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We propose a theoretical method to investigate the effect of the Dresselhaus spin—orbit coupling (DSOC) on the spin
transport properties of a regular polygonal quantum ring with an arbitrary number of segments. We find that the DSOC can
break the time reversal symmetry of the spin conductance in a polygonal ring and that this property can be used to reverse
the spin direction of electrons in the polygon with the result that a pure spin up or pure spin down conductance can be
obtained by exchanging the source and the drain. When the DSOC is considered in a polygonal ring with Rashba spin—orbit
coupling (RSOC) with symmetric attachment of the leads, the total conductance is independent of the number of segments
when both of the two types of spin—orbit coupling (SOC) have the same value. However, the interaction of the two types
of SOC results in an anisotropic and shape-dependent conductance in a polygonal ring with asymmetric attachment of the
leads. The method we proposed to solve for the spin conductance of a polygon can be generalized to the circular model.
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1. Introduction

In recent years, much attention has been paid to spin-
tronics especially the transport properties of low dimensional
with spin—orbit coupling (SOC).I'*! In semiconductor het-
erojunctions, the SOC can be generated by two mecha-
nisms. The Rashba SOC (RSOC) is due to structure inver-
sion asymmetry, > and can be controlled by an external elec-
tric field. The Dresselhaus SOC (DSOC), on the other hand,
is caused by bulk inversion asymmetry, and is a property of
the materials used.!”="! The DSOC has been studied both the-
oretically and experimentally in conventional semiconductor

[7-101 and can be used to manipulate the spin direction

devices,
of electrons in semiconductors.

Due to their special construction, considerable attention
has been paid to investigating novel quantum interference ef-
fects in quantum rings, and quantum ring models have been
manufactured on AlGaAs/GaAs heterostructures by Fuhrer et
al.""!) The magnetotransport properties of a circular quantum
ring subject to the DSOC have been discussed by Wang et
al."% Sheng et al.!"3! have studied the spin state of electrons,
the persistent charge current and the spin current in circular
quantum rings with DSOC. They found that the projectional
vectors of the local spin orientations vary in a ring and the
cylindrical symmetry is broken due to the DSOC. Beyond the

[11=14] polygonal ring models

15-22]

work on circular ring models,
with only RSOC have been reported in several studies.!
Nevertheless, to the best of our knowledge, the effects of the
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DSOC on the spin transport in a polygonal ring have not been
discussed, and it is now important to ask whether the time
reversal symmetry (TRS) of the spin conductance of a poly-
gon can be broken by the DSOC. It is also necessary to de-
termine whether DSOC induces an anisotropic conductance
and a shape-dependent conductance in a polygonal ring with
RSOC. To answer these questions, in this paper, we propose a
method to investigate the effect of DSOC on the spin transport
properties of a polygon. The method we have proposed can be
generalized to a circular model.

The paper is organized as follows. The conductance of a
regular polygon with an arbitrary number of segments subject
to the DSOC is solved analytically in Section 2. The results
and analyses of the spin conductance and an anisotropic con-
ductance are shown in Section 3. Finally, we give a summary
in Section 4.

2. Model and method

A polygonal quantum ring coupled with an input lead at
vertex 0 and an output lead at vertex m is shown in Fig. 1.
Only the polygon is subjected to SOC. The segments under
consideration are taken to be single-channel ballistic quantum
wires.[?3) Initially, we consider a two-dimensional electron gas
(2DEG) model with DSOC. The Hamiltonian operator in the

x—y plane can then be written as!!>!

n? n’k
5 (KRR + =2 (ke —ok). (D)

Hp =
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where

2 -2
ox’ 7 dy’
and m* is the effective mass. kp is the strength of the DSOC.
The energy can be obtained as
_ N h*kkp ’
2m* 2m*

when a two-dimensional (2D) plane wave function is used in

ky =

Ep

Eq. (1). For a particular 1D quantum wire lying in the 7 direc-
tion, we set the relative coordinate system along the direction
of that segment (see Fig. 1), and then simplify the form of the
Hamiltonian operator for that segment. Then,
_ Wk thDkyU'
2m* m*

Hp n, 2

in which ky is the wave vector along the y direction, n =
(cos 0, —sin0,0) and o represents the Pauli matrices. We can

obtain the wave function of any segment in the polygon by
solving Eq. (2). The wave functions at the input lead (y;,) and
output lead (Yoyu) are

lllin :Aeik0r+Be_ikOr, WOul — Ceikor’ (3)
where A, B, and C are the injection, reflection, and trans-
mission spinors respectively. We use the same method as in

