various categories of scattering systems, heavy ion–atom
collisions have been studied extensively.[1–29] Single electron
transfer is an important and sometimes dominant process in
a typical heavy ion–atom collision. The importance of this
phenomenon in various fields of science has stimulated the-
oreticial physicists to propose many semiclassical and fully
quantum mechanical models for understanding the capture dy-
namics in different few-body ion–atom collision systems.[2–19]

Both differential and integral cross sections for charge transfer
in different ion–atom collisions have been the focus of some
experimental researches.[20–23]

Single-electron capture in the collision of fast singly pos-
itive charged helium ions with helium atoms is one of the pro-
cesses of interest, for which a large number of measured to-
tal cross sections exist in the literature.[24–29] However, the
theoretical studies of this process are scarce possibly due to
the complexities appearing in the typical five-body problem
calculations. The first-order four-body Born approximation
with correct boundary conditions (CB1-4B)[15,16] and the four-
body continuum distorted wave approximation (CDW-4B)[15]

have been applied to calculate the single electron capture total
cross sections for this reaction.

The integrated cross sections provide only an average
of the information of the collision dynamics. While, fully

differential cross sections contain all relevant information
about the collision process and are the most sensitive tests
to the validity of theoretical studies. Recently, the novel
imaging technique known as cold target recoil ion momen-
tum spectroscopy (COLTRIMS) provides a very efficient way
to measure the fully differential cross sections in ion–atom
collisions.[1,20] This development in experimental techniques
brings a renewed interest in the theoretical study of the differ-
ent reactions that may occur in ion–atom collisions at various
ranges of the impact energy.

In a previous paper,[7] we calculated the differential and
total cross sections for single-electron capture in the collision
of fast helium ions with helium atoms in their ground states
using a three-body Coulomb–Born distorted wave approxi-
mation (CBDW-3B). In that work, the non-captured electrons
were considered as the frozen electrons, so their interactions
with the active electron were not considered in explaining the
capture process. Although, with this three-body approach we
obtained comparative success in characterizing the dynamic
of the specified collision, it seems that neglecting the dynamic
correlations between the involved electrons leads to some un-
physical effects in the transition amplitude and to a significant
deflection from the experimental data, especially at higher im-
pact energies. On the other hand, there is a widespread belief
that an extension of the three-body formalism to its four-body
version would give a better description of the considered re-
arrangement process. The availability of the differential cross
sections, the relative success of the CBDW-3B theory in ex-
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plaining some aspects of the collision process, and the expec-
tation that a four-body version of the formalism may improve
the agreement of the results with the experiment, motivated us
to generalize our previous calculations to a four-body model.

The present work is aimed at investigating the role of
dynamic and non-dynamic electronic correlations for single-
electron capture to a projectile ground state without excita-
tion of the target using the four-body Coulomb–Born distorted
wave approximation, especially for energetic He+–He colli-
sions. In order to survey the role of the inter-electron repul-
sion potential from a dynamic point of view, we employ the
post formalism with the concrete full perturbation potential in
the exit channel. Also, the sensitivity of the formalism to static
correlations is examined using different wave functions to de-
scribe the initial bound state of the helium atomic target. The
second aim of this paper is a systematic study of the validity
of the four-body Coulomb–Born approximation, by compar-
ing the obtained results with the corresponding available ex-
perimental data as well as other theoretical calculations.

This paper is organized as follows. In Section 2, we de-
velop and study the basic structure of the present four-body
model and briefly sketch the approach to single-electron cap-
ture from helium atoms by helium ions as projectiles. In Sec-
tion 3, the obtained results are presented and compared with
those of other theories and the experimental results. The re-
lated discussions are also given in this section. Finally, in Sec-
tion 4, we summarize the results obtained. Atomic units will
be used throughout unless otherwise stated.

