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Influence of the environmental noise on determining
the period of a torsion pendulum”
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The environmental noise can restrict the accuracy of period estimation since the torsion pendulum is sensitive to weak
forces. Two typical models for the environmental noise are proposed to make an evaluation. Generally, the stationary
environmental noise is modeled as a white noise, and contributes to the period uncertainty as a function of the initial
amplitude, the quality factor, the variance of noise and the time length. As to a sudden sharp disturbance acting on the
pendulum, a narrow impulse model is constructed. It results in a sharp jump in the phase difference, which can be excluded
with the 30 criterion for a correction. An experimental data analysis for the measurement of the gravitational constant G
with the time-of-swing method shows that the period uncertainty due to the environmental noise is about one and a half
times the fundamental thermal noise limit. Though this result is dependent on the ambient environment, the analysis is
instructive to improve the measurement accuracy of experiments.
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1. Introduction

The measurement of a torsion pendulum’s period is of
great importance for some gravitational experiments.!!! For
example, the measurement of the Newtonian gravitational con-
stant G with the time-of-swing method?-8! is based on mea-
suring periods of the pendulum with two configurations of
source masses, and the measurement accuracy of the period
directly restricts the measurement accuracy of G.

As a highly sensitive device, the sensitivity and precision
of the torsion pendulum are limited by noise of different ori-
gins, which can be generally divided into two categories. One
is called the intrinsic noise, such as the thermal noise due to
the internal losses in the suspension system, which sets the
most fundamental limit to the period of the pendulum. -4
The other is called the external noise, namely, the environmen-
tal noise, which is a general term for different noise sources in-
cluding the seismic noise, the local gravitational disturbances,
the local magnetic field,!">! the Earth’s rotation!'®! and other
issues. In previous works, the thermal noise limit on the pe-
riod of the pendulum has been presented in detail, being a
function of the initial oscillation amplitude, the quality fac-
tor, the ambient temperature and the length of measurement

[8.12.14] Ag to the environmental seismic noise, related

time.
papers have focused on the effect of the coupling of swing
modes excited by it on the torsional mode. The frequencies
of the coupled modes are somewhat different from the natu-

ral frequency of the torsion pendulum, and these modes can
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be successfully suppressed by the amplitude or frequency sup-
pression method.!'’~"1 In this condition, it is reasonable to
think about the period uncertainty due to the resonance mode
excited by the stochastic and stationary environmental noise,
which has not been referred; except for it, the special condi-
tion when a sudden sharp shock occurs should be considered.
When compared with the thermal noise limit, the quantitative
analysis for the environmental noise’s influence on the period
is essential. In addition, how to suppress this influence still
needs further research.

In this paper, two typical models are respectively pro-
posed to make an evaluation of the influence of environmen-
tal noise on the torsion pendulum’s period. There are many
methods to extract the pendulum’s period.?*->3! The correla-
tion method is used in our analysis since it is insensitive to
drift, damping, as well as higher order harmonics. According
to the data processing rules, %! the data polluted by sudden
sharp external disturbances should be excluded with the 3¢
criterion, which states that for a normal distribution, nearly all
values (99.7%) lie within 3 standard derivations of the mean,
and the data falling outside the range should be picked out
and rejected. After the correction, the period uncertainty due
to the stochastic and stationary environmental noise is calcu-
lated, which is a function of the initial amplitude, the quality
factor, the variance of noise, and the time length. An exper-
imental data analysis in measuring G with the time-of-swing
method shows that the period uncertainty due to the environ-
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mental noise is about one and a half times of the thermal noise
limit. Though this result is dependent on the experimental
environment, the mathematical analysis is instructive for im-
provement of the measurement accuracy.

