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Measurement-induced nonlocality (MIN) is a newly defined quantity to measure correlations in bipartite quantum
states [Luo S and Fu S 2011 Phys. Rev. Lett. 106 120401]. MIN in the n-qubit W and Greenberger—Horne—Zeilinger
(GHZ) superposition states is considered. It is revealed that n = 3 and n > 4 states have very different characteristics,
especially the monogamy relation about MIN, and the monogamy equality of MIN is held in all n-qubit W states (n > 3).
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1. Introduction

Quantum nonlocality usually refers to correlations that
cannot be explained by any local hidden variable theory and
it has been widely studied through Bell’s inequalities.!!~8]
Traditionally, it is believed that nonlocality can only be
proven by quantum entanglement, which plays a vital role in
quantum information processing and the violation of Bell’s

[°-111 However, it is demonstrated by many works

inequalities.
that nonlocality can exist without entanglement. For example,
there exist sets of locally indistinguishable orthogonal pure
product states that show nonlocality without entanglement.!!?]
Measurement-induced nonlocality (MIN) was recently pro-
posed by Luo and Fu, and is understood as some kind of cor-
relation that is more general than nonlocality related to entan-
glement or violation of Bell’s inequalities. !

The MIN quantifies the nonlocal correlation in bipartite
states from a geometric perspective. It considers the dis-
tance between the original state and the local measurement-
induced state, preserving the local density matrix.!8! Since
the proposal of MIN, many researchers have studied this fur-
ther. Sen et al. investigated the monogamy relation of MIN
in some three and four-qubit states.!''! Xu and Tong ana-
lyzed the dynamics of MIN.!!3] Hu and Fan proposed the en-
tropic MIN.!'*l Xj e al. quantify the measurement-induced
nonlocality from the perspective of the relative entropy.!!!
Moreover, some works have been devoted to comparing the
MIN with other quantum correlations, "4 such as geo-
metric measure of discord,!>>?%! quantum discord,?’-*8] and

129

measurement-induced disturbance.?) As a new correlation
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measure, a deep investigation about MIN is very desirable.

In this paper we study the MIN in n-qubit (n > 3)
W and Greenberger—-Horne—Zeilinger (GHZ) superposition
states, which will be called W-GHZ states hereafter. We find
that the three-qubit W—GHZ states and the other ones (n > 4)
have different characteristics, especially the monogamy rela-
tion about MIN. Although all two-qubit reduced states of n-
qubit W-GHZ states depend on the relative phases between
the W and GHZ components, we find that the MIN depends
on the relative phases only for the case of n = 3, i.e., the MIN
for n > 4 does not depend on the relative phases. Furthermore,
we find that the monogamy relation of MIN is satisfied in all
of the three-qubit W—GHZ states but it is not satisfied in many
states for n > 4. In addition, we also find that the monogamy
equality of MIN holds in n-qubit W state for any n > 3. This
paper is organized as follows. In Section 2, we review some
basic properties of MIN and monogamy. In Section 3, we an-
alyze the MIN in three-qubit W-GHZ states. Furthermore, we
study the MIN in n-qubit (n > 4) W-GHZ states in Section 4.
Finally, we give a brief conclusion.

2. MIN and correlation monogamy

The MIN of a bipartite quantum state p shared by two
particles a and b is defined as!®!

N(pgp) =max || p —I1(p) ||, (1)

where the maximum is taken over all the local von Neumann
measurements IT¢ = {IT} which does not disturb p* locally,
satisfying Y IT/p“II¢ = p?, and || X||> = tr(X7X) is taken to
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be Hilbert—Schmidt norm. In the following, when we con-
sider the MIN in the state p,pcq... We regard bed - - - as a group
and use the notation N (pa‘ bed---)» and the local measurement is
done on particle a. For bipartite pure states with the Schmidt
decomposition |y), = ¥ \/5i|0) @ |B;), the MIN can be eval-

uated by!®

N(y)(w) =1-Y 57 =1-t(p7), )