2. Theory

A four-body collision is considered, in which a projectile
ion P with an effective charge of ZP and mass MP captures one
electron from a helium target consisting of a target ion T and
two active electrons e1 and e2. The mass and charge of the
target nucleus are respectively denoted as MT and ZT = 2. Let
the position vectors of electron ei (with i = 1,2) relative to P
and T be respectively denoted as 𝑥i and 𝑠i. The inter-electron
distance vector is given by 𝑟12 = |𝑠1− 𝑠2| = |𝑥1−𝑥2|. Let
the relative vectors of P with respect to the center of mass of
the helium target and with respect to the nucleus T be denoted
as 𝑆T and 𝑅, respectively. It is also assumed that during the
collision process, electron e1 is captured by the projectile ion
and electron e2 remains bound to the target ion. Thus, 𝑆P is
the relative vector of the center of mass of the newly formed
atomic subsystem (P,e1) with respect to the center of mass of
the remaining subsystem (T,e2). In the entrance channel, it
is convenient to use the set of the Jacobi coordinate vectors(
𝑠1,𝑠2,𝑆T

)
for the positions of the constituents of the stud-

ied system, while in the exit channel, the more proper Jacobi
position vectors are

(
𝑥1,𝑠2,𝑆P

)
.

The exact expressions for the prior and the post forms of
the standard transition amplitude for a typical rearrangement
process, which are mathematically equal on the energy shell,
are given respectively by

T prior
if =

〈
ψ
−
f

∣∣Vi
∣∣φi
〉
, T post

if =
〈
φf
∣∣Vf
∣∣ψ+

i

〉
, (1)

where ψ
+
i and ψ

−
f are the exact solutions of the Schrödinger

equation in the center of mass frame, φi and φf are the asymp-
totic initial and final states, and Vi and Vf, which rapidly fall
off as R→ ∞, are the perturbation potentials in the initial and
final channels, respectively.

In the presence of the two-body Coulomb interactions,
for the considered reaction in which the electron of the pro-
jectile is not explicitly included (ZP > 1 and ZT = 2), there
exists a residual Coulomb interaction between the fragments
in the final channel. Consequently, the standard forms of the
transition amplitude must be modified to satisfy the correct
boundary conditions by including the produced distortion due
to this residual Coulomb interaction in the formalism. In the
first-order Coulomb–Born distorted wave approximation, the
produced distortion is included partially in the final interac-
tion potential and partially in the corresponding asymptotic
wave function to satisfy the proper boundary conditions. Con-
sequently, the modified forms for the matrix elements of the
amplitudes, in the first-order approximation, are given by

T prior
if =

〈
φf
∣∣Ui
∣∣φi
〉
, T post

if =
〈
φf
∣∣Uf
∣∣φi
〉
, (2)

in which

Ui =Vi = ZP

( 2
R
− 1

x1
− 1

x2

)
,

Uf =Vf−V a
f =

ZP +1
R
− 2

s1
− ZP

x2
+

1
r12

,

where V a
f is the final perturbation potential at asymptotic

separation, and φi and φf are the solutions of the following
Schrödinger equations:[
− 1

2µi
∇

2
𝑆T
− 1

2µT
∇

2
𝑠1
− 1

2µT
∇

2
𝑠2
− 2

s1
− 2

s2
+

1
r12

]
φi = Eφi,[

− 1
2µf

∇
2
𝑆P
− 1

2µP
∇

2
𝑥1
− 1

2µT
∇

2
𝑠2
+
(ZP−1)

SP
−ZP

x1
− 2

s2

]
φf = Eφf.

(3)

Therefore,

φi = ϕi(𝑠1,𝑠2)e+i𝑄i·𝑆T ,

φf = e−πη/2
Γ(1− iη)ϕP(𝑥1)ϕT(𝑥2)e+i𝑄f·𝑆P

×1F1(+iη ;1;−iQfSP− i𝑄f ·𝑆P), (4)

where η = µf(ZP−1)/Qf is the final Coulomb repulsive or
Sommerfeld parameter, 𝑄i and 𝑄f are the initial and final
wave vectors for the relative motion in the center of mass
frame, 1F1(a;b;x) and Γ(x) are respectively the confluent hy-
pergeometric and Euler’s gamma functions.
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In Eq. (3), E is the total energy of the system and is given
by

E =
1

2µi
Q2

i + 𝜖i =
1

2µf
Q2

f + 𝜖f,

where 𝜖i and 𝜖f are the initial and final bound-state energies,
and µi and µf are the reduced masses of the two aggregates in
the entrance and exit channels,

µi =
MP(MT +2m)

MP +MT +2m
,

µf =
(MP +m)(MT +m)

MP +MT +2m
,

with m being the mass of the electron. The other reduced
masses are defined as

µP =
mMP

m+MP
, µT =

mMT

m+MT
.