2. Period determination with the correlation
method

Subject to the velocity damping, the equation of motion
for a free torsion pendulum is

10 +7v6 +K6 =0, (D)

where [ is the moment of inertia, Y is the friction parameter,
and K is the fiber torsion constant. The torsion constant is an
intrinsic property of the torsion fiber, and its value changes

25261 I linear approxima-

with time due to the aging effect.!
tion, the torsion constant can be expressed as Ko(1 + at),
where K is the torsion constant at the initial time ¢t = 0, and
« represents the aging effect. Accordingly, a more realistic

description of the motion of the torsion pendulum might be
18+ 70 +Ko(1+ at) = 0. )

Noting the equivalence y/(2I) = B and Ko/I = @3, equa-
tion (2) is essentially the same as

6+2B0+w3(1+at)6 =0. (3)

Setting o = 0, there comes the familiar differential equation
6 +2B6 + w36 = 0, which can be solved by the standard
methods to be 6(r) = Ae P’ cos(w;r — @), where A is the ini-
tial amplitude of oscillations, @; = (@ — B%)'/2, and —¢y is
the initial phase depending on the initial conditions for the
pendulum. Since the aging effect is so weak that or < 1, an
approximate solution of Eq. (3) can be yield by treating the
factor 1 + ot as a constant. With first-order approximation of
ot, the signal frequency becomes ®(t) ~ w; + ayoir/2, as-
suming that the damping is relatively light. It is clear that @,
represents the damped oscillation frequency evaluated at t = 0.
The integral of frequency with respect to time gives the phase
of O(¢) in the form of () = Wt + wyat? /4 — ¢y. Therefore,
the approximate solution for Eq. (3) is

0(r) ~ Ae P cos <w1t+wzat2—¢0>- “)

To extract the period of the pendulum with the correlation
method, a standard function cos(®t) with @, =~ @, is cho-
sen as a reference signal to calculate the phase difference ¢;
1) with respect to 0(t) at the j-th period,
where m is the number of periods. For each period, the phase

(j=0,1,....m—

difference ¢; is determined by

2 DT .
b T 0(¢) sin(,t)ds
_ _ — r T
¢; = tan o= tan > AR , (5
! 7 ) 0(t)cos(ant)dt
rJjly

where T, = 27/, is the reference period. By Substituting
Eq. (4) into Eq. (5) and choosing the initial phase in |¢| < 1,
¢; is further calculated as

. oal? ,

T (6)

a)ooc7}2>

0j = ¢o— <A(DTr+ 1

with A®w = 0] — @;.

As the period changes with respect to time, the period at
half the measuring time is determined as a rough estimation for
the whole oscillations. To simplify the calculation, a shift of
the range of j with —(m — 1) /2 is processed. Then a quadratic
polynomial fitting of the phase difference ¢; is performed to
obtain the coefficients

m—1
X9
J=0

co m—1 _
c1 :(‘XT)()_1 ‘ZO <]_m]>¢l )

= 2
(&) J

m=1/ ;-1 2
j)::o (J_ 2 )d)j

) (N
| m—1 m—1\>
2 2
such that the center period is estimated to be
c1
T=|1+—|T. 8
( - M) ; ®)

3. Influence of the environmental noise on the
period

The torsion pendulum responses to environmental noise
including seismic noise, local gravitational disturbances, the
local magnetic field, the Earth’s rotation, and other issues.
Therefore, its period is somehow influenced by these distur-
bances. To make an evaluation, two typical models are pro-
posed based on the character of noise in the following subsec-
tions.

3.1. The white noise model

Generally, environmental noise can be viewed as stochas-
tic and stationary. In this case, it can be modeled by a random
fluctuation torque 7, (¢), which has a statistical property of the
white noise. Namely, it has zero mean (7. (7)) = 0 and the auto-
correlation function (7. (¢)%e(f2)) = DS (t] —t2). The equation
of motion changes from Eq. (3) to

6+2B0+wi(1+a1)8 =1(t)/1. )
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The solution is a linear combination of the corresponding
homogeneous differential equation in the form of Eq. (3) and
a particular solution due to the external torque. Accordingly,
It has the form as

0(r) ~ Ae P cos (a)lt + %fz - ¢0> + 6e(1).