i

where p, = try (| y) (y]).
In the generalized Bloch representation, a two-qubit

mixed state can always be written as

L L 3 o L

1 YL
Pab = 2\@ \/E ;xlﬁ \/i
®ZYJW+ZZ l/\f \f (3)

i=1j

where I, is the identity operator for single qubits and {o; : i =
1,2,3} are three Pauli operators. It can be verified that

tr( Gi®12)
pah\/i \/E 3

In this case, the MIN can be calculated as follows:|

tr(p Gi®6j)
“V2V2)
8]

tr(TTT) — ——=XTTTTX, if |X|*>#0

1
N(pap) = | X |12 (@)
t(TTT) — 23, if |[X]>=0

where 7T is the transpose of matrix 7 = (1;;), A3 is the min-

imum eigenvalue of the matrix 77T, and ||X||? = ¥,;x? with
X = (x1,x2,x3)".

In many-body quantum systems, monogamy is one of the
most important properties, and several studies have been done
on monogamy.3331 A correlation measure M satisfies the

monogamy relation in n-particle state p if the relation

> Z Mpa,\ak (5)

(pai\al A 5y i k;él

USRI )

holds for all i =1,2,...
relation between the particle i and the rest is not less than the

,n. This relation means that the cor-

sum of the correlations between two particles i and k.

3. MIN in three-qubit W-GHZ states

In this section, we analyze the MIN in a three-qubit W—
GHZ state

|Wape) = cos O|W)3 +sinfe'?|GHZ)3, 6 €[0,7/2], (6)

where |W)3 = (|100) + |010) + |001))/+/3 and |GHZ); =
(]000) + [111))/v/2.

We first express the two-qubit reduced state p,, =
tre (| Wape) (Wane|) as the Bloch form shown in Eq. (3). The pa-
rameters x; can be calculated by the equation

o; D
Xi = =R —F=QI c/s
i <I//ab |\/§ \/E 2|Wah >

and there are

x| = sin@cosOcos /6, @)
xy = —sinBcosOsing/V6, ¥
x3 = cos’ 0/6. )

Since the state p,, is a symmetric state, there is #;; = t;; and
TT =T. The elements of correlation matrix T are

= (Ve —= f ® 7 &L |Wabc),
and we have
H = %005294—\%sinecosecosfp7 (10)
ty = \%sinecosesin(p, (11
3 = \%sinecosecos(p, (12)
ty = %cosze—\%sinecosecosfp7 (13)
1y = —%Sinecosesin(p, (14)
133 = —écos29+%sin29. (15)
Now, we analyze the MIN N(p,;,). Because tr(TT") = Z,jt,j,

we find that for any parameter 6 and ¢ there is tr(TTT) = 1/4.
Note that

IX1? = Zx

we have the following discussion.

1) When cos 8 = 0, there is ||X||> =
the second line of Eq. (4) to calculate N(p, ;). Simple calcula-
tion shows A3 = 0, and there is N(p,,) = tr(TTT) — A3 = 1/4.

2) When cos 8 # 0, there is ||X||*> # 0 and we should use
the first line of Eq. (4) to calculate N(p,). From the expres-
sion XTTTTX = ||TTX||?, we obtain

—cos 20(65in> 6 +cos” 9), (16)

0 and we should use

1 13
XT'TTTX = 36 sin® @ cos® 6 + a1 sin* @ cos* 6

1 S
+ <COS4 9> + ——sin’ B cos’ B cos(39), (17)

36 66
leading to
) 4 13 . 4 2
| sin Ocos* 0+ —sin” O cos“ O
N(Pap) = 7 — —
4 65sin” 6 +cos2 0

1
— c0s° 0 +/65in’ B cos’ B cos(3¢)
_ 36 . (18)

65sin® O + cos? 0
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We note that the above expression is also applicable when
cos0 =0.

It is obvious that N(p,;,) depends on the relative phase @,
which may not be surprising since p,, depends on the param-
eter ¢. However in the next section we will show that N(p,;)
does not depend on ¢ in the n-qubit (n > 4) W-GHZ state.
Note that sin’ 6 cos® 6 > 0, from Eq. (18) it can be observed
that for any fixed 6 not equal to 0 or /2, N(p, ;) will increase
as cos(3¢) decreases. Figure 1 shows how N(p,;,) varies as a
function of cos? @ and cos(3¢). It can be found that N(Pajp)
gets its maximal value 1/4 when cos 6 = 0, and N(p,;) gets
its minimal value 0 when cos(3¢) = 1 and cos®> 8 = 3/5.