For computational purposes, the following initial bound-state
wave function is used:

ϕi(𝑠1,𝑠2) = NiN
′

i e−(ζ s1+ζ ′s2), (5)

in which Ni, N ′
i , ζ , and ζ ′ are some parameters that are deter-

mined by choosing the appropriate bound-state wave function
for the involved electrons in the entrance channel. Then the
final bound-state wave functions are assumed to be

ϕP(𝑥1) = NP e−ζPx1 , ϕT(𝑠2) = NT e−ζTs2 , (6)

in which the normalization factors NP and NT are respectively
given by NP = ζP

√
ζP/π and NT = ζT

√
ζT/π . In our final

results for the considered problem, we set ζP = ZP = 1.6875
and ζT = ZT = 2.

Substituting the explicit forms of the distorted initial and
final perturbation potentials, Ui and Uf, as well as the asymp-
totic initial and final wave functions, φi and φf given in Eq. (4),
into Eq. (2) leads to the following integral forms for the
CBDW-4B matrix elements of the transition amplitude:

T prior
if = e−πη/2

Γ(1+ iη)ZP
[
2IR−Ix1 −Ix2

]
,

T post
if = e−πη/2

Γ(1+ iη)

×
[
(ZP +1)IR−ZPIx2 −2Is1 +Ir12

]
, (7)

in which the partial transition amplitude IS (S = R, x1, x2, s1,
r12) reads

IS = N
∫

d𝑠1 d𝑠2 d𝑅
1
S

e−ζPx1−ζ s1−σs2

× e−i(𝑝·𝑠1+𝑞·𝑠2+𝑃 ·𝑅)
1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅), (8)

where N = NiN
′

i NPNT, σ = ζT + ζ ′, and the wave vec-
tors 𝑃 , 𝑝, and 𝑞 are respectively the momentum vectors trans-
ferred to the projectile ion P, the active electron e1, and the
non-captured electron e2 with the following explicit forms:

𝑃 =
MP

MP +m
𝑄f−𝑄i,

𝑝=
m

MT +2m
𝑄i +

m
MP +m

𝑄f,

𝑞 =
m

MT +2m
𝑄i−

m
MT +m

𝑄f.

When terms of the order m/M (with M = MP and/or MT) are
neglected, the position vectors 𝑅 and 𝑆P are approximately
equal. This fact has been used to derive the integral forms of
the partial amplitudes given in Eq. (8).

Similar to what has been explained in detail in Refs. [9]
and [30], the nine-dimensional integral for the partial ampli-
tude IR containing the two-body inter-nuclear Coulomb in-
teraction can be reduced to a one-dimensional integral which
is easy to calculate numerically. Toward this end, the integra-
tion over 𝑠2 can be easily performed as∫

d𝑠2 e−σs2−i𝑞·𝑠2 =
8πσ

(q2 +σ2)2 . (9)

Now, applying the integral identity

e−ζPx1 =− 1
2π2

∂

∂ζP

∫
d𝑘

e i𝑘·𝑥1

k2 +ζ 2
P
, (10)

and using the fact that 𝑥1 = 𝑠1−𝑅, we derive

IR = − 4σN

π(q2 +σ2)2
∂

∂ζP

∫
d𝑘

1
k2 +ζ 2

P

×
∫

d𝑠1 e−ζ s1+i(𝑘−𝑝)·𝑠1

∫
d𝑅

1
R

e−i(𝑘+𝑃 )·𝑅

×1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅). (11)

By noting that∫
d𝑠1 e−ζ s1+i(𝑘−𝑝)·𝑠1 =−4π

∂

∂ζ

( 1
(𝑘−𝑝)2 +ζ 2

)
, (12)

the result

IR =
16σN

(q2 +σ2)2

×
∫

d𝑅
1
R

e−i𝑃 ·𝑅
1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅)

× ∂ 2

∂ζP∂ζ

∫
d𝑘

e−i𝑘·𝑅

(k2 +ζ 2
P )[(𝑘−𝑝)2 +ζ 2]

(13)

is obtained. Using the Feynman identity[31]

1
ab

=
∫ 1

0
dx

1
[ax+b(1− x)]2

, (14)

we have

IR =
16σN

(q2 +σ2)2

×
∫

d𝑅
1
R

e−i𝑃 ·𝑅
1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅)

× ∂ 2

∂ζP∂ζ

∫ 1

0
dx
∫

d𝑘
e−i𝑘·𝑅

[(𝑘−𝑝0)2 +ξ 2]2
, (15)
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in which ξ 2 = x(1−x)p2+ζ 2
P x+ζ 2(1−x) and 𝑝0 = (1−x)𝑝.