It is difficult to get an ideal analytic expression for the par-
ticular solution 6,(¢). Considering that the noise is random
and the aging effect is weak as mentioned above, the analy-
sis could focus on the main part of the response to the noise.
Then, a first-order approximation for the particular solution is

obtained by ignoring the coefficient o

0c (1) ~ %/Otre(g)e*ﬁ“*@sin[w] (t—&)dE.  (10)

By calculation, (6(¢)) = 0, and the responses at different
times are correlated

(6e(t1)6e(12))
—B(t1+102)
= ?46[3][(01(1)1; — (1)3 cos [0)1 (l‘] —tz)] +B2008 [(J)] (l‘] +t2)]
DeBlti—n|
—Boysinfw (1 +1)] } + “4BIKy { cos [ (f] —1)]
+%Sm[ml|¢, | } (11)

As the oscillations of the pendulum are disturbed by 6, (¢),
the phase difference calculated by the correlation method is
then influenced by a random phase noise 5¢;, which is

Ab;
6¢j - Ae—JBT’
(J+)T;
/ (¢) sin(oopt )dt, (12)
T L
and ¢; can be further expressed as
wpaT?

waT?) |
0= ¢o—(AwTr+ r)]-

1 480, (13)

4

By substituting Eq. (10) into Eq. (12), and combining the re-
sult with Eq. (11), the autocorrelation function of 6¢; can be
calculated. When taking an approximation @, ~ ®;, the result
is

(71+62min{i,j}ﬁ7})' (14)

(5¢:5¢;) = ABIKA?

Consequently, when substituting Eq. (13) into Eq. (7), the
coefficient ¢ is biased by

—12 ! m—1
dc = 5¢; 15
C1 m—m3 Z ( > ¢]a (15)
and the period is influenced by
1
5T = 2L, (16)
2r

Finally, the uncertainty in period due to the stationary environ-
mental noise is

=\ {@T)? ~ a0 \/ 4311(0\/

where Q is the quality factor determined by @y /2f3.

_m/Q (a7

3.2. The narrow impulse model

Except for the stationary model, another model should
be constructed for the special condition when a sudden sharp
shock acts on the torsion pendulum, such as in high level seis-
mic noise. This instant shock can be treated as a narrow im-
pulse described by a §(¢) function, and the motion of the pen-
dulum is

6+2B0+w3(1+at)0 =0.5(t —1;), (18)

where #; is the time when the shock forces on the pendulum
with magnitude o..

Before time #;, the oscillations of the pendulum are de-
scribed by Eq. (4); after time #;, the initial conditions to solve
the equation are changed. Therefore, the rotational angle of
the pendulum during the whole measuring time is a piecewise
function. With a hypothesis that the aging effect and the damp-
ing are weak when compared with the shock, the angle can be

Ae Pt cos <w1t+ &tz ¢0> (r<t),

0(r) ~ 4 Ae P cos <w1t+w0t2—¢o> (19)

4

O¢ .
+—= sin(yr — @), (t>1).
(]

According to Eq. (5), the phase difference is also a piecewise

function
aal?\ . wal? .
¢o—<AwTr+ . )]— . Nt
(j<k),
0i % wyaT? wyoT? 20)
D (i VR
(j>k).

The relationship between time #; and k can be noted by ¢; =
kT: + At;, where k varies from O to m — 1, At; varies from O to
T;, and both are independent from each other.

The discontinuity in phase difference, noted by ¢y,
reflects the character of the external shock. Performing
a quadratic polynomial fitting of the phase difference in

Eq. (20), the linear coefficient c; is then influenced by

AC] :g(k)6¢l,7
g(k) = m:?n3 [~k +(m—2k+(m—1)], (21

and the period is biased in the same form of Eq. (16).
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4. Review of the thermal noise and the angular-
deflection readout noise

4.1. Thermal noise

As mentioned in previous works, the thermal noise is a
fundamental limit in the determination of the pendulum’s pe-
riod. The thermal fluctuation torque 7y (f) acting on the pen-
dulum is also viewed as a white noise. According to the fluc-
tuation dissipation theorem,*’! the expectation value and the
autocorrelation function can be respectively

(T (1)) =0,

(Tin (1) Tin(r2)) = 2ks T Tox

Q

where kg is the Boltzmann constant and 7 is the ambient tem-

8(tr —12), (22)

perature.