Fig. 1. (color online) N(p,;,) of the two-qubit reduced state of the three-

qubit W-GHZ state varies as a function of cos” 8 and cos(3¢). For any
fixed 6 not equal to 0 or 7/2, i.e., cos?8 # Oor 1, N(pgp) will increase
as cos(3¢) decreases.

Next we analyze the monogamy property of MIN in the
three-qubit W-GHZ state. Due to the symmetry, we only need
to check whether AN = N(pgpc) — N(Pajp) — N(Pqjc) = 0 is
satisfied. Since [W.) is a pure state, N(p,|.) can be obtained
from the reduced density matrix p, according to Eq. (2). From
the Bloch representation p, = I, /2 + ):?: 1 Xi0;, and we obtain

1 1
— — —cos?0(6sin? 6 +cos” 9). (19)

N(pa\bc) - 2718

Furthermore, due to N(p,,) = N(pq.). there is

365sin% 6 cos? O

AN =N )—2N = ——X
(palbc) (pab) 6sinZ 0 +cos20

A, (20)

where

() (20) () () e
3V3 2v2 3v3 /) \2v2 '
It is obvious that A > 0 for any 6 and ¢, and therefore
the monogamy relation is satisfied in all three-qubit W—-GHZ
states. It can be observed that for any fixed 6 not equal to
0 or m/2 , AN increases along the parameter cos(3¢). Fig-
ure 2 shows that how AN varies as a function of cos?@ and
cos(3¢). It is found that AN gets its maximal value 2/5 when
cos(3¢) = 1 and cos® 8 = 3/5, and AN gets its minimal value
0 when sin 6 cos 0 = 0 or in the state satisfying cos(3¢) = —1

and cos 0/(3/3) =sin0/(2v/2).

S ““ §~, 0.2 &

2 *‘““‘“\\‘\\ <

ey
e[

—

Fig. 2. (color online) AN = N(pqsc) — 2N(pap) varies as a function
of cos?> @ and cos(3¢). For any fixed 8 not equal to 0 or 7/2, i.e.,
cos? 8 # 0 or 1, AN will increase as cos(3¢) increases. There is AN > 0
for any 6 and ¢ that means the monogamy relation of MIN is always
satisfied in the three-qubit W-GHZ state.

4. MIN in generalized n-qubit W-GHZ states

In this section, we investigate the MIN in the generalized
n-qubit (n > 4) W-GHZ state

|Wabea..) = cos @|W), +sin8e'?|GHZ),, (1)

where 6 € [0,7/2], the W and GHZ states are |W),
(1/v/n)([10---0) +[01---0) +---+]00---1)) and [GHZ), =
(1/v/2)(|00---0) + |11 ---1)), respectively.

The discussion is parallel to three-qubit W-GHZ states.

We first write the two-qubit reduced state p,;, in the Bloch
form shown in Eq. (3). To obtain N(p,;,), we need to calculate
x; and ¢;;. After some derivation, we have

x; = sin@cosOcos /v 2n, (22)

Xy = —sinBcosOsin@/V2n, (23)
) 2

= (Bm2)cos6 24)

2n
and the elements of the symmetric matrix 7" are
1

f = ;cosze, (25)

tip = 0, (26)
1

t;13 = ——=sinBcos O cos O, 27

3= () (27)
1
by = -~ cos’ 6, (28)
1

13 = ———sinBcosOBsin @, 29

23 NS ) (29)
— 1

_ 2 )
13 = ™ cos” 0 + 5 sin” 6. (30)

From the expression tr(TTT) = Ztizj, we obtain
ij
1

6 1 1
tr(TTT) = ( - ) cos*@ — —cos® 0+ -
n n

- 7 6D

Note that

5 3 , cos’®  , 2
[1X1] :Zx,- = ((n" —6n+4)cos“0+2n), (32)
i=1
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we have the following discussion.