Ref. [18] to connect the wave functions of the individual seg-
ments. The transfer matrix 7;, ,,_1 can be obtained as

cos(kpl)

T - _1 eiennfl Sin(le)
nn—1 = ie*ien,'ﬁ' sin(le) 7

cos(kp!)

where T, ,_1 = T,;ll - Therefore, the transmission spinors can
be obtained as

ko . sin(kl) sin(k/)
21— kl) | —— —T,
o i sin )Lin(mkl) o SV — k] ™ | @
.. ko sin[(m—1kI] sin[(N—m—1Dki]]* "’
—12 kl) — kl)— — —
a { cos(kl) =isin(kl) 3= = =G ) sin[(N — m)kl]
|
where 3. Results and discussion

[ sin(kl) sin(kl) T The spin-dependent conductances, Gy and G|, and Goal

“a= sin(mkl) Lm sin[(N —m)kl] Nom obtained using Egs. (4) and (5) are shown in Fig. 2 for the case

sin(kl)

y [ sin(k!) T Y m,N}

sin(mkl) ™!

1,1 = I;I.nflTnfl,nfz"'Tl,Oa

kG +KZ,.

Finally, the spin conductance of a polygonal quantum ring

k

can be obtained using the Landauer-Biittiker conductance
formula?+23!

8]

e
Gl = 7~ 3 |C/Al. (5)
o="{

N-2

Fig. 1. A one-dimensional (1D) regular polygonal quantum ring with N
segments.

of a hexagon. We use Gy_,, to describe the conductance of a
polygon with the input lead located at vertex 0 and the output
lead located at vertex m, while G,,_¢ is for the case with the
input and output leads reversed. We first focus on the effect
of the DSOC on a regular polygonal quantum ring. In our cal-
culations, the spin-dependent conductance is invariant under
an increase in the number of segments. This implies that the
spin conductance for a polygon can describe the results for a
circular ring with only the DSOC.

The spin-dependent conductances for the case where only
the DSOC is considered and the injected electrons are un-
polarized are illustrated in Fig. 2. The SOC is the result of
the torque of the external electrical field on a moving spin
in the system with the result that the spin precesses as the
electron transmits along the segment.!?®?71 The conductance
thus becomes polarized. In addition, comparing Fig. 2(a) with
Fig. 2(b), it is interesting to note that the total conductances of
a polygon subject to DSOC for the 0 — m case and the m — 0
case have the same value, but the spin conductances G and
G| do not. That is different from the case of a polygonal ring
subjected to RSOC alone.!'®! Comparing the second term of
the Hamiltonian operator in Eq. (2), hszkya -n/m*, with the

Zeeman energy term u B - o, !4l

it may be seen that the effects
of the DSOC are, in fact, like an effective magnetic field, the

effective magnetic field being Bp = h*kpkyn/(um*). When
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only the DSOC is considered, the direction of the effective
magnetic field is (cos 8, — sin 6,0), which is x axis axisymmet-
ric with the direction of segment v = (cos 6,sin 0,0). This is
different from the Rashba effect. The projectional vectors of
local spin orientations do not point to the center of the sys-
tem in the polygon subjected to the DSOC, and consequently,
the cylindrical symmetry of the projectional vectors of the lo-
cal spin orientations is lost.l*] Therefore, our results show
that the effect of the DSOC can destroy the TRS of the spin
conductance but not that of the total conductance. The phase

t[28-311 i broken and spin polarized conductances

locking effec
appear because of the spin-dependent phase induced by the
DSOC and because of the interference of the spin up and spin

down electrons tunneling in the upper and lower arms.
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Fig. 2. (color online) Spin dependent conductances for unpolarized in-
cident electrons: (a) Go—sm, (b) Gi—0, and (c) the polarization for Go_,
(solid line) and G,,—, (dashed line) in a hexagon versus the value of the
wave vector kl with m =2 and kpl = 0.457.

Based on the properties of the DSOC, a method to gen-
erate and control the spin polarized conductance can be pro-
posed by using a polygon subjected to only the DSOC. We
can use a polygonal quantum ring to filter electrons by their
spin direction. For the 0 — m case, shown in Fig. 2(a), there is
a range of kl with zero conductance for spin up electrons over
the interval 1.47 < kl < 1.67 while the conductance for spin
down over the same interval is non-zero except near k/ = 1.57.
However, for the m — 0 case shown in Fig. 2(b), there is a sim-
ilar range with zero conductance for spin down electrons over
the interval 1.47 < kI < 1.67 and a finite conductance for spin
up over the same interval except near k/ = 1.57.