When the 𝑘 integration is performed using the integral identity∫
d𝑘

e−i𝑘·𝑅

(k2 +ξ 2)2 =
π2

ξ
e−ξ R,

we obtain

IR =
16π2σN

(q2 +σ2)2
∂ 2

∂ζP∂ζ

∫ 1

0
dx
∫

d𝑅
1

ξ R
e−ξ R−i(𝑝0+𝑃 )·𝑅

×1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅). (16)

Similar to that for the three-body rearrangement processes
discussed in Ref. [9] and [30], and using the Nordsieck
integral,[32] the final one-dimensional integral form of IR is
obtained as

IR =
(4π)3σζ ζPN

(q2+σ2)2

∫ 1

0
dxx(1−x)

(
1
ξ

∂

∂ξ

)2 1
ξ

Φ(ξ ,𝑝0+𝑃 ),

(17)
where

Φ(λ ,𝑈) =
(U2−2𝑄f ·𝑈 −2iλQf +λ 2)iη

(U2 +λ 2)1+iη .

Proceeding in a similar manner, we may also reduce the nine-
dimensional integrals for Ix1 and Is1 to the one-dimensional
integrals as follows:

Ix1 =
(4π)3σζN

(q2+σ2)2

∫ 1

0
dx(1−x)

(
1
ξ

∂

∂ξ

)2

Φ(ξ ,𝑝0+𝑃 ),(18)

Is1 =
(4π)3σζPN

(q2 +σ2)2

∫ 1

0
dxx
(

1
ξ

∂

∂ξ

)2

Φ(ξ ,𝑝0 +𝑃 ). (19)

In order to reduce the partial transition amplitude Ix2 to
a two-dimensional integral, the 𝑠2 integration can be simpli-
fied using the Fourier transform of e−σs2 and employing the
Feynman identity. A simple manipulation yields∫

d𝑠2
e−σs2−i𝑞·𝑠2

|𝑠2−𝑅|
=−2πσ

∫ 1

0
dyy

1
ρ

∂

∂ρ

( 1
ρ

e−ρR−iy𝑞·𝑅
)
,

in which ρ2 = y[σ2 + (1− y)q2]. Using this result together
with the integral identity (10), and performing the 𝑠1 integra-
tion as is carried out in Eq. (12), we obtain

Ix2 = −4σN
∫ 1

0
dyy

1
ρ

∂

∂ρ

[ 1
ρ

∫
d𝑅e−ρR−i(y𝑞+𝑃 )·𝑅

×1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅)

× ∂ 2

∂ζP∂ζ

∫
d𝑘

e−i𝑘·𝑅

(k2 +ζ 2
P )[(𝑘−𝑝)2 +ζ 2]

]
. (20)

Again, by using the Feynman identity (14), the 𝑘 integration
can be performed to obtain

Ix2 = −4π
2
ρN

∂ 2

∂ζP∂ζ

∫ 1

0
dyy

1
ρ

∂

∂ρ

[ 1
ρ

∫ 1

0
dx

1
ξ

×
∫

d𝑅e−(ξ+ρ)R−i(𝑝0+y𝑞+𝑃 )·𝑅

×1F1(−iη ;1;+iQfR+ i𝑄f ·𝑅)
]
. (21)

The 𝑅 integration is a special case of the Nordsieck integral
and has a closed form. Inserting the analytical expression for
this integral into the above equation results in the following
final form for Ix2 :

Ix2 = 2(2π)3
σζ ζPN

∫ 1

0
dyy
(

1
ρ

∂

∂ρ

)2 ∫ 1

0
dxx

×(1− x)
(

1
ξ

∂

∂ξ

)2( 1
ξ

Φ(ρ +ξ ,𝑝0 + y𝑞+𝑃

)
. (22)

A similar procedure can be developed to reduce the partial
transition amplitude Ir12 to a two-dimensional integral. The
result is

Ir12 = 2(2π)3
σζPN

∫ 1

0
dyy
(

1
ρ

∂

∂ρ

)2 ∫ 1

0
dxx

×
(

1
ξ ′

∂

∂ξ ′

)2

Φ(ξ ′,𝑞0 +𝑃 ), (23)

where ξ ′2 = x(1− x)(𝑝+ y𝑞)2 + ζ 2
P x+ (ρ + ζ )2(1− x) and

𝑞0 = (1− x)(𝑝+ y𝑞).