1) When cos @ = 0, there is ||X||> = 0 and we should use
the second line of Eq. (4) to calculate N(p, ;). Simple calcula-
tion shows A3 = 0, and there is N(p,,) = tr(TTT) — A3 = 1/4.

2) When cos 8 # 0, there is ||X||> # 0 and we should use
the first line of Eq. (4) to calculate N(p, ;). From the expres-
sion XTTTTX = ||TTX|?, it is found that

-4 1
X' = <(3”4n4) — 8n> cos® 0

1 3n—-4 1
+ < " )00566 + Tcos46. (33)

8n  4n? 6
The MIN of p; is

10800 + ¢y cos* 0 — c3cos? 0 + n?

2n2[(n* —6n+4)cos?6+2n] (34

N(pa\h) =

where ¢ = —n® + 6n> —32n+ 16, ¢c; = 3n® 4 161, and c3 =
3n3 4 2n%. The above expression is also applicable for the case
cos0 =0.

It is obvious that N(p,;,) does not depend on the relative
phase ¢, which is a counterintuitive result since p,, does de-
pend on @. Figure 3 shows how N(p,;) varies as a function of
cos? 0 for the different value of n. It can be observed that for
fixed 6 not equal to /2, N(p,;,) will decrease along with n.

0.035}
0.030}
. 0.025}
< 0.020f
= 0.015}
0.010}
0.005

0.8 1.0

Fig. 3. (color online) N(p,) of the two-qubit reduced state of the n-

qubit W—GHZ state varies as a function of cos? 6, which does not vary
with the relative phase ¢ although p,; depends on ¢. For any fixed 0
not equal to 7/2, i.e., cos? @ # 0, N(pqpp) will decrease as n increases.

Next we analyze the monogamy property of the MIN in
this generalized n-qubit W-GHZ state. We need to check
whether AN = N(pgjpcq...) — (1 — 1)N(p,p) > 0 is satisfied.
According to Eq. (2), the MIN N(pyjpcq...) has the form
cos?0 1

—n*+6n—4
——p 08 0— . +§. (35)

N(palbcd---) =
Therefore, there is

_ cos® 0 +dy cos* 0 + ds cos? 0 + 3n — n?
B 2[(n2 —6n+4)cos? 6 +2n] ’

(36)

where d| =5n—6, dy = —3n* —n+8, and ds =4n? —Tn—2.
When cos 6 = 0, i.e., the state we consider is the n-qubit GHZ

state, there is AN = (3—n)/4 < 0 and the monogamy rela-
tion is not satisfied. When cos0 = 1, i.e., the state we con-
sider is the n-qubit W state, there is AN = 0 for any #n, and the
monogamy equality of MIN is satisfied. When cos 6 # 0 and
n — oo, we have

n—yoo

AN(OO)limANZ;|:3COSZG+ ] 37

cos2 0

It can be derived that AN(e0) < 2 —+/3 and the equality is
achieved when cos?6 = 1 / V3. In addition, the quantity
AN(=0) > 0 when cos? 8 € [1/3,1]. Figure 4 shows how AN
varies as a function of cos? 0 for different . It can be observed
that when cos® @ € [1/3,1] there is AN > 0 for any n, which
means the monogamy of MIN is satisfied in these states.

AN

—0.5F
—1.0}F
—1.5¢

—2.0f
_92.5L
—3.0F

n = 0

Fig. 4. (color online) AN = N(pyjpcq...) — (n — 1)N(pqp) varies as a
function of cos?@. When cos? @ € [1/3,1] there is AN > 0 for any n,
which means the monogamy relation of MIN in these states is satisfied.

5. Conclusion

In this paper, we have explored the property of MIN in
the superposition of n-qubit W and GHZ states. We provide
three valuable results about this nonlocality measure: 1) The
two-qubit reduced states of n-qubit W and GHZ superposition
states depend on the relative phases for any n > 3, but the MIN
of the reduced two-qubit states do not depend on the relative
phases for n > 4; 2) The monogamy relation of MIN is satis-
fied in all three-qubit W and GHZ superposition states but it is
not satisfied in all n-qubit (n > 4) W and GHZ superposition
states; 3) The monogamy equality of MIN is held in a n-qubit
W state for any n > 3.
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