To better compare the results shown in Figs. 2(a) and 2(b),

we introduce the polarization using

_G-6G
N GT+G¢.

In Fig. 2(c), we can see that the electrons, flowing from the
vertex 0 and through the two different paths, the upper arm
(from node 0 to node m) and the lower arm (from node N to
node m), around the polygon to the vertex m, are pure spin
down for 1.4w < kIl < 1.6 when kpl = 0.457. If we reverse
the input and output leads, the electrons, flowing from the ver-
tex m and through the two different paths to the vertex 0, are
pure spin up for 1.4 < kl < 1.6mw. We get a range of P =1
polarization for the 0 — m case and a range with P = —1 po-
larization platform for the m — O case with the same strength
of the DSOC. The spin-dependent phase is different for elec-
trons transmitted in the upper arm (from node 0 to node m) and
the lower arm (from node N to node m). We can say that the
polarized conductance is caused by the extra spin-dependent
phase induced by the DSOC. Therefore, we can use this result
to design a spin filter and get a pure spin of either sign based
on a polygonal quantum ring with only DSOC by the simple
method of exchanging the source and the drain.

1.0

051

G/Go

0 0.2 0.4 0.6 0.8 1.0
k[)l/ﬂ'

)

— Giota =Gy

0 . . . .
1.0 1.2 1.4 1.6 1.8 2.0
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Fig. 3. (color online) Spin-dependent conductances Go_s,, in a square
(N =4 and m = 1) when the incident electrons are polarized spin-up,
shown in panel (a) as a function of kp/ with k/ = 3.47 and in panel (b)
as a function of the wave vector kI with kpl/ = 0.57.

Next, the conductances of a polygonal ring are shown in
Fig. 3 when the incident electrons are polarized. Figure 3(a)
shows the spin-dependent conductances versus the strength of
the DSOC for the case where the spin direction of the inci-
dent electron is up. The transmitted electrons are all spin up
when the strength of the DSOC is zero; kp = 0. However,
the transmitted electrons are all spin down when kp/ = 0.57.
The spin-dependent conductances versus the wave vector k/
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are plotted in Fig. 3(b) for the case kp/ = 0.57w. We note that
the transmitted electrons are all spin down and the spin down
conductance has peaks at kI = 1.37 and kIl = 1.77x when the
incoming electrons are all spin up. In our calculation, if we
exchange the source and the drain when the incident electrons
are all spin down, the transmitted electrons are all spin up for
the same DSOC strength. This unique spin flip phenomenon
is due to two factors. One is the spin precession induced by
the DSOC; the other is that the TRS is broken by the DSOC.
Therefore, for the polygonal quantum ring under considera-
tion, given a suitable strength of the DSOC, the electron spin
direction can be reversed. This model is more effective than a
polygon with only the RSOC.[!8]

In this part, we concentrate on the effect of the DSOC on
a polygonal quantum ring, which is also subject to the RSOC
(kg is the strength of the RSOC). When both types of SOC are
considered, the Hamilton becomes

and energy can be obtained as

W kks,
2m*

s

E =
2m*

where

ko = /K& + K + 2krkp sin(26)

is the effective strength of the SOC, 6 is the angle between k
and the x axis and

n= (I]:isine—i— %cose,—%cose — l]z:)sine,O).

Initially, we focus on the spin conductance in a symmetric
regular polygonal ring (m = N/2). The spin dependent con-
ductances of a symmetric hexagon are shown in Fig. 4 for the
case krl = kp! = 0.27. The spin direction of the electrons in
a polygon can be controlled by both types of SOC. However,
the total conductance oscillates from 0.64 to 1 in our model
which is the same as for the circular model without SOC, as
can be seen in Fig. 2 in Ref. [12]. When a symmetric polygo-
nal ring with both types of SOC, both with the same value, is
considered, the total conductance is

2% 16k} sin* (kI
~ h K2sin®(Nkl/2)bb"’

where
sin® (NI /2)
ko sin[(N/2— DkI]]?
) - T 2 snWNH2)
cos(kl) — i sin(kl) sin(Nki/2)

Our calculations show that the total conductance of a polygo-
nal quantum ring depends only on the length of the perimeter

(NI) of the polygon. However, the total conductance of a poly-
gon cannot be controlled by the strength of the SOC and the
number of the segments in a polygon under these conditions.
This result provides a method to measure the strength of the
DSOC using the RSOC, which can be conveniently and pre-
cisely controlled using a vertical electric field.
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Fig. 4. (color online) Spin-dependent conductances of a hexagon with
krl = kpl = 0.2 when m = 3.