Both differential and integral cross sections for single-
electron capture in the collision of singly positive helium ions
with helium atoms can be calculated using the post and/or the
prior transition amplitudes given in Eq. (7). In the center of
mass (c.m.) frame, the differential cross section is given by

σc.m.(θ ,E) =
(

dσ

dΩ

)
c.m.

=
µiµf

(2π)2
Qf

Qi

∣∣Tif
∣∣2, (24)

and the integral capture cross-section is given by

σ(E) =
µiµf

2π

Qf

Qi

∫ +1

−1

∣∣Tif
∣∣2 d cosθ , (25)

where Tif is the prior or post transition amplitude and θ is the
scattering angle.

Finally, we note that the projectile carries an electron with
a given spin projection, and the Pauli principle will prevent an
electron with like spin to be captured (unless an excited state
is formed). This means that for the 1s→ 1s transition, the two
ground-state electrons of the helium target are not equivalent;
while for the transitions from the 1s state to all excited states,
these electrons can be considered as equivalent electrons. Sub-
sequently, using the well-known n−3 scaling rule, we estimate
the total cross sections for capture to all the possible final states

as σtotal =
(
2

∞

∑
n=1

1/n3−1
)
σ(E) = 1.404σ(E). The influence

of such Pauli blocking on the capture process of an electron
and its transfer to a partially filled shell has been discussed in
several papers (see, e.g., Ref. [33]).
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3. Results and discussion
The main intent of the present study is two-fold. First, the

model is meant to demonstrate the influence of the static and
dynamic electron correlations on the differential cross sections
by directly comparing the obtained results with their corre-
sponding experimental measurements as well as the results of
other theories. Second, we would like to determine whether a
generalization of the CBDW-3B approximation to a four-body
formalism improves the results for differential cross sections.
To this end, in this section, the obtained results for single-
electron capture in the collision of singly positive helium ions
with helium atoms in their ground states are presented and dis-
cussed. The following results are obtained using the single-
zeta wave function (SZ):[34]

ϕi(𝑠1,𝑠2) =
ζ 3

π
e−ζ (s1+s2),

with

ζ = ZT−
5
16

=
27
16

,

which describes the initial bound state of the two electrons
in the helium targets. In the following discussion, we as-
sert that the CBDW-3B theory deals with the specified prob-
lem as a symmetric collision system for which ZP = ZT. It
is well known that the prior and the post forms of the tran-
sition amplitude are equal for symmetric collisions. In our
previous study,[6] two sets of results obtained with different
effective nucleus charge numbers were discussed. However,
since the CBDW-3B theory with the effective nuclear charges
of ZP = ZT = 1.339 gives a better description of collision dy-
namics, in the following figures only these results are depicted
and compared with the present calculations. Also, a simple
variational wave function is used to describe the ground state
of the produced helium atom with ζP = 1.6875. Consequently,
the effective charge number of the projectile ion is assumed to
be ZP = 1.6875.

Figure 1 displays the angular distribution of the differen-
tial cross sections, obtained from the prior and the post forms
of the CBDW-4B transition amplitude, for the collision of
3He+ ions with 4He atoms as a function of the laboratory scat-
tering angle θlab at an incident energy of 60 keV/amu. In this
figure, the results are compared with those of the CBDW-3B
and the continuum distorted wave-Born initial state (CDW-
BIS) approximations.[6,20] The experimental values obtained
by Schöffler et al. are also depicted in the figure to scruti-
nize the present results. The comparison relates only to the
1s→ 1s transition amplitude. One of the basic differences be-
tween the CDW-BIS and CBDW theories comes from their
distorting potentials. For the CDW-BIS theory, the perturba-
tion potential is an operator-valued potential, whereas for the
CBDW theory, the distorting potential is the usual electrostatic

Coulomb potential. Although for both of the four-body theo-
ries, the initial wave functions are the same as given in Eq. (4),
their final wave functions are different. The CDW-BIS em-
ploys the scattering wave functions from the CDW-4B method
in the exit channel and replaces the Coulomb scattering waves
for the relative motion of heavy particles by their asymptotic
forms. Considering the differences between the CBDW and
CDW-BIS approximations, it is reasonable to expect that they
exhibit different behaviors to explain the collision dynamics.
However, the accuracy of the models should be examined by
comparing those results with experiments.