Comparing the property of the thermal noise with that of
the stationary environmental noise, they are the same except
that D is known as 2kg T oy /Q for the thermal noise. Simi-
larly, the thermal noise results in the period uncertainty:

knT
ATy ~ . \/ —D (23)

4.2. The angular-deflection readout noise

When the rotational angle is recorded, the noise in the
angular-deflection readout system is added in. It can be de-
scribed by a white noise 6,,(¢) with zero mean and the auto-
correlation function

(6r0(11)Bro(12)) = 61%6([1 — 1), (24)

where 62, is the variance of noise. Directly added to the origi-
nal signal, the readout noise 0;,(¢) generates the phase noise

2 g [UHDT: .
0; ~ e /;r, O (1) sin(@)dr.  (25)
Consequently,
_ 20041

where At is the sample interval.
Combining Egs. (25) and (26) with Eq. (15), the uncer-
tainty in period due to the readout noise is

AT, = T. [24At oy

— — 27
2n \ m3T, A 27

The relationship between the variance and the power spectral
density of the readout noise is 6, = Om(a))At‘l/ 2. Combining
it with Eq. (27) yields an equivalent expression as

24 O(0)

AT,
o= 27: m3T, A

(28)

5. Experimental data analysis

In the experiment of measuring G with the time-of-swing
method,?°! all the data are taken at a regular interval of Ar =
0.5 s. One typical angle-time data set of the pendulum in about
three days and its power spectral density (PSD) are shown in
Fig. 1. The initial amplitude of the rotational angle of the pen-
dulum is about 2.5 mrad. The period is about 532.5 s, with the
total period number m ~ 500.

In this system, the moment of inertia of the pendulum /
is about 4.5x 107 kg-m?, and the pendulum is suspended in
a high vacuum with Q of ~ 1700. The ambient temperature
is 7 ~ 300 K. According to Eq. (23), AT, due to the thermal
noise is about 0.10 ms. From the PSD, 6;,(®) for the readout
noise is measured about 1073 rad-Hz /2, so AT,, due to the
readout noise in Eq. (28) is 0.006 ms, which is one order less
than the thermal noise limit.

(a) |

Pendulum twist/mrad

1 2 3
Time/day
100

1075 pwr

PSD/rad-Hz1/2

Frequency /Hz

Fig. 1. The rotational angle (a) and its power spectral density (b): the
PSD of the thermal noise is plotted by the solid line, while that of the
signal is plotted by the dash line.

To determine the pendulum’s period with the standard
procedure, the phase difference is shown in the upper part of
Fig. 2. By performing a quadratic polynomial fitting to it, the
period is determined as in Eq. (8). In order to know the ten-
dency of the period, the phase difference is divided into small
parts. In each part, a linear fitting is performed to get the pe-
riod at the midpoint of the corresponding data segment. The
time-period sequence is illustrated by dots in the lower part of
Fig. 2. A linear fitting of these obtained periods is represented
by the solid line with the slope —0.02 ms/day, showing that
the period decreases with time as a result of the aging effect.
The vibration is due to different noise sources, and the statisti-
cal uncertainty in the period is evaluated as ATjpeas = 0.18 ms,
about two times of the thermal noise limit.

Attributed to a variety of noise sources, the statistical un-
certainty can be seen as a combined uncertainty, which is equal
to the positive square root of the combined variance obtained
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from all variance and covariance components. As the statis-
tical noise mainly consists of the thermal noise, the readout
noise and the environmental noise, a rough estimate of the un-
certainty due to the environmental noise can be AT, =0.15 ms,
which is larger than the thermal noise limit. Combining this
value with Eq. (17), the variance of the stationary external
noise can be evaluated.