Next, we study the spin conductance in a polygonal ring
with asymmetric attachment of the leads (m # N/2). To make
our results clearer, we introduce the concept of the strength of
the anisotropic conductance

_ GOﬁm - GmﬁO
GO—)m + Gm—)O

The strength of the anisotropic conductance as a function of
the strength of the DSOC and the RSOC is illustrated in Fig. 5.
We can see that the strength of the anisotropic conductance
is 0 when krl = 0 or kp/ = 0. The anisotropic conductance
shows an oscillation with the strength of the SOCs, and the
maximum of the anisotropic conductance can reach as high as
0.1. According to the results of Fig. 2 and Ref. [18], the total
conductance in a polygonal quantum ring satisfies the conser-
vation of TRS when the ring is subjected to only one of RSOC
or DSOC. However, the time reversal invariance for the to-
tal conductance can be broken when a polygon is subjected
to both the RSOC and the DSOC. We can note that the en-
ergy, E, of the electrons in a polygon has a direction-dependent
\/12 K3+ 2kekp sin(20) when both the RSOC
and the DSOC are considered. This direction-dependent term

term kg, =

disappears when the polygon is subjected to only one type of
SOC. Therefore, the direction-dependent factor 2krkp sin(26)
which is closely related to the direction of the segment, in-
duces an anisotropic conductance in a regular polygonal quan-
tum ring. In this case, the anisotropic conductances are caused
by the interaction between the RSOC and the DSOC.
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Fig. 5. (color online) The anisotropic conductance of a polygonal ring
N =15 and m = 6 when kl = 3.47.

Figure 6 shows the conductance of three asymmetric
polygonal quantum rings versus the strengths of the DSOC
and the RSOC. The oscillations of the conductances are pe-
riodic with the strengths of the RSOC or the DSOC, and
the pattern of the conductance is symmetric with respect to

is due to the fact that the status of the two types of SOC
is equivalent in the Hamiltonian operator. Due to the com-
bined effect of the two SOCs, the conductance of a polygonal
quantum ring depends on the number of segments, which is
very different from the conductance of a polygon with only
the DSOC. With an increase in the number of the segments,
the polygon approximates a circle and, in fact, the conduc-
tance of a pentadecagon is similar to the result of the circular
model.3>33! Therefore, our method can solve the spin con-
ductance of a polygon with an arbitrary number of segments,
and this method can be generalized to the circular model. In
a realistic model, Koga et al.*¥ have present an experiment
based on IngspAlgagAs/Ings3Gag47As/Ing 50AlpagAs quan-
tum wells for designing a spin interferometer based on the
polygonal rings. The RSOC can be controlled by an external
electric field. The strength of the DSOC is proportional to d,
where d is the thickness of the quantum well. We would like
to stress that the effect of DSOC on the electrons transport in
regular polygonal quantum rings is within the reach of today’s

the lines kgl = +kpl. The symmetry of the conductance  technology.!?*!
(a) (b) (c) L0
1.0 -~ 1.0 o 1.0 'ﬁ

j - ~ ' —_— \ 0.8

N — —s
& o . © 0.6

£ = o0 @oeo» 0 = o Qooon

=~ . ’ =~ 0.4
S—¢ Vo
- - Y e 5
1.0 —1.0 0 1.0 —1.0 0 1.0 0

kJRl/ﬂ' le/ﬂ' le/T(

Fig. 6. (color online) Dependence of the conductance of a regular (a) triangle, (b) hexagon and (c) pentadecagon on the strengths of
the RSOC, kgr!, and DSOC, kpl, SOCs when m = 1/3N and kI = 3.27.

4. Summary

In this paper, we have studied the effect of the DSOC on
the spin transport properties of a regular polygonal quantum
ring with an arbitrary number of segments. The conductance
in our system was solved analytically and the method we have
proposed can be generalized to the circular model. When the
DSOC is considered in a polygonal ring, it is found that when
the source and drain are exchanged, the behavior of the spin
up conductance becomes that of the spin down conductance
and vice versa. Using this unique property, we can obtain a
pure spin up or spin down conductance very conveniently by
exchanging the source and the drain. When the DSOC and
RSOC are considered together in a polygonal ring with sym-
metric attachment of the leads, the total conductance is inde-
pendent of the number of segments and the strength of the

SOC when the two SOCs have the same value. For an asym-

metric polygonal ring, however, an anisotropic conductance
can be generated and the TRS is broken due to the interaction
between the DSOC and the RSOC, and the conductance thus
depends on the number of segments.
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