0

104

105

106

107

108

0.5

CBDW-4B (post)

CBDW-4B (prior)

CBDW-3B[6]

CDW-BIS (4B)[20]

Exp. data[20]

60 keV/amu

θlab/mrad

(d
σ
/
d
Ω

) l
a
b
/
a
.u

.

1.0 1.5

Fig. 1. (color online) Angular distribution of the single-electron capture
differential cross sections for collision of 60 keV/amu 3He+ ions with
4He atoms in their ground states. Both cross sections and scattering
angles are obtained in a laboratory frame. Lines are for theories, and
symbols for experiments.

As is seen from Fig. 1, both the prior and the post for-
malisms of the CBDW-4B theory show a sharp dip due to the
mutual cancelation among the various terms in the perturba-
tion potentials. Here, the angle at which this cancelation oc-
curs is called the dark angle. The dip appearing in the dark
angle is unphysical because it may not be observed in exper-
imental measurements. However, in the experimental data,
a structure is observed approximately in the same region in
which the unphysical dip occurs. For angles below the dark
angle, the post CBDW-4B curve lies under both the prior and
the CBDW-3B curves. Although the dynamic electron corre-
lation is absent in the prior formalism, it is explicitly included
in the post amplitude through the final complete perturbation
potential. As is seen from the figure, the maximum difference
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between the prior and the post results occurs in an angular re-
gion before the dark angle. Also it is seen that for extreme
forward scattering angles (angles below the dark angle), the
post results are in better agreement with the experiment and
consequently give a better description of the collision dynam-
ics. Although the effect of the passive electron on the results
due to the initial and final bound state wavefunctions is the
same in the prior and the post forms of the four-body T -matrix,
as the comparison shows, completely neglecting the dynamic
correlation may lead to an unphysical behavior of the transi-
tion amplitude at extreme forward scattering angles (or large
impact parameters). For scattering angles beyond the dark an-
gle, the difference between the prior and the post formalisms
is marginal and both have a significant deviation from exper-
imental observations. In this angular region, the CBDW-3B
theory is in a better agreement with the experiment. In com-
parison with CDW-BIS, the present approximation is found to
have better agreement with experimental cross-sections com-
pared to the four-body CDW-BIS model for nearly all the con-
sidered scattering angles.

The results from the present calculations are given in
Fig. 2 for an incident energy of 150 keV/amu. A compari-
son is made between these results and those obtained from the
CBDW-3B and CDW-BIS theories[6,20] and also those mea-
sured experimentally by Schöffler et al.[20] Here again the ex-
plicit inclusion of the dynamic correlation would lead to better
results at angles around the zero scattering angle. For this case,
the post, prior, and CDW-BIS curves coincide with each other
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Fig. 2. (color online) Angular distribution of the single-electron capture
differential cross sections for incident energy of 150 keV/amu.

at larger scattering angles. In an angular region above the dark
angle, the difference between the results obtained from the
four-body theories and the experiment is considerable. Also,
near the region of the dark angle, a structure appears in the
experimental measurement. In general, among the specified
models, the CBDW-3B approximation is better suited for ex-
plaining the features exhibited by the measured cross-sections.

The results for the prior and post differential single elec-
tron capture cross sections in fast 3He+–4He collisions at
300 keV/amu are displayed in Fig. 3. The experimental data
given by Schöffler et al.[20] and the theoretical data from the
four-body CDW-BIS[20] and three-body CBDW theories[6] are
also depicted in this figure. The prior and post graphs, which
coincide with each other at angles beyond the dark angle, are
not in good agreement with the experimental measurements
in this angular region. Also, a significant discrepancy can be
seen between the prior and the post curves at extreme forward
scattering angles. In the CBDW-3B computations, neglect-
ing the dynamic electron correlation causes some deflection
from the experimental results in this angular region. At the
angles around the zero scattering angle, the results of the post
CBDW-4B theory are in excellent agreement with the experi-
mental findings. A complex structure is observed in CDW-BIS
around the dark angle, while such a structure is absent both in
experimental and other theoretical results. Except for a narrow
cone around the zero scattering angle, the CBDW-3B theory
gives a better description of the collision dynamics.

103

104

105

106

102

101

107

(d
σ
/
d
Ω
) l

a
b
/
a
.u

.