The variation of the phase difference shown in Fig. 2 re-
flects the influence of the noise. Usually, before a quadratic
polynomial fitting to the phase difference is taken, an exam-
ination on ¢; is performed to see if there is a gross error
in the data, just by using the 30 criterion in the sequence
Agj =0 — Pj-1.

a correction; or else, the period should be badly influenced.

Further, the polluted phase is excluded as

|

| |

400 500

|

200 300

Phase difference/rad
o
o
=
no

Number of the period

532.554 : : : : :
» (b)
g oss2s52p . (.. . TS T
Qo? 532.550F ¢ . L
532.548 ~
0 1 2 3

Time/day

Fig. 2. (a) The phase difference calculated by the correlation method.
(b) Typical variations of the pendulum’s period with respect to time in
about three days. In panel (b), the ratio of uncertainty in period to ther-
mal noise limit is 1.8423.

—0.009
.. o
Sas X
5 —0.010 ,y’?z"‘zh. b e
g ke % <
S o011 3? ifzﬁ e
—0. .. .,
] A
= & .
T —0.012 5% .
9 SR
S 4
= ]
A —0.013}
g’
—0.014 L L L L L L L L L
0 100 200 300 400 500

Number of the period

Fig. 3. The phase difference calculated by the correlation method for
one data set. It is cutoff at the 337" period in the total 480 periods.

As an example, in Fig. 3, there is a sharp jump in the
phase difference. This data may be seriously polluted by
the external disturbances, such as a sudden disturbance from
the seismic noise. To make an evaluation, the narrow im-
pulse model in section 3.2 is used. The data is cutoff at the

337" point, with a jump from —0.0113 rad to —0.0097 rad.

Thus, the parameters in Eq. (21) are k = 337, m = 480 and
d¢, = 1.6 mrad. Accordingly, the bias on the period is AT, =
0.36 ms, which is considerable.

In conclusion, if there is a sudden disturbance from the
environmental noise, the influence can be detected and cor-
rected, so the analysis of period uncertainty due to environ-
mental noise comes back to the stationary noise model. In the
experiment of measuring G with the time-of-swing method,
the uncertainty in the period due to the environmental noise

contributes to the uncertainty in G with

AG AT,
— ~ V2 29
- an_Tf, (29)

where T, and T; represent the periods of the pendulum at the
near and the far configurations respectively, and T, — Tr ~
3.2 s. Taking the value AT; = 0.15 ms, the uncertainty in G
is about 66 ppm, if only one data set is used. When the mea-
surements from the near to far positions are repeated N times,
the uncertainty in G decreases to 66/+/N ppm.

6. Conclusions

Except for the thermal noise in the torsion pendulum and
the noise in the angular-deflection readout system, the envi-
ronmental noise can restrict the accuracy of period estimation,
which is important for some gravitational experiments. Two
typical models are proposed to make an evaluation of its influ-
ence. The seriously polluted data due to a sudden sharp distur-
bance from the environmental noise can be excluded with the
30 criterion for a correction. Mostly, the stochastic and sta-
tionary environmental noise generates an external torque sim-
ilar to the thermal noise, and contributes to the uncertainty in
the period as a function of the initial amplitude, the quality
factor, the variance of noise, and the length of measuring time.

Experimental data analysis for the measurement of G with
the time-of-swing method shows that the uncertainty in the
period due to the environmental noise is larger than that due
to the thermal noise, which sets the most fundamental limit
to experiments. Though this result is related to the ambient
environment, the analysis is instructive to improve the mea-
surement accuracy, and different measures can be taken. For
example, an enhanced isolation from the ground vibration due
to the seismic noise is necessary. In addition, choosing a larger
amplitude for the oscillations will lead to a smaller uncertainty,
with the nonlinear effect(?8 considered.
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