0 0.5

θlab/mrad

1.0 1.5

CBDW-4B (post)

CBDW-4B (prior)

CBDW-3B[6]

CDW-BIS (4B)[20]

Exp. data[20]

300 keV/amu

Fig. 3. (color online) Angular distribution of the single-electron capture
differential cross sections for incident energy of 300 keV/amu.
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Differential cross sections as a function of the labora-
tory scattering angle for the same reaction at incident energy
630 keV/amu are depicted in Fig. 4. At small angles, our post
results are much closer to the experimental distribution than
those of the other theories. For scattering angles below the
dark angle, these results are in reasonable accordance with the
experiment. However, for angles above the dark angle, both
the post and the prior results coincide with each other and
are considerably larger than the experimental results as well
as other theoretical results. Similar to the previous case, the
four-body CDW-BIS method shows a complex structure in an
angular region around the scattering angle of 0.2 mrad.
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Fig. 4. (color online) Angular distribution of the single-electron capture
differential cross sections for incident energy of 630 keV/amu.

As is seen, for larger scattering angles, our results are de-
flect relative to the experimental data, possibly due to the fact
that the specified collision is a five-body collision, while we
assume that one electron is frozen to the projectile nucleus,
thus neglecting the effect of its interaction with the active elec-
tron of the target. Another reason for the deflection from the
experimental data may be related to the fact that the effect of
the second and higher order terms in the present formulation
increases when the impact energy increases and the first-order
approximation is not sufficient for the presentation of all the
patterns exhibited in the experimental data.

Another issue that we wish to examine is the sensitivity of
the present formalism to the static correlation of the two elec-
trons in the helium target. Toward this end, we compare the

results obtained from the two different wave functions describ-
ing the initial bound state of these electrons: the single-zeta
and the highly correlated multi-parameter Byron–Joachain[35]

wave functions. The latter wave function is given by

ϕi(𝑠1,𝑠2) =
1

4π
(Ae−ζ s1 +Be−ζ ′s1)× (Ae−ζ s2 +Be−ζ ′s2),

with A = 2.60505, B = 2.08144, ζ = 1.41, and ζ ′ = 2.61. For
all the above discussed impact energies, a comparison of the
results shows that a sensible discrepancy does not exist be-
tween the differential cross sections computed by means of
these different wave functions. In other words, the present
formalism is not so sensitive to the static correlation. For ex-
ample, figure 5 compares the prior and the post differential
cross sections obtained by means of the single-zeta and the
correlated Byron–Joachain wave functions for an impact en-
ergy of 60 keV/amu. As is seen, the difference between the
corresponding results is marginal. However, the post results
are in better agreement with the experiment. The fact that the
ground-state correlation has little effect on the capture cross
sections is also supported by the other studies of the different
charge transfer processes (see for example Refs. [8] and [14]).
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Fig. 5. (color online) Comparison of the prior and post differential cross
sections obtained by means of the CBDW-4B theory using the single-
zeta (SZ) and the correlated Byron–Joachain (BJ) wave functions. Lines
are for SZ and full symbols are for BJ wave functions. The experimental
values are denoted by open circles.

An overview of Figs. 1–5 shows that the present theory
is not suitable to explain the collision dynamics. Because it
predicts an unphysical dip in the angular distribution of the
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differential cross sections. Also the predicted results are sig-
nificantly larger than their corresponding experimental values
at larger scattering angles. A similar feature has been dis-
cussed for positronium formation from multi-electron targets
in Ref. [36]. However, the present results show that, in a
small angular region around the zero scattering angle, the in-
clusion of the inter-electron potential responsible for the dy-
namic electron correlation in the CBDW-4B amplitude would
reduce the deflection of the results from the experiments. Also,
the static correlation does not affect the theoretical results con-
siderably.

It is a difficult task to explain why the present CBDW-
4B results, contrary to what one would expect, do not im-
prove over those CBDW-3B calculations. This is an issue that
warrants further study. However, we can refer to a number
of possible causes for the discrepancy between these models.
(i) The initial bound-state wave functions for the two models
are different. The four-body model uses a two-electron wave
function with correlation, while the three-body model uses a
one-electron wave function. (ii) In the three-body model, the
residual helium ion in the final state is considered as a parti-
cle without internal structure, while in the four-body model, it
is considered as a bound subsystem which is described by a
hydrogen-like wave function. (iii) Both the initial and the final
perturbation potentials are different for the two models. (iv) In
the CBDW-4B model, only the final state is distorted by the
residual Coulomb interaction, while in the three-body model,
both the initial and the final states are distorted by the corre-
sponding Coulomb residuals. It seems that in the three-body
formalism including the initial and final Coulomb distortions
and considering an effective nuclear charge for the target ion
gives a better description of the average influence of the static
and dynamic correlations on the collision process than what is
done in the four-body formalism. Another issue which should
be examined in further study is whether including the second-
order transition amplitudes in the computations improves the
accuracy of the four-body results relative to those of the three-
body approach. Inclusion of the second-order calculations in
the CBDW formalisms and comparison of the obtained results
with the experiment allow for the accuracy of the three- and
four-body approaches to be assessed. Also it is helpful to give
insight into which physical aspects of the considered collision
process are most important in the accuracy of the model.

The CBDW-4B calculated post integral cross sections
for single charge transfer in 4He+–4He collisions, obtained
with the complete perturbation potential for energies between
60 keV/amu to 5000 keV/amu, are depicted in Fig. 6. These
results are compared with a number of available experimen-
tal data,[24–29] and also with the corresponding results ob-
tained from the four-body first Born (CB1-4B),[15,16] the four-
body continuum distorted wave,(CDW-4B)[15] and CBDW-3B

methods.[6] It is assumed that the projectile passive electron
remains in its atomic ground state during the collision. The
computation of the total cross sections is performed only for
the final ground state (for 1s→ 1s transition). The obtained
results are multiplied additionally by a factor of 1.404 in or-
der to include a contribution from the excited states according
to the well-known n−3 Oppenheimer scaling law. Contrary to
the differential case, the integral cross sections are in excellent
agreement with the experiment. They are also a little larger
than, but compatible with, the CBDW-3B results.[6] A compar-
ison of these results with those of the CB1-4B and CDW-4B
shows that the CBDW-4B model is in better agreement with
the experiment at smaller scattering energies. The difference
between the results obtained from different four-body theories
becomes ignorable as the impact energy increases.
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Fig. 6. (color online) Integral cross sections for single-electron capture
in collision of fast helium ions with helium atoms in their ground states.
Lines are for theories, and symbols for experiments. Impact energies
are given in the laboratory system.

4. Summary and conclusion
An analysis of the prior and the post forms of

the transition amplitude in the four-body Coulomb–Born
distorted-wave approximation with correct boundary condi-
tions (CBDW-4B) has been carried out for single electron
transfer in the collision of the fast singly positive helium ions
with helium atoms. An important criterion for establishing the
usefulness of the given theoretical model has been provided by
comparing the results with the experimental results. In spite of
the fact that a three-body version of the approximation gives
good estimates of the differential and integral cross-sections
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for different ion–atom collision systems, its four-body ver-
sion is not so successful in explaining the features exhibited
in the experiments for the differential cross sections. Espe-
cially for the prediction of an unphysical sharp dip in the an-
gular distribution of the differential cross sections and also for
large deflections of the results from the experiment at scatter-
ing angles beyond the dark angle, it becomes difficult to draw
a definite conclusion about the extent of the validity of the
present model. A similar situation was observed for the other
four-body theory (CDW-BIS) discussed through the previous
section. The only advantage of the present theory is that it
improves the theoretical results for extreme forward scatter-
ing angles by including the interaction potential responsible
for the dynamic correlation in the post form of the transition
amplitude. Also, it is shown that the CBDW-4B differential
and subsequently integral cross-sections are not so sensitive to
the choice of the initial bound-state wave function. Accord-
ingly, the static correlation does not play a significant role in
addressing the various aspects of the cross sections. In gen-
eral, the prior–post discrepancy is marginal for scattering an-
gles beyond the dark angle, and for smaller angles, the post
cross sections indicate better agreement with the experimen-
tal data. Also, as the impact energy increases, the discrepancy
between the prior and the post cross sections decreases. Con-
trary to the fact that the present four-body approximation fails
to give a good description of experiments for the differential
cross sections especially at larger scattering angles, it gives re-
sults in good agreement with the experimental total cross sec-
tions. The present results for the total cross section are more
satisfactory than those of the CB1-4B and CDW-4B theories,
particularly for lower incident energies, and are also compat-
ible with the results of the CBDW-3B approach across all of
the considered energy range